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AUTHOR'S  PREFACE 

TO    THE 

SECOND     EDITION, 

TH  E  motives  that  firft  gave  birth  to  the 
enfthing  Work,  were  not  {o  much  any 
extravagant  hopes  the  Author  could 
.form  to  himfehf of  greatly  extending  the  fubjed: 
by  the  addition  of  a  large  variety  of  new  im- 
provements (though  the  Reader  will  find  many 
things  here  that  are  no  where  elfe  to  be  met 
with)  as  an  earneft  defire  to  fee  a  fubjedl  of  fuch 
general  importance  eflablifhed  on  a  clear  and 
rational  foundation,  and  treated  as  a  fcience, 
capable  of  demonftration,  and  not  a  myfterlous 
art,  as  fome  authors,  themfelves,  have  thought 
proper  to  term  it. 

How  well  the  defign  has  been  executed,  muft 
be  left  for  others  to  determine.  It  is  poflible 
that  the  pains  here  taken,  to  reduce  the  funda- 
mental principles,  as  well  as  the  more  difficult 
parts  of  the  fubje<H:  to  a  demonfli-ation,  may  be 
looked  upon,  by  fome,  as  rather  tending  to 
throw  new  difficulties  in  the  way  of  a  Learner, 
than  to  the  facilitating  of  his  progrefs.  In  order 
to  gratify,  as  far  as  might  be,  the  inclination  of 
this  clafs  of  Readers,  the  demonftrations  are 
now  given  by  themfelves,  in  the  manner-' of 
Notes  (lo  as  to  be  taken  or  omitted  at  plea- 
fure)  :  though  the  Author  cannot  by  any  means 
be  induced  to  think,  that  time  loil  to  a  Learner 

which 
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which  is  taken  up  in  comprehending  the  grounds 
whereon  he  is  to  raife  his  fuperftrufture  :  his 
progrefs  may  i/ndeed,  at  firfl:  be  a  little  -retard- 
ed ;  but  the  r^^/ knowledge  he  thence  acquires 
will  abundantly  compenfate  his  trouble,  and 
enable  hini  to  proceed,  afterwards,  with  certainty 
and  fuccefs,  in  matters  of  greater  difficulty, 
where  authors,  and  their  rules,  can  yield  him  no 
afiiitance,  and  he  has  nothing  to  depend  upon 
but  his  own  obfervation  and  judgment. 

This,  fecond.  Edition  has  many  advantages 
over  the  former,  as  well  with  refped:  to  a  num- 
ber of  new  fubjeds  and  improvements,  inter- 
fperfed  throughout  the  v»^hoie,  as  in  the  order 
and  difpofition  of  the  elementary  parts  :  in 
whidi  particular  regard  1ms  been  had  to  the  ca^ 
pacities  of  young  Beginners.  The  Wo'k,  as  it 
now-ftand^,  will,  the  Author  flatters  himfelK  fe 
found  equally  plain  and  comprehenfive,  io  as 
to  anfwer,  alike,  the  purpofe  of  the  lower,  ^n^ 
of  the  more  experienced  clafs  of  Readers. 


P.  S.  I'he  great  reputation  of  Mr.  Simpso'n's 
Treatise  of  Ah  q-ebv^  a,  and  the  favour  able  recep- 
tion it  has  univerfally  met  with  fince  its  firfl  piwli- 
cation^  and  which  teftifies  it  to  he  the  befi  elementary 
work  upon  thefubje5i,  has  induced  the  proprietor  to 
have  this  EiCHTfJ  edition  car  fully  r.vifed  and 
correEied  throughout  by  a  very  endnent  nutthematician  : 
he  therefore  trufts  it  zvili  be  found  as  zvorthy  the 
approbation  of  the  public  as  any  former  edition,  or, 
as  if  revifed  by  the  Author  himfelf. 
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S  E  C  T  J  O  N    I. 

Of  Notation. 

ALGEBRA    is  that    Science  which   teaches, 
in  a  general   manner,   the   relation  and  compa- 
nion of  abftraa  quantities  :  by  means  where^ 
ot    iuch   Qiieftions   are    refolded    whofe  folu- 
tions   would  be  fought    in  vain  from    common  Arith- 
metic.  ^ 

In  Algebra,  othcrwife  called  Specious  Arithmetic^ 
Numbers  are  not  expreffed  as  in  the  common  Notation, 
but  every  Quantity,  whether  given  or  required,  is  com- 
monly reprelented    by  fame   letter  of  the   alphabet;  the 

K?"/?''"^'"^'r   ^''^'^   l-^ng.  "fually,  demoted 
bytheimtial  letters  .,  ^  .^,  &c.  ;  and  the   unknown, 
or  required  ones,   by  the  final  letters   u,  w,  x,  y,  &c 
There  are,  moreover  in  Algebra,  certain  Signs  or  Notes 
made  ufe  of,  to  fhew  the  relation  and  dependence  of  quan- 

oueht*'firft"'f°"r,'"°'^''  ^^°^'  %»i&ation  the  Learner 
ought,  firft  of  all,  to  be  made  acquainted  with. 

the  S!gn-{.,f,g„ljies  that  the  quantity,  which  it  is  pre. 
f^edt,,  ,s  u  be  added.     Thus   a  ^h  fhews   that  the 

^  number 
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number  reprefented  by  h  is  to  be  added  to  that  repre- 
fented  by  <?,  and  exprefles  the  fum  of  thofe  numbers  ; 
fo  that  if  a  was  5,  and  b  3,  then  would  «  +  ^  be  5'  +  3> 
or  8.  In  like  manner  «  +  ^  +  ^denotes  the  number  . 
arifmg  by  adding  all  the  three  numbers  a^  b,  and  c,  to- 
gether. 

Note.  A  quantity  which  has  ^no  prefixed  fign  (as  the 
leading  quantity  a  in  the  above  examples)  is  always  un- 
derftood  to  have  the  fign  +  before  it;  fo  that  a  fignifies 
the  fame  as  +  «  ;  and  ^  +  ^,  the  fame  as  +  «  +  ^. 

The  Sign  — ^ftgnifi&s  that  the  quantity  which  h  precedes 
is  to  be  fubtracied.  Thus  a  —  b  (hews  that  the  quan- 
tity reprefented  by  b  is  to  be  fubtra<fted  from  thi.t  ret)re- 
fented  by  tf,  and  exprefleth  the  difference  of  a  and  b\ 
fo  that,  if  a  was  5,  and  b  3,  then  would  a  — /»  be  5  —  3 
or  2.  In  like  manner  a-\-b'-c-^d  reprefents  the 
quantity  which  arifes  by  taking  the  numbers  c  and  d 
from  the  fum  of  the  other  two  numbers  a  and  b  ;  as, 
if  a  was  7^  b  6,  c  5,  and  d  3,  then  would  a  +b  —  c  — d 

be  7  +  6  —  5  — 3>o»'  5- 

The  Notes  +  and —  are  ufually  exprefled  by  the 
viords  plus  (or  more)  and  minus  (or  iefs.)  Thus,  we 
read,  a  -i-  b,  a  plus  b  ;  and  a  —  b,  a  minus  b. 

Moreover,  thofe  quantities  to  which  the  fign  +  is 
prefixed  are  called  pofitive  (or  affirmative)  i  and  thofe  to 
which  the  fign  —  is  prefixed,  «?^^//^;^.  _     .    . 

The  Sign  X  ^  fignifies  that  the  quantities  between  which 
itftands  are  to  be  multiplied  together.  Thus  a  y.  b  denotes 
that  the  quantity  a  is  to  be  multiplied  by  the  quantity 
^,  and  expreflTes  the  produ6l  of  the  quantities  fo  multi- 
plied ;  and  a  X.  b  x  c  exprefles  the  produa  arifing  by^ 
multiplymg  the  quantities  a,  b,  and  c,  continually  to- 
gether :  thus,  likewife,  a  -i-  b  x.  c  denotes  the  produd  of 
the  compound  quantity  a  +  b  by  the  fimple  quantity 
,  £ ;  and  a  +  b  ^  c  x  a  —  b  -\-  c  x  a  +  c  reprefents  the 
produ6t  which  arifes  by  multiplying  the  three  com- 
pound quantities  a  +  b  +  c^a —  ^  +  <:,  and  ^  +  c  con- 
tinually together  5  fo  that,  if  a  was  5,  b  4,  and  c  3,  then 

would 
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would  ^  +  Z'  +  cX«-~.^-f<:X«  +  cbei2  X4x8, 
which  is  384. 

But  when  quantities-  denoted  by  fingle  letters  are 
to  be  multiplied  together,  the  Sign  x  is  generaliy 
omitted,  or  only  underftood ;  and  fo  ab  is  made  to 
fignify  the  fa  ne  as  «  x  /^ ;  and  abc^  the  fame  as  ^  x  3 
X  c. 

It  is  likewife  to  be  obferved,  that  when  a  quantity  is 
to  be  multiplied  by  itfelf,  or  raifed  to  any  power,  the 
ufual  method  of  Notation  is  to  drajv  a  line  over  the  ;riven 
quantity,  and  at  the  end  thereof  place  the  Exponent 
of  the  Power.  Thus  a'^Sy'  denotes  the  lame  as'T+T 
X  fi  -f.  //,  vi^  the  fecond  power  (or  fquare)  o^ a  -\-  b  con- 
fidered  as  one  quantity :  thus,  alfo,  ab  +  be  ]  ^  denotes  the 
fame  as  ab  -\'  be  x  ab  -{-  be  x  ab  ^  bFy  viz,  the  third 
power,  (or  cube)  of  the  quantity  ab  -{■  be. 

But  in  expreffing  the  powers  of  quantities  repre- 
fented  by  fmgle  letters,  the  line  over  the  top  is  crm- 
monly  omitted;  and  fo  a"^  comes  to  fignify  the  fame 
as  aa  or^  a  x  a^  and  b^  the  fame  as  bbb  or  b  x  b  x  b  : 
whence  alfo  it  appears  that  a'b^  will  fig.iify  the  fame 
as  aabbb;  and  a^e^  the  fame  as  aaaauce ;  and  fo  of 
others. 

The  Note  .  (or  a  full  point)  and  the  v/ord  into^  are 
likewife  ufed  inftead  of  x  ,  or  as  Marks  of  Multiplica- 
tion. 


Thus  a  +  b  ,a  -f  c  and  a  +  b  into  a  -^  e  both  fignify 
the  fame  thing  <is  a  -i-  b  X^a  +  c,  namely,  the  product 
Qi  a  '\-  bhy  a  -\-  e. 

The  Sign  ~-  is  ufed  to  fignify  that  the  quantity  pre- 
ceding ^  it  is  to  be  divided  by  the  quantity^which  comes 
after  it  :  Thus  c  -j-  b  ligniiies  that  c  is  to  be  divided  by 
h\  and  «  +  ^  -t-  « — r,  that  «  +  ^  is  to  be  divided  by 
a-^c. 

Alfo  the  mark  )  is  fometimes  ufed  as  a  note  of  Divi- 
fion;.thus,  a  ^  b)  ab,  denotes  that  the  quantity  ^^  is 
to  be  divided  by  the  quantity  a  -\-  b ;  and  fo  of  others. 
But  the  divifion  of  algebraic  quantities  is  moft  com- 

B  2  monly 
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monly  expreffed  by  writing  down  the  divifor  under  the 
dividend  with  a  line  between  them   (in  the   manner  of 

a  vulgar    fradlion).       Thus---  reprefents •  the  quantity 

b 

arifing  by  dividing  r  by  ^ ;    and  f.        denotes  the  quan- 

a — c 
tity  arifing  by  dividing  ^  -f  Z>  by  a—c.     Quantities  thus 
expreffed    are    called    algebraic    fra61:ions ;    whereof  the 
upper  part  is  called  the  numerator,  and  the  lower  the  de- 
nominator, as  in  Vulgar  frailions. 

The  fign  ^  ,  is  ufed  to  exprefs  the  fquare  root  of 
any  quantity  to  which  it  is  prefixed:  thus  */  25  figni- 
iies  the  fquare  root*  of  25  (which  is  5,  becaufe  $  X  5  is 
25} :  thus  alfo  ^/Zb  denotes  the  fquare  root  of  ah  \  and 

\/±i±  denotes  the  fquare  root   of  iit±,      or     of 

the  quantity  which    arifes  by    dividing   ah  -\-  he  hy   d : 

but    ^  ^^  +  ^^  (becaufe   the   line    which   feparates   the 

d  

numerator  from  the  denominator  is  drawn  below  \/  ) 
fignifies  that  the  fquare  root  of  ah  +  he  is  to  hefr/f 
taken,  and  afterwards  divided  by  d :  (o  that,  if  a  was  2, 
^  6, .  4,  and  d  9,  then  would    y/ -h  +  he  ^^Vj^^^^, 

d  9  9 


Jab  -f  he,   J  36  — 


but  >  — iS  t  — ,  ory'  ^j  vvhich  is  2. 

The  fame  mark  -/,  with  a  figure  over  it,  is  alfo  ufed 
to  exprefs  the  cube,  or  biquadratic  root,  feV.  of  any 
quantity:  thus  i/64.  reprefents  the  cube  root  of 
64,  (which  is  4,  becaufe  4  X  4  X  4  is  64),  and  i/ah  -\-  ed 
the  cube  root  o^  ah  +  ed-,  alfo  ^  16  denotes  the 
biquadratic  root  of  16  (which  is  2,  becaufe  2x2x2  x 
2  is  16) ;  and  y  ah  -i-  ed  denotes  the  biquadratic  root 
of  ah  +  ed;  and  fo  of  others.  Quantities  thus  ex- 
preffed are  called  radical  quantities,  or  furdsj  where- 
of 
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of  thofe^  confiding  of  one  terrp  only,  as  \/aznd  y/  aby 
2XQ  Q2^qA  ftmpie  furds 'y  and  thofe  confifting  of  feverai 
terms,  or  members,  2.%^ a^ — ^^and^  fl* — b^  4-  bc^  com- 
pound furds. 

Befides  this  way  of  exprefling  radical  quantities, 
(which  is  chiefly  followed)  there  are  other  methods 
made  ufe  of  by  different  Authors ;  but  the  moft  com- 
modious  of  all,  and  beft  fuited  to  practice,  is  that  where 
the  root  is  defigned  by  a  vulgar  fradion,  placed  at  the 
end  of  a  line  drawn  over  the  quantity  given.  Ac- 
cording to  this  Notation  the  fquare  root  is  defigned  by 
the  fra<5i:ion  |,   the  cube  root  by  1,  and  the  biquadratic 

root  by  J,  ^r.  Thus  ^r  expreffes  the  fame  thing  with 
y/a^  viz.  the  fquare  root  of  a ;  and  a"-  •{■  ab]  t  the 
fame  as  v^  ^*  +  aby  that  is,  the  cube  root  of  <?*  -f  ab  : 
alfcT^  T  denotes  the  fquare  of  the  cube  root  of  a ;  and 

^  +  z  ]*  the  feventh  power  of  the  biquadratic  root  of 
^z-i-z;  and  fo  of  others.  But  it  is  to  be  obferved,  that, 
when  the  root  of  a  quantity  reprefented  by  a  fingle 
letter  is  to    be  expreffed,  the   line  over   it  may  be  neg- 

leded  ;  and  fo  «i  will  fignify  the  fame  as'Tl  2,  and  b^ 
the  fame  as  b]J  or  1/  b.     The  number,  or  fraction,   by 

which  the  power,  or  root  of  any  quantity,  is  thus  de- 
figned, is  called  its  Index,  or  Exponent. 

The  Mark  =  (called  the  Sign  of  equality)  is  ufed  to 
fignify  that  the  quantities  Jianding  on  each  fide  of  it  are 
equal  Thus  2  +  3ZZ5,  fhews  that  2  more  3  is  equal  to 
5;  and^rz^ — ^,  (hews  that  x  is  equal  to  the  difference 
of  a  and  b. 

The  Note  : :  ftgnifies  that  the  quantities  between  which 
it  ftands  are  proportional:  As  a  :  b  :  :  c  :  d,  denotes 
that  a  is  in  the  fame  proportion  to  b^  as  c  is  to  ^;  or  that 
if  a  be  twice,  thrice,  or  four  times,  ^c.  as  great  as  by 

B3  then 
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then  accordingly  is  c  twice,  thrice,  or  four  times,  ^c,  as 
great  as  d. 

To  what  has  been  thus  far  laid  down  en  the  fignifi- 
cation  of  the  figns  and  characters  ufed  in  the  Algebraic 
Notation,  we  may  add  what  follows;  which  is  equally 
iieceflliry  to  be  underftood. 

When  any  quantity  is  to  be  taken  more  than  once, 
the  number  is  to  be  prefixed,  which  fhews  how  many 
times  it  is  to  be  taken  :  thus  5^  denotes  that  the  quan- 
tity y?  is  to  be  taken  five'  times  ;  and  'i^hc  ftands  for  three 
times  Zt,  or  the  quantity  which  arifes  by  multiplying  he 
by  3  :  alfo  7  -/  cr  -f  b'^  fignifies  that  \/  ci^  -f  h'^  is  to  be 
taken  feven  times  ;  and  fo 'of  others. 

The  numbers  thus  prefixed  are  called  coefiicients ; 
and  that  quantity  which  fl-ands  without  a  coefficient  is 
always  underftood  to  have  an  unit  prefixed,  or  to  be 
taken  once,  and  no  more. 

Thofe  quantities  are  faid  to  be  like  that  are  exprelTed 
by  the  fame  letters  under  the  fame  powers,  or  which 
^x^iQT  only  in  their  coefficients:  thus  3/'^,  5^f,  and  %hc 
are  like  quantities ;  and   the  fame    is  to  be  underftood  of 

the  Radicals  2y and  yy But  2/w//^^  quan- 
tities are  thofe  which  are  expreiTed  by  different  letters, 
-or  by  the  faf;.e  letters  under  different  powers  :  thus  laby, 
lahc^  5«^%  and  3/^^%  are  all  unlike. 

When  a  quantity  is  exprefied  by  a  fingle  letter,  or  by 
feveral  fingle  letfers  joined  together  in  multiplication 
(without  any  Sign  between  them)'  as  ^,  or  2Ciby  it  is 
called  ay;w/>/t' quantity. 

But  that  quaniitv  which  confifts  of  tw.o  or  more  fuch 
fimple  quantities,  connected  by  the  iigns  -f  or  — ,  is 
called  a  cD?7it-ound ^^ \^n\\ty  ;  thus  a — lab  f  ^abc  is  a  com^ 
pound  quantity  ;  v/hereof  the  fsmple  quantities  a,  2ab  and 
$abc  are  called  the  Terms  or  Members. 

Tlic  letters  by  which  any  fwiple  quantity  is  exprefTcd 
m.ny  !">''  ^■u'Tfii  nccording  to  any  order  at  pleafure,  and 
yet  r  v.n    continue    the   fame  :    thus  ah   may 

he  wroio  .a-,  I'M  ab  denote^  the  piodudlofrt  by  Z',  and 
ba  the  product  of  ^  by  ^5  but  it  is  well  known,  that, 
^  when 
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when  two  numbers  are  to  be  multiplied  together,  it 
matters  not  which  of  them  is  made  the  multiplicand, 
nor  which  the  multiplier,  the  product,  either  way, 
coming  out  the  (ime.  In  like  manner  it  will  appear 
that  abc^  acb,  bac^  bca^  cab^  and  cba^  all  exprefs  the  fame 
thing,  and  may  be  ufed  indifferently  for  each  other  (as 
will  be  demonftrated  further  on)  ;  but  it  will  be  fome- 
times  found  convenient,  in  long  operations,  to  place  the 
feveral  Letters  according  to  the  order  which  they  ob- 
tain in  the  alphabet.        • 

Likewife  the  feveral  members,  or  terms  of  which  any 
quantity  is  composed,  may  be  difpofed  according  to  any 
order  at  pleafure,  and  yet  the  Signification  be  noways 
affected  thereby.  Thus  a — 2ab-\-^a^b  may  be  wrote 
a  -f-  ^a^b — 2aby  or  —2^^  +  ^  +  Sa^I^,  Sec.  for  all  the/e 
represent  the  fame  thing,  viz.  the  quantity  which  re- 
mains, when,  from  the  fum  of  ^?  and  S^^'^y  ^^^  quantity 
2(ib  is  dedu6ted. 

Here  follow  fome  examples  wherein  the  feyeral  Forms 
of  Notation  hitherto  explained  are  promifcuoufly  con- 
cerned, and  where  the  fjgnification  of  each  is  exprefTed 
in  Numbers. 

Suppofe  <?  =:  6,  ^  =  5  and  ^  =  4  ;   then  will 
a'^  +  ^ab  —  (:*  =  36  4-90  —  16  =  1 10, 
2^3 --3£M-  c'  =  432  —  540  +  64  =  —  44* 
a^  X  a  -{-  b  —  2^^=36  X  II  —-240  =  156, 

-~— -+  c--—- ^+  i6=:i2  +  16=28, 
a-\-'^c  10 

V2^7+7'(or2^r+7^i)  =  v''64  =  8  (for  8  X  8=64) 
.^  +  _j£i_  _.         40    _ 

a^^^h^^ac     _  36—1  _  _35^  _  ^^ 

2a—  v^T*  +  ac        12  —  7         5 

^  h"-  —  ac  -\-  y/  2ac  +  ^*  =  1+8  =  9, 

^  b'-.—  ac  +  y/  2^f  +  c^  =^  25  —  24  4-  S  =  3- 

This  method  of  explaining  the  fignificatlon  of  quan-- 
tities  I  have  found  to  be  of  good  ufe  to  Young  Begin- 

B  4  ners ; 
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ners  :  And  would  recommend  it  to  Such,  who  are  de- 
firous  of  making  a  Proficiency  in  the  Subje<St,  to  get  a 
clear  idea  of  what  has  been  thus  far  delivered,  before 
They  proceed  farther. 


S  E  C  T  I  O  N   II. 

Of  Addition, 

ADDITION,  in  Algebra,  is  performed  by  conne£l- 
ii}g  the  quantities  by  their  proper  figns,  and  join- 
ing into  one  {wmfuch  as  can  be  united  :  For  the  more 
ready  efFe6ling  of  which,  obferve  the  following  Rules. 

1°.  If  in  the  quantities  to  be  added^  there  are  Terms  thai 
are  like  and  have  aU  the  fame  fign^  add  the  coeff dents  of 
ihofe  terms  together^  and  to  their  fum  adjoin  the  letters 
co7nmon  to  each  ierm^  -prefixing  the  common  jign. 

Thus  5<i     And  5^  +  7^     Alfo         5^—7^ 

added  to         3^     added  to     7^  +  3^     added  to  7^ — 3^ 


makes  ^a.    makes       12^-f  10^.  makes   I7.a — lob. 

Hence  ^  2V7hj\-   "jsF^  f  ^       _        3ff 

likewife       -j  3/"^+    2jbc     And  the  1    a  -  c 

thefumof   ltiV~^+   g^Tc    ^""^  °^    l^I       ^        7£ 

will  be         11  ^ab-^  iS^Tc  ^ f 

will  be  2^      -      I2ff 


The  Reafons  on  which  the  preceding  Operations  are 
grounded,  will  readily  appear  by  reflecting  a  little  on  the 
rature  and  fignification  of  the  quantities  to  be  added: 
For,  with  regard  to  the  firft  example  (where  3^7  is  to  be 
added  to  ^a)  it  is  plain,  that  three  times  any  quantity 
v/hatever,  added  to  five  times  the  y^;n^  quantity,  mu fi: 
make  eight  times  that  quantity  :  Therefoie  3^,  or  three 
times  the  quantity  denoted  by  a^  being  added  to  5^7,  or 
five  times  the  fame  quantity,  the  furti  muft  confequently 
*  '  -        ^      •         ■  .    ,  .     , mak^ 


Sum 

9^—3^ 

3.     bab 

+  I2bc'-'  Scd 

—  'jab 

—    gbc  +  3^^ 

—  2ab  ' 

— .    s^c+i2cd 
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2^  If^h^n  in  the  quantities  to  he  added^  there  are  like 
terms ^  whereof  fome  are  affirmative  and  others  negative^ 
add  together  the  affirmative  terms  {if  there  be  more  than 
one)  and  do  the  fame  by  the  negative  ones ;  then  take  the 
difference  of  the  two  fums  (not  r  gar  ding  the  ftgns)  by 
fubtra£iing  the  coefficient  of  the  Leffer  from  that  of  the 
greater^  and  adjoining  the  Utters  common  to  each  y  to  which 
difference  prefix  thefign  of  the  greater. 

Examples  of  this  Rule  may  be  as  follow. 

J.  \^a — 5^  2.  — 3^^  +  5^r 

—  3^  +  2^  +  'jab  —  9/: 

Sum  d^ab  —  Afbc 

3^^^  +  Sy^r —  \^d 
'js/ab  +   3\/^r  4-  qd 

gum — yib —-   ibc  +  'jcd.    Sum  \$y/ab  +  \>/bc  -f  ^d, 

C.  llabc -— ibabd -\-  2^acd'^''j2bcd 

ibabc  +  I2abd  +  lOacd —  i^bcd 

—  I  '^abc  •—  26abd'^  i  ^acd  +  i  ibcd 

22abc -^  iSaba — loacd — ibbcd 

Sum  ^yabc — •  I2abd  +  205^6^  —  g^cd 


make  8^,  or  eight  times  that  quantity.  From  whence,  as 
the  fum  of  any  two  quantities  is  equal  to  the  fum  of  all 
their  parts,  the  reafon  of  the  fecond  cafe,  or  example,  is 
likewife  obvious.  But  as  to  the  third  (where  the  given 
quantities  are  5^ — Jb  and  ja—'^b)  we  are  to  coniider, 
that,  if  the  two  quantities  to  be  added  together  had  been 
exactly  ^a  and  ja  (which  are  the  two  leading  terms)  the 
fum  would,  then,  have  been  juft  I2a  ;  but,  fince  the  for- 
mer quantity  wants  yb  of  5//,  and  the  latter  3^^  of  7^, 
their  fum  muft,  it  is  evident,  v/ant  both  jbznd  3^  of  12^; 
and  therefore  be  equal  to  I2a — 10^,  that  is,  equal  to 
what  remains,  when  the  fum  of  the  defefls  is  deduced. 
And  by  the  very  fame  way  of  arguing,  it  is  eafy  to  con- 
ceive that  the  fum,  which  arifes  by  adding  any  number 

of 
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5f   _  3£f  ,      -    /  be 

/  ab  +   .rc 
9V          « 

8;  +  7«_,,  /^^ 

b            a                \     a 

+V'r' 

n  l3f_+4^^_5    /IT 

/^Z'    +  <:^ 

Sum 


Tn  the  lafl:  example,  and  all  others,  where  fra£lional 
and  radical  quantities  are  concerned,  every  fuch  quan- 
tity* exclufive  of  its  coefficient,  is  to  be  treated  in 
all  refpe6ts  like  a  fimple  quantity  expreffed  by  a  fingle 
letter. 

3*'.   IVbsn  in  the  quantities  to  he  added^  there  are  Terms 
withDut  others  like  to  them,  write  them  down  with  their 
properfigns. 
Thus         a-\-2h  And         aa  +  bb 

added  to  3c -f^ added  to   ^  -f  ^ 

makes        a -\- ^b -{■  T^c -^  d        makes      Oa -{>  MA-a-{-b. 
Here  follow  a   few  examples  for    the   Learner's    exer- 
cife,  wherein   all  the    three  foregoing  rules  take  place 
promifcuoufly. 

I.          2aa  +  ^ab   +    ^cc   ■\-   d^ 
S^a  —  yab  +   5^^  —  d^ 
—  2aa  -f  4.ab   4-  yc  +    30 

Sum     5^^    *  4-  i6r<r  -f  ^i^  —  ^3  ^  ^q, 

of  quantities  together,  will  be  equal  to  the  fum  of  all  the 
-affirmative  Terms  diminiHied  by  the  fum  of  all  the  ne- 
gative ones  (confidered  independent  of  their  figns); 
from  whence  the  reafon  of  the  fecond  general  Rule  is 
apparent.  As  to  the  cafe  where  the  quantities  are  un- 
like, it  is  plain  that  fuch  quantities  cannot  be  united 
into  one,  or  othcrwifc  added,  than  by  their  figns  :  thus, 
for  example,  let  a  be  fuppofcd  to  reprefent  a  Crown, 
and  b  a  Shilling ;  then  the  fum  of  a  and  b  can  be  nei- 
ther 2«  nor  2by  that  is,  neither  two  crowns  nor  two 
ihillingSj  but  one  crown  plus  one  {hilling,  or  a  -{-  b. 

2.  5/ 
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II 


2.         5\/^  —  S^/ aa  —  XX   +     i2^  aa 
%s/'ax  4-  I5\/  aa'-—  XX  -^      S\/  aa 
^V  ax  "-^  7-v/  aa  —  xx   +     lOi/  ^^ 

4-   Axx 
4-   4^A^ 
4-   A^x 

Sum    \f^^  ax                 *              +     14./ ^« 
3.      2a^  —  'i^ab    +    zZ*^  —  3^* 
2^,3  _  2^""    +      fl^  —  5^^ 
4^3  —  2^^   +   5^^  +  100 
2oab   4-  16^*  —     ^c  —  80 

4-   4'^.<' 

Sum  \^d^  4-  22^^  4-  3^^  4-  ^^  — ^^  4-  20  - 

-^r. 

SECTION    III. 

Of  Suhtra5iion. 

QUbtrcfSiloriy  in  Algebra^  is  performed  by  changing  all 
the  Signs  of  the   Subtrahend  (or  conceiving  them   to  be 
changed)  and  then  conne^ing  the  quantities^   as  in   ad^ 
dition. 


Ex.   I.  From  %a  4-  5^ 
take     5^  4-  3^ 


Ex.  2.  From  8«  4-  5^ 
take    $a —  4,b 


Rem. 

:^« 

4- 

2b. 

Ex. 

3- 

,  From 

8^ 

Sb 

take 

il 

4- 

S^ 

Rem.  3^  4-  8^. 

Ex,  4.  From  8tf  —  5^ 

take     5«  —  3^ 


Rem.  3^—  8^. 


Rem.  3«  —  2b, 


In  the  fecond  example,  conceiving  the  figns  of  the 
fubtrahend  to  be  changed  to  their  contrary,  that  of 
3^  becomes  4-  ;  and  fo  the  figns  of  3^  and  5^  being 
alike^  the  coefficients  3  and  5  are  to  be  added  together, 
by  cafe  i  of  addition.  The  fame  thing  happens  in 
the  third  example;  fince  the  fign  of  3/;,  when  changed, 
is  — ,  and  therefore  the  fame  with  that  of  5<^.  But, 
in  the  fourth  example,  the  figns  of  3^  and  5^,  arter 
that  of  3^  is  changed,  being  unlike^  the  difference  of 
the  coefficients  muft  be  taken,  conformable  to  cafe  2  in 
addition. 

Other 
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Other  examples  in  Subtraction,  may  be  as  follow  : 
From  20^;»:  +  5^r  —  ']aa     From       7v^^^  +     ^*y  ky 
take     \^ax  —  3k — ^aa     take  —  5\/ ^.v  4-  \2V  b  y 
Rem.    ^ax  -\- %bc  —  2aa     Rem.     12/^;^—.    ^V  b  y. 

jaa 
From     t'^aa  —  xx  -{■     10^  a^  — a:^  —  7V  ~ 


take       9  y/««  —  XX 


jaa 
+    15^  ^3  ^  x^  ^   9V  T 


; .  laa 

Rem.— •3v^^« —  xx   +    0.^1/  a^  —  x^   -f    2v"^~" 

From     7.^^--.  if  +   6    /^+  ^ 


take 


if.  _  7fi  +  4 

f  \     c 


Rem.      6<7^_l3f_+  7  /''l+^_^. 

In  this  laft  example  the  quantity  a^  in  the  fubtrar 
hend,  being  without  a  coefficient,  an  unit  is  to  be  un- 
.derftood;  for  la^  and  a^  mean  the  fame  thing.  The 
Jike  is  to  be  obferved  in  all  other  fimilar  cafes. 

Tlic  Grounds  of  the  general  rule  for  the  fubtradlion 
of  algebraic  quantities  may  be  explained  thus :  Let  it  be 
here  required  to  fubtradt  5«-r-3^  ^oni  8^  +  5^  (as  in  ex, 
'/..)  It  is  plain,  in  the  firft  place,  that  if  the  affirma- 
tive part  5<3  were  alone  to  be  fubtracSled,  the  remainder 
would  then  be  8<7  Hh  5^ — S^*  ^^^  ^S  the  quantity  actu- 
ally propofed  to  be  fubtracted  is  lefs  than  Sa  by  3^,  too 
much  has  been  taken  away  by  3^ ;  and  therefore  the  true 
remainder  will  be  greater  than  8^  +  5^ — 5^  by  3^  ;  and 
fo  will  be  truly  exprefTed  by  8^  +  5^ — 5^  +  3^  .*  wherein 
the  figns  of  the  two  laft  terms  are  both  contrary  to  what 
they  were  given  in  the  fubtrahend ;  and  where  the  whole, 
by  uniting  the  like  terms,  is  reduced  to  3<7+8/',  as  in  the. 
fxample. 
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S  E  C  T  I  O  N   ly. 

Of  Mt^liipUcation, 

BEFORE  I  proceed  to  lay  dov/n  the  nece/fary  rules 
I  for  multiplying  quantities  one  by  another,  it  may 
be  proper  to  premife  the  following  particulars,  in  order 
to  give  the  Learner  a  clear  idea  of  the  reafon  and  cer- 
tainty of  fuch  rules. 

Firft^  theny  it  is  to  be  ohfervedy  that  when  feveral 
quantities  are  to  he  multiplied  continually  together^  the  re-- 
jult^  or  produ£i^  will  come  out  exaSfly  the  famey  multiply 
them  according  to  what  order  you  wilL  Thus  a  y,  b  X  r, 
aX.c'/.hyby.cy.ay  iffc.  have  all  the  fame  value, 
and  may  be  ufed  indifferently:  To  illuftrate  which  we 
may  fuppofe  t?  zz  2,  Z>  n  3,  and  ^  =  4 ;  then  will  a  x 
b  X  c  :=  2  X3  X4=:24;  ^X^X^  =  2X4X3  =24; 
and  ^  X  <:  X  «  =  3  X  4  X  2  =  24. 

Secondly.  If  any  number  of  quantities  be  multiplied 
continually  together^  and  any  other  number  of  quantities 
be  alfo  multiplied  continually  together,  and  then  the  two 
products  one  into  the  other^  the  quantity  thence  arijing  will 
be  equal  to  the  quantity  that  arifes  by  multiplying  all  the 
propojed quantities  continually  together.  Thus  will  abc  x 
dez=,ay.hy^c>(.dy.e\io  that,  if  a  was  =  2,  ^  z=  3, 
f  =  4j  ^  =  5,  ^  =:  6j  then  would  ahc  X  de  zn  2^  X  30 
=  720,  and  tf  X  b  X  c  X  d  x  e  zz  2  X3  X4X5X61Z: 
720.  The  general  Demonftration  of  thefe  obfervatioiis 
is  given  below  in  the  notes. 

The  following  Demonftrations  depend  on  this  Pria^ 
ciple,  that  if  tiuo  quantities ^  ivhoreof  the  one  is  n  times  as 
great  as  the  other  (n  being  any  number  at  pleafurejy  be 
multiplied  by  one  and  the  fame  quantity^  the  produCiy  Ik 
the  one  cafe^  will  alfo  be  n  times  as  great  as  in  the  other » 
The  greater  quantity  may  be  conceived  t©  be  divided 
inio  n  parts,  equal,  each,  to  the  leffer  quantity;  and 
the  product  of  each  part  (by  the  given  multiplier)  will 

be 
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The  multiplication  of  algebraic  quantities  may  be 
confidered  in  the  kvcn  following  cafes. 

be  equal  to  that  of  the  faid  leffer  quantity;  therefore  the 
fum  of  the  products  of  all  the  parts,  which  make  up  the 
whole  greater  product,  muft  necefTarily  be  n  times  as 
great  as  the  leffer  product,  or  the  product  of  one  Tingle 
part,  alone. 

This  being  premifed,  it  will  readily  appear,  in  the  firft 
place,  that  b  y(  a  and  ^  X  ^  are  equal  to  each  other  : 
For,^  X  a  being  b  times  as  great  as  l  X  ^  becauje  the 
multiplicand  is  b  times  as  great)  it  muft  therefore  be 
equal  to  i  x  ^  (or  a),  repeated  b  times,  that  is,  equal 
to  a  X  by  by  the  definition  of  multiplication. 

In  the  fame  manner,  the  equality  of  all  the  variations, 
or  produdts,  abc^  bac^  acb^  cabs  ^^^t  ^^^  (where  the  num- 
ber of  fador^  is  3)  may  be  inferred  :  for  thofe  that  have 
the  laft  factors  the  fame  (ivhich  I  call  of  the  fame  clafs) 
are  manifeftly  equal,  being  produced  of  equal  quantities 
multiplied  by  the  fame  quantity  :  And,  to  be  fatisfied 
that  thofe  of  different  claffes^  as  abc  and  acb^  are  like- 
wifp  equal,  we  need  only  confider,  that,  fmce  ac  X  b 
is  c  times  as  great  as  «  X  ^  (becaufe  the  multiplicand  is  c 
times  as  great)  it  mufl  therefore  be  equal  to  a-  -x  b  taken 
c times,  that  is,  equal  ioa  X  b  X  c^  by  the  definition  of 
multiplication. 

Univeifally,  If  all  the  Produ£ls,  when  the  number 
of  factors  is  w,  be  equal,  all  the  ProducSls,  when  the 
number  of  fa6tors  is  «  +  i,  will  likewife  be  equal : 
For  tbofe  of  the  fame  clafs  are  equal,  being  produced 
of  equal  quantities  multiplied  by  the  fame  quantity: 
and  to  (hew  that  thofe  of  different  claffes  are  equal 
alfo,  we  need  only  take  two  Products  which  differ  ia 
their  two  laft  fadlors,  and  have  all  the  preceding  onel 
according  to  the  fame  order,  and  prove  them  to  be 
eqOal.  Thefe  two  fa(£tors  we  will  fuppofe  to  be  repre- 
fentcd  by  r  and  j,  and  the  Produdt  of  all  the  preceding 
ones  by  />;  then  the  two  Produds  themfelves  will  be 
reprefented  by  prs  and  psr^  which  are  equal,  by  cafe  2. 

Thus, 
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1**.  Simple  quantities  are  multiplied  together  by  multi- 
plying the  coeffuienti  one  into  the  other^  and  to  the  produ£l 
annexing  the^  quantity  whichy  according  to  the  method  of 
notation^  exprejfes  the  produ^  of  the  fpecies ;  prefixing  the 
fign  +  or  — ,  according  as  the  figns  of  the  given  quantl^ 
ties  are  like  or  unlike. 
Thus         2^         Alfo         (:>ah         And         iiadf 

mult,  by    3^         mult,  by  5^ mult,  by     7^^ 

makes        tab.      makes      2Pabc,    makes      ffaabdfT 

Thus  by  way  of  illuftration,  ahcde  will  appear  to  be 
=  ahced^  &c.  For,  the  former  of  ihefe  being  equal  to 
every  other  produ6t  of  the  clafs,  or  termination  ^  (by 
hypothefis  and  equal  multiplication),  and  the  latter  equal 
to  every  other  Produ6lof  the  clafs,  or  termination  d\\x. 
is  evident,  therefore,  that  all  the  Produdls  of  different 
claffes,  as  well  as  of  the  fame  clafs,  are  mutually  equal  to 
each  other. 

So  far  relates  to  the  firft  general  obfervation :  It  re- 
mains to  prove  that  abed  x  pqrst  isz=^axbxcxdx 
p  X  q  X  r  X  s  X  t.  Inorder  to  which,  let  (^Z'^i  be  denoted 
by  ^,  then  will  abed  X  pqrst  be  denoted  by  ;^  x  pqrst^ 
or pqrst  xx  (by  cafe  i),  that  is,  by/>  x^  X  r  x  JX/XJf ; 
which  is  equal  to  xXpXqXrXsXt,  or  axbxcXdx 
pxqxrxs  Xt^  by  the  preceding  Demonjlration. 

I'he  Reafon  of  Rule  i  depends  on  thefe  two  general 
Obfervations  :  for  it  is  evident  from  hence,  that  la  x  3^ 
(in  the  firft  example)  is:=:2x  a  x  '^  X  b  ziz  2  x 
3X«  X  b  =:t  X  a  X  h  —  bab :  And,  in  the  fame 
manner,  iiadf  x  'Jab  (in  the  third  example)  appears 
tobeizll  X  a  X  d  x  f  X  7  X  a  X  bzzii  X  7  X  ax 
axbxdxf—  77X  aabdf:=z  77  aabdf  But  the: 
grounds  of  the  method  of  proceeding  may  be  other- 
wife  explained,  thus :  It  has  been  obferved  that  ab 
(according  to  the  method  of  notation)  defines  the  pro- 
duct of  the  Species  ay  b  (in  ihe  firft  example),  therefore 
the  product  of  a  by  3^,  which  muft  be  three  ti-ies  as 
great  (becaufe  the  multiplier  is  here  three  times  as  great), 

will 
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In  the  preceding  examples  all  the  produ6ls  are  aj^r-^ 
rnativey  the  quantities  given  to  be  multiplied  being  fo; 
but,  in  thofe  that  follow,  fome  are  cffirmattve^  and 
others  negative^  according  to  the  different  cafes  fpecified 
in  the  latter  part  of  the  rule;  whereof  the  reafons  will 
be  explained  hereafter. 
'    Mult.    +     5^  Mult.  —  $a  Mult.  —  5« 

by         —     63  by         -f   tb  by        —  th 

Prod.    —  30^3. Prod.  —  -ipab.         Prod.    +  30^3. 

Mult.        +   qy/  ax         Mult.  — 7^/^^  4  XX 

by  —  5/  cy  by       — 6b\/  aa — yy 

Prod. — 35x  x^ax  x  \/£y,?rod.  +42o3x  \^aa-i-xx  X  y'aa-yy 

In  the  two  laft  examples,  and  all  others,  where  radi- 
cal quantities  are  concerned,  every  fuch  quantity  may 
be  confidered,  and  treated  in  all  refpe^^s  as  a  fimple 
quantity,  cxprefied  by  a  fmgie  letter  ;  fmce  it  is  not  the 
Form  of  the  expreffion,  but  the  value  of  the  quantity 
that  is  here  regarded. 

7!^  A  Fra£lion  is  multiplied^  by  multiplying  the  nume^ 
rator  thereof  by  the  given  multiplier^  and  jnaking  the  prO' 
duii  a  numerator  to  the  given  denominator. 

Thus-1-  X   ^makesfi;  a]fo.3fix  2^J makes  ^Jlfll- 
b  b  b  b     ' 


will  be  truly  defined  by  3tf^,or  ab  taken  three  times  ;  but, 
fince  the  product  of  a  by  3^  appears  to  be  3^^,  it  is  plain 
that  the  produd  of  ia  by  3^  mull:  be  twice  as  great  as 
that  of  a  by  3^,  and  therefore  will  be  truly  expreflcd  by 
tab.  Thus  alio,  the  product  of  the  Species  ab  and  c  (in 
the  fecond  example)  being  ahc  (by  bare  notation)  it  is 
evident  that  the  product  of  tab  by  c  will  be  truly  defined 
by  tabc^  or  ccb  fix  times  taken,  and  confequently  the  pro- 
du(Sl  of  tab  and  5^,  by  '^oabc^  or  tabc  taken  five  times, 
the  multiplier  here  being  five  times  as  great. 

TheReafon  of  Rule  2°  maybe  thus  demonfirated  :  Let 
the  numerator  of  any  propofed  fradion  be  denoted  by  A, 

the 
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c  +  d    1^  c  +  d  ^  aa  +  xx 

X  2^^  makes —Ig^!^. 

3°.  Fra^iions  are  multiplied  into  one  another^  by  multi^ 
plying  the  numerators  together  for  a  new  numerator^  and 
the  denominators  together  for  a  new  denominator. 

rr^,        a        c         ac      lab        ^ad       loa^bd 
b      J         bd        3c_        ^f    __     gcf 
2ixy  lay/ a        b^axyy^a  ^    — 5^/ -^  — 2^   ^_^ 

I5<2^  X    V  ;c^  X    v/  ^a  4-  x;«' 

a  -{■  :^  X  ^  ab 

__^ . <■>  .  ■ ,» 

the  denominator  by  B,  and  the  given  multiplicator  by  C  : 

then,  I  fay,  that  J^  is  equal  to-  X  C.     For  fince  J^ 
^'  B         ^  B  B 

denotes  the  quantity  which  arifes  by  dividing  AC  by  B, 
and  ---  the  quantity  vi^hich  arifes  by  dividing  A  by  B,  it  is 

evident  that  the  former  of  thefe  two  quantities  muft  be 
C  times  as  great  as  the  latter  (becaufe  the  dividual  is  C 
times  as  great  in  the  one  cafe  as  in  the  other)  and  there- 
fore muft  be  equal  to  the  latter  C  times  taken,  that  is, 

AC  A 

muft  be  equal  to  ~   X  C,  as  was  to  be  fhewn. 

B  B 

The  Reafon   of    Rule  3°   will   appear   evident    from 
the   preceding  demonftration  of  Rule  2°.     For,  it   be- 
ing there  proved  that  ~.  x   C  is  equal   to  A5,  it  is  ob- 
B  B 

viousthat  g.  x  —can  be  only  the  D  part  of  ji£ j be- 

C  caufe, 
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4°  Surd  quantities  under  the  fame  radical  ftgn  are  ?nuU 
tiplied  like  rational  quantities^  only  the  produ^  rnujl  Jland 
under  the  fame  radical fign. 

Thus,  y/  7  X  y/  5  ~  \/  35  J  \/_a  X  y/l?  =;  V^h\ 
{/  J  he  X  l/Sad  =z^  -^^abcd'y  1\/ ah  X  5«/f  zz  1$  V^hc, 
2a^  ley    X    3h\/'sax  {  —  6ab     X     ^~icy    X    V  5^ ) 

S^  3^         gd         lb 

Isdx  6ab  ' 


Q 

caufe,  rpr-,  the  multiplier  here,  is  but  the  D  part  of  the 

^  AQ 

former  multiplier  C  :    Bufgryis   alfo  equal  to   the  D 

AC 
part  of  the  fame.-—- i  becaufe    its  divifor    is    D    times 
B 

AC 

as    great   as  that   of :  therefore  thefe  two  quanti« 

B 

ties,  _x  —and         . being;  the  fame  part  of  one   and 
\B       D       BD 

the  fame  quantity,  they  muft  neceflarily  be  equal  to  each 
other  ;  zuhich  was  to  be  proved. 

As  to  Rule  4°  for  the  multiplication  of  fimilar  ra- 
dical quantides,  it  may  be  explained  thus:  Suppofe 
-/A  and  i/B~ to  reprefent  the  two  given  quantities  to 
be  multiplied  together  j  let  the  former  of  them  be  de- 
noted by  a,  and  the  latter  by  b,  that  is,  let  the  quan- 
tities reprefented  by  a  and  b  be  fuch,  that^^  may^e  = 
A,  and  bb  =:  B -,  then  the  produd  o^  V  A  by  /  B,  or 
of  ^  by  b,  will  be  exprefled  by  ab^  and  its  fquare  by 
abxab:  but  ab  X  ab  is  zz  a  x  b  Xa xb  :=z  aa  x  bb  (by 
the  general  obfervations  premifed  at  the  beginning  of 
this  fe6tion)  ;  whence  the  fquare  of  the  produd  is  like- 
wife  truly  exprefled  by  aaxbb,  or  its  equal  A  x  B  ;  and 
confequently  the  prcdufl  itfclf,  by  V^  A  X  B,  that  is  by 
the  quantity  which,  being  multiplied  into  itfclf,  pro- 
duces AxB. 

In 
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5°  Powers^  or  roots  of  the  fame  quantity  are  multiplied 
together^  by  adding  their  exponents :  But  the  exponents 
here  underftood  are  thofe  defined  in  p.  5,  where  roots  are 
reprefented  as  fra6iional  powers. 


Thus,  sc^y^x^  is  =  x^ ;  ^  +  zr  y.  a  -\-  %\^  =z  a  +  zl'  ; 
^*  X  AT*    —X      ^  ^  =  A-^    ;  and  ;^^    X  ;«•  *    =  a-'  =  a-  ; 

alfo  tf^  -}-  zz)      X  <7^  -i-  «2,1  ^   is  =  tf^  +  zzj  *  —  ^^?  +  zz ; 

1  _____  J        ^1  J-  I  5  • 

2  .:  .    .   ~1T  .      12  T^  3    ^^ — : — ^"^    • 


andf+_yl      X  <: +;'i'    =c +jvl         '   =  c  +  >1' 

In  the  fame  manner  the  produ6l  of^  A  x  v^  B  will 
appear  to  be  ^  AB  :  for  if^  A  be  denoted  by  a^  and 
v/B  by  ^;  or,  which  is  the  fame,  if  aaa  =1  A,  and 
hbb  =:B-,  then  will  ^X  X  l^B  —  a  X  b  {or  abj  and 
its  cube  ■=.  ab  y.  ab  y  ab -rz  aaa  X  bib  =  AB  (by  the 
aforefaid  obfervations)  whence  the  produ6l  itfelf  will 
evidently  be  exprefled  by  v^  AB. 

*  The  Grounds  of  thefe  Operations  may  be  thus 
explained.  Firft,  when  the  exponents  are  whole  num- 
bers, as  in  example  i,  the  demonftration  is  obvious, 
from  the  general  obfervations  premifed  at  the  begin- 
ning of  the  fection :  For,  by  what  is  there  (hewn, 
x^  X  x^i  or  XX  X  XXX  is  :=:  X  X  X  X  X  X  X  X  X  zn  x^  (by 
Notation  J,     But  in  the   laft  example,   where  the  expo- 


nents are  fractions,   let  c  +  yV^    be  reprefented   by   x ; 
that  is,  let  the  quantity  x  be  fuch,  that  x  X  x  X  x  x 


XXX  X  ^,  or  x^  maybe  equal  to  c  -\-  y -,  fo  fhall  c  -{-y)^ 
be  exprefled  by  x^ ;  becaufe,  by  what  has  been  already 
fhewn,   x^  X  x^   is  =  x^ :    and  in    the  fame   manner, 

will  V  -f  jj|  be  expreffedby  ;f*j  becaufe  a^*  X  x*  x  a:*  is 
likewife  zz  AT*.  Therefore  r+Tl^  X  c  +  y\^  is  = 
x^  X  x""  z=:  x^  z=.  the  fifth  power  of  c  +  >Kj  which  is 
7~+yl"t,',    by  Notation. 

C  2  6<^J 


/ 

20  OF    MULTIPLICATION. 

6*  A  Compound  quantity  is  multiplied  by  a  ftmple  oney 
hy  multiplyi?ig  every  term  of  the  multiplicand  by  the  mul- 
tiplier. 


Thus       ^+2^—3^         Alfo  a^ — 5^/^  +  7^ 

mult,  by         3^7  mult.hy     8f 


makes  2,^i'^-\-bab — (^ac  ;     makes  8^V — \oac\/  x  +56/'^  ; 

And        5^^ — ^^hac — 7  bi-^^b^ — Qf^ 

mult.by3^^f 

makes  i^a^bc-i^a^b^c -{■i%a^br'2iab^c^  +  2>^ab^c-2']abc'^» 


To  explain  the  Reafon  of  the  two  laft  Rules,  let  it  be, 
jfr/?,  propofed  to  multiply  any  compound  quantity,  as 
a  +  b-^c — d,  by  any  fimple  quantity  y";  and,  I  fay, 
the  producl  wiil  be  af  -f  bf —  cf —  df.  For,  the  pro- 
duct of  the  afTirmative  terms,  a  -\-  b^  will  \>^  af  •\-  bfy 
becaufe,  to  multiply  one  quantity  by  another,  is  to  take  the 
multiplicand  as  many  times  as  there  are  units  in  the 
multiplier,  and  to  take  the  whole  m.ultiplicand  [a  -f  b) 
any  number  of  times  (/),  is  the  fame  as  to  take  all  its 
parts  (tf,  b)  the  fame  number  of  times,  and  add  them 
together.  Moreover,  feeing  a  •\-  b  —  c  —  d  denotes  the 
excels  of  the  affirmative  terms  {^a  and  b)  above  the 
negative  ones  (^  and  J),  therefore,  to  multiply  a  -^  b  — 
^  — d  byy,  is  only  to  take  the  faid  excefs  ytimes  ;  but 
/  times  the  excefs  of  any  quantity  above  another  is, 
manifeftly,  equal  to  /  times  the  former  quantity,  minus 
/times  the  latter;  but  /  times  the  former  is,  here, 
equal  Xo  af  -\r  bf  i^y  what  has  been  already  (hewn), 
and  f  times  the  latter  (for  the  fame  reafon)  will  be  equal 
X.Q  cf  -V  df  and  therefore  the  produ6l  of^-f^  —  c  —  d 
by  /,  is  equal  to  af  -{■  bf  —  cf  — •  ^;  as  was  to  be 
proved.  Hence  it  appears,  that  a  compound  quantity  is 
multiplied  by  a  fimple  affirmative  (Quantity,  by  multi- 
plying every  term  of  the  former  by  the  latter,  and  con- 
neding  the  terms  thence  arifmg  with  the  figns  of  the  mul- 
tiplicand. 

But, 
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^^  Compound  quantities  art  multiplied  into  one  another^ 
by  multiplying  every  term  of  the  multiplicand  by  each  term 
of  the  multiplier^  fuccejfwely^  and  conne^ilnv  the  fever al 
produSis  thus  arlfing  with  the  ftgns  of  the  multiplicand^  if 
the  midtlplylng  term  he  affirmative^  hut  with  contrary  figns^ 
if  negative. 
Thus  the  product  of  ^a      +      3*- 

multiplied  by  'la     +      ix 

\   \Saa   -^      gax  1 

Which  contraaed  by  unit- j    ^  ^   ^^^^ 

ing  the  like  terms,  is        t     ^  ^ 


But  to  prove  that  the  Method  ^ilfo  holds  wjien  both 
the  quantities  are  compound  ones,  let  it  be,  now,  pro- 
pofed  to  multiply  A— B  by  C--D  ;  then,  I  fay,  the  pro- 
dua  will  be  truly  expreffed  by  AC— BC— AD-f  BD. 
For,  it  has  been  already  obferved,  that  to  multiply  one 
quantity  by  another,  is  to  take  the  multiplicand  as 
many  times  as  there  are  units  in  the  multiplier ;  and 
therefore,  to  multiply  A-^B  by  C  — i^  is  only  to 
take  A — B  as  many  times  as  there  are  units  in  C — D  : 
Now  (according  to  the  method  of  multiplying  com- 
pound quantities)  I  firft  take  A-.— »B,  C  times  (or  multiply 
by  C)  and  the  quantity  thence  ariling  will  be  AC  — 
BC  Chy  what  is  demonfirated  above).  But,  I  was  to 
have  taken  A-^^  only  C — D  times  ;  therefore,  by  this 
firft  Operation,  I  have  taken  it  D  times  too  much  ; 
whence,  to  have  the  true  produ6l-,  I  ought  to  dedu(5l 
P  times  A— B  from  AC  —  BC,  the  quantity  thus 
found  J  but  D  times  A — B  (by  what  is  already  proved) 
is  equal  to  AD- — BD  ;  which  fubtrafted  from  AC 
— BC,  or  wipte  down  with  its  iigns  ch:^nged,  gives 
the  true  prpdu-t,  AC  — BC  — AD  +  BP,^rti  zvas  to 
be  demonfirated.  And,  unlverfaUy^  if  the  fign  of  any 
propofed  term  of  the  multiplier,  in  any  cafe  what- 
ever, be  affirmative,  it  is  eafy  to  conceive  that  the  re- 
quired product  will  be  greater  than  it  would  be  if  there 

C  3  wei^c 
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Likewife  the  product 
of        a^  +  a^b  +  ab"-  +  ^^ 
by      [a  —  b 


V  «*  4-  a'b  +  ^'"-b^  +  ab^  X 

^^  \       ^  an  ^  a'-b'- --'.  ab^ -^b"^      j 

Which,  by    ftriking  cut  the  terms  that  deftroy  one 
another,  becomes  a^ — /*+. 


were  no  fuch  term,  by  the  produ6l  of  that  term  into 
the  .whole  multiplicand  ;  and  therefore  it  is,  that  this 
produdt  is  to  be  added,  or  wrote  down  with  its  proper 
figns,  which  are  proved  above  to  be  thofe  of  the  multi- 
plicand. But  if,  on  the  contrary,  the  fign  of  the 
term,  by  which  you  multiply,  be  negative  ;  then,  as 
the  required  product  muft  be  lefs  than  it  would  bc^  if 
there  were  no  fuch  term,  by  the  product  of  that  term 
into  the  whole  multiplicand,  this  produdl:,  it  is  manifeft, 
ought  to  be  fubtradled,  or  wrote  down  with  contrary 
figns. 

Hence  is  derived  the  common  Rule,  that  like  Signs 
produce  + ,  a}2d  unlike  Signs  — . 

For,  firft,  if  the  figns  of  boih  the  quantities,  or  terms, 
to  be  multiplied  are  affirmative  (and  therefore //i(^j  it  is 
plain  that  the  fign  of  the  produdt  muft  likewife  be  affir- 
mative. 

Secondly,  alfo  if  the  figns  of  both  quantities  are  ne- 
gative (and  therefore  ftill  like)^  that  of  the  produ6t  will 
be  affirmative,  becaufe  contrary  to  that  of  the  multiplicand^ 
by  what  has  been  juji  now  proved. 

Thirdly,  but  if  the  fign  of  the  multiplicand  be  affir- 
mative, and  that  of  the  multiplier  negative  (and  there- 
fore unlike)^  the  fign  of  the^produ6i:  will  be  negative,  ^^- 
caufe  contrary  *to  that  of  the  multiplicand. 

Laftly,  if  the  fign  of  the  multiplicand  be  negative, 
and  that  of  the  multiplier  affirmative,  (and  therefore  ftill 
unlike)  the  fign  of  the  produ6t  will  be  negative,  becaufe  the 
fame  with  that  of  the  multiplicand. 

And  thefe  four  are  all  the  Cafes  that  can  poffibly 
happen  with  regard  to  the  variation  of  figns. 

Other 
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Other  examples  in  Multiplication,  for  the  Learner's 
exercife,  maybe  as  follow;  from  which  he  may  (if  he 
pleafes)  proceed  diredly  to  Divilion,  bypaffing  over  the 
intervening  Scholium. 

J.  Multiply         x"-  -^  xy     +  y^ 

by  x""  —  xy    +  y'^ 

x"^  +   x^y    4-  x'^y'^ 

—  x^y  —  A-y  —  xy^ 

+  xY  +  xy'  +  y* 


prod  u  61:       ^'    x'^    * 

+    .y* 

Multiply   2a''  —  2^x 
by               ^a"^  —  6ax 

+     4'' 

2x' 

—^iia^x  +   i8<?y  — ^  24^A-^ 

produ(Et    10^"^  —  27«^A'  +   34<3^A-'^  —  i>iax^ —  8a-*' 

3.  Multiply  3^  —     2^     +     2<: 
by  2a  —     4^     +      5t- 

taa —     4.ab   +     4<?c 

-^  I2ab   +      ^bb  —  8^f 

+    l^ac —  lobc-^iQcc 
produ6l     baa —  itab  -f   i()ac  +     %bb'^Mc-\-iocc, 

4.  Multiply     ^^  —  3«*^     +      3^^*  —  ^^ 
by  «*  —  2^^       +  -  ^* 

+     aH"-   —  3fl^Z>3  -I-  2ab'^-^b^ 

produ£t       a^ — y^'^b     +    iQa^^—-ioa^^ -\- sab'^-r-b^ 

S  C  H  O  L  I  U  xM. 

The  Manner  of  proceeding  in  referring  the  reafons 
of  the  different  cafes  of  the  figns  to  the  multiplication 
of  compound  quantities,  may  perhaps  be  looked  upon 
Jjs  indired,  and  contrary  to  good  method ;  according  to 
which,  it  may  be  thought,  that  thefe  reafons  ought  to 

C  4.  have 
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have  been  given  before,  along  with  the  rules  for  fimplc 
quantities,  as  it  is  the  way  that  almoft  all  Authors  on  the 
fubje6t  have  followed. 

But,  however  indiredt  the  method  here  purfued  may 
feem,  it  appears  to  me  the  mofV  clear  and  rational ;  and 
I  believe  it  will  be  found  very  difficult,  if  not  impoffible, 
without  explaining  the  rules  for  compound  quantities 
firft,  to  give  a  Learner  a  d'iftin£l  Idea  how  the  produ6l 
of  two  fimple  quantities,  with  negative  figns,  fuch  as 
—  h  and  —  ^,  ought  to  be  exprefl'ed,  when  they  (land 
alone,  independent  of  all  other  quantities :  And  i  can- 
not help  thinking  farther,  that  the  difficulties  about  the 
fignSj  fo  generally  complained  of  by  Beginners,  have 
been  much  more  owing  to  the  manner  of  explaining 
them,  this  way,  than  to  any  real  intricacy  in.  the  fub- 
je6l  itfelf  j  nor  will  this  opmion,  perhaps,  appear  ill 
grounded,  if  it  be  confidered  that  both — ^2  and  —  h^ 
as  they  ftand  here  independently,  are  as  much  im- 
poffible  in  one  fenfe,  as  the  imaginary  furd  quantities 
y/  —  b  and  -/  —  c  \  fmce  '  the  fign  — ,  according  to 
the  eftablifhed  Rules  of  notation,  fliews  that  the  quan- 
tity to  which  it  is  prefixed,  is  to  be  fubtracled  ;  but,  to 
fubtracl  fomething  from  nothing  is  impoffible,  and  the 
notion,  or  fuppolition  of  a  quantity  lefs  than  n^'thing, 
abfurd  and  (hocking  to  the  imagination :  And,  cer- 
tainly, if  the  matter  be  viewed  in  this  light,  it  would 
be  very  ridiculous  to  pretend  to  prove,  by  any  Jhew  of 
reafoning,  what  the  produ6t  of  —  ^  by  —  <:,  or  of 
V — b  by  V^  — r,  muft  be,  when  we  can  have  no 
Idea  of  the  value  of  the  quantities  to  be  multiplied. 
If,  indeed,  we  were  to  look  upon  —  b  and  —  r  as  real 
quantities,  the  fame  as  reprefented  to  the  mind  by  b 
and  c  (which  tannot  be  done  confiftently,  in  pure  Alge- 
bra, where  magnitude  <?«/y  is  regarded)  we  might  then 
attempt  to  explain  the  matter  in  the  fame  manner  that 
fome  others  have  done;  from  the  coniideration,  thaty 
as  the  fign  —  is  oppofite  in  its  nature  to  the  fign  -}-, 
it  ought  therefore  to  have  in  a!)  operations  an  oppo- 
fite effed  i  and   confcquently,  that  as  the  product,  when 

the 
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^he  fign  +  is  prefixed  to  the  multiplier,  is  to  be  added^ 
fo,  on  the  contrary,  the  product,  when  the  fign  -r—  is  pre-? 
fixed,  ought  to  be  rubtra£led. 

But  this  way  of  arguing,  however  reafonable  it  may 
appear,  feems  to  carry  but  very  little  of  fcicnce  in  /r, 
and  to  fall  greatly  (hort  of  the  evidence  and  conviction 
of  a  demonftration  :  nay,  //  even  clafhes  with  Firft 
Principles,  and  the  more  eftabliQied  Rules  of  notation  ; 
according  to  which  the  figns  -f  and  -^  are  relative  only 
to  the  magnitudes  of  quantities,  as  compoied  of  diffe» 
rent  terms  or  members,  and  not  to  any  future  opera- 
tions to  be  performed  by  them  :  Befides,  when  we  arc 
told  that  the  produ<5l  arifing  from  a  negative  multiplier 
is  to  be  fubtracted,  we  are  not  told  what  it  is  to  be  fub- 
traded  from;  nor  is  there  any  thing  from  whence  it  can 
be  fubtradied,  when  negative  quantities  are  independent- 
ly confidered.  And  farther,  to  reafon  about  oppofite 
cffe<51:s,  and  recur  to  fenfible  objects  and  popular  confi-* 
derations,  fuch  as  debtor  and  creditor,  &£.  in  order  to 
demonftrate  the  principles  of  a  fcience  whofe  Obje£l  is 
abftraCl:  Number,  appears  to  me,  not  well  fuited  to  the 
nature  of  fcience,  and  to  derogate  from  the  dignity  of 
the  fubjei't. 

It  muO"  be  allowed,  that  in  the  application  of  Alge- 
bra to  difFcrent  branches  of  mixed  mathematics,  where 
the  confideration  of  oppofite  qualities,  efi^e<5is,  or  pofi- 
tions  can  have  place,  the  ufual  methods  have  a  better 
foundation ;  and  the  conception  of  a  quantity  abfo» 
lutely  ne^^ative  becomes  lels  difFACult,  1  hus,  for  ex- 
ample, a  line  may  be  conceived  to  be  produced  out, 
both  ways,  from  any  point  afligned ;  and  the  part  on 
the  one 'fide  of  that  point  being  taken  as  pofttivej  the 
other  will  be  negative.  But  the  cafe  is  not  the  fame  iij 
abftradl  Number  ;  whereof  the  beginning  is  fixed  in  the 
nature  of  things,  from  whence  we  can  proceed  only  one 
way. 

There  can,  therefore,  be  no  fuch  things  as  nega- 
tive numbers,  or  quantities  abfolutely  negative  in  pure 
Algebra,  whofe  Obje<5l  is  Number,  and  where  erery 
rnuitiplication,  divilion,  ^f.  is  a  multiplication,  divi- 
7  ^lon, 
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fion,  dffr.  of  Numbers,  even  in  the  application  thereof: 
For,  when  we  reafon  upon  the  quantities  themfelveSy 
and  not  upon  the  numbers  expreffing  the  meafures  of 
them^  the  procefs  becomes  purely  geometrical^  whatever 
fymbols  may  be  ufed  therein,  from  the  algebraic  nota- 
tion ;  which  can  be  of  no  other  ufe  here  than  to  abbre- 
viate the  work. 

Hovi'ever,  after  all,  it  may  be  neceffary  to  fhew  upon 
what  kind  of  evidence  the  multiplication  of  negative, 
and  imaginary  quantities  is  grounded,  as  thefe  fome- 
times  occur,  in  the  refolution  of  problems:  In  order 
to  which  it  will  bs  requifite  to  obferve,  that,  as  all  our 
reafoning  regards  real.^  pofitive  quantities,  fo  the  alge- 
braic exprefiions,  whereby  fuch  quantities  are  exhi- 
bited, muft  iiicewife  be  real  and  pofitive.  But,  when 
the  problen  is  brought  to  aji  equation,  the  cafe  may 
indeed  be  otherwife  ;  for,  in  ordering  the  equation,  fo 
much  may  be  taken  away  from  both  fides  thereof,  as  to 
leave  the  remaining  quantities  negative;  and  then  it  is, 
chiefly,  that  the  multiplication  by  quantities  abfolutely 
negative  takes  place. 

Thus  if  there  were  given  the  equation  a  —  ~  =   <: 

(in  order  to  find  x) ;  then  by  fubtra6ling  the  quantity  a 

from   each .  fide  thereof,  we  fhall   have  <*^  fL.zz  c  —  a^ 

b 
which  multiplied  by  —  ^,   according  to   the  general  Rule^ 

gives  A- z=  —  cb  -^   ab -,  that  is  — by — b   will   give 

+  j^;  f  by  —  b^  —  cb\  and  — ^  by  —  ^,  -f-  ab ;  which 
appear  to  be  true  ;  becaufe  the  products  being  thus  ex- 
prefl'sd,  the  fame  conclufion  is  derived,  as  if  both  fides 
of  the  original    equation  had    been    firft  increafcd    by 

r,  and  then  multiplied  by  b-y  where  both  the  mul- 

b 

tipHer  and   multiplicand  are  real,  affirmative    quantities, 

and  where  the  whole  operation  is,  therefore,  capable  of 

a  clear  and  ftricSl  demonftration  :  but   then  it  is  not  in 

confequence  of  any  reafoning  I  am  capable  of  forming 

about 
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about and  —  b^   or  about  +  c  and  —  3,  confidered 

b 

independently,  that  I  can  be  certain  that  their  produ£l 
ought  to  be  exprelTed  In  that  manner. 

So  likewife,  if  there   were  given   the  equation  ^— . 

-7-  r=L  c,  ,by  tranfpofing   a  and  taking  the  fquare  root 


^-^=Vc-a; 


on  both  fides  we  (hall  have  V*"""""  —  ^'   ^^^ 

this  multiplied  by  v/  —  ^,  will  give  V~^  (or  ;fj  = 
V  —  cb  -^  ab  :  which  alfo  appears  to  be  true,  becaufc 
the  refuk,  this  way,  comes  out  exactly  the  fame,  as  it' 
the  operations,  for  finding  a*,  had  been  pcrfor.ned  alto- 
gether by  real  quantities :  But  notwithftanding  this, 
it  is  not  from  any  reafoning  that  I  can  form,  about  the 

/ — ? 

multiplication  of  the  Imaginary  quantities  y —    ~l 

and  V — ^,  &c.  confidered  independently,  that  I  can 
prove  their  product  ought  to  be  fo  expreffed  j  for  it  would 
be  very  abfurd  to  pretend  to  demonftrate  what  the  pro- 
duct of  two  expreffions  muft  be,  which  are  impoflible 
in  themfelves,  and  of  whofe  values  we  can  form  no  idea. 
It  indeed  feems  reafonable,  that  the  known  rules  for  the 
figns,  as  they  are  proved  to  hold  in  all  cafes  whatever, 
where  it  is  poffible  to  form  a  demonftration,  fhould  alfo 
anfwer  here  :  But  the  ftrongeft  evidence  we  can  have  of 
the  truth  and  certainty  of  conclufions  derived  by  means 
of  negative  and  imaginary  quantities,  is,  the  exa6t,  and 
conftant  agreement  of  fuch  conclufions  with  thofe  deter- 
mined from  more  demonilrable  methods  wherein  no  fuch 
quantities  have  place. 

In  the  foregoing  confiderations,  the  negative  quan- 
tities —  ^,  —  f,  &c.  have  been  reprefented,  in  fr  mc 
cafes,  as  a  kind  of  imaginary,  or  impoifib  e  quantities; 
it  may  not,  therefore,  be  improper  to  remark  here,  that 
fuch  imaginary  quantities  ferve,  many  times,  as  much 
to  difcover  the  impoffibiiity  of  a  problemj  as  imaginary 

furd 
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furd  quantities  :  for  it  is  plain,  that,  in  all  quefi ions  re- 
lating to  abftracSl  Numbers,  or  fuel*  wherein  magnitude 
only  is  regarded,  and  where  no  confideration  of  po(i- 
tion,  or  contrary  values,  can  have  place ;  I  fay,  in  all 
fuch  cafes,  it  is  plain  that  the  Solution  will  be  altogether 
as  impoiHble,  when  the  conclufion  comes  out  a  negative 
quantity,  as  if  it  were  actually  affected  wirh  an  imacji- 
nar}^  furd  ;  fince,  in  the  one  cafe,  it  is  required  that  a 
number  ihould  be  a£i:uaily  lefs  than  nothing ;  and  in 
the  other,  that  the  double  rectangle  of  two  ,number$ 
fliouid  be  greater  than  the  fum  of  their  fquares ;  both 
which  are  equally  impoffible :  But,  as  an  inftance  of 
the  impoffibiiity  of  foms  fort  of  queiVions,  when  the 
conclufion  comes  out  negative,  let  there  be  given,  in 
a  right-angled  Triangle,  the  fum  of  the  hypothenufe 
and  perpendicular  in  a^  and  the  bafe  —  A,  to  find 
the  per{^>endicular ;  then  (by  what  fhall  hereafter  be 
Ihewn   in  its   proper   place)  the  anfwer  will  come  out 

,  and  is  pofnble,  or  impoiTiblc,  according  as  the 

quantity  is  affirmative   or  negative,  or    as   a  is 

la  ° 

greater  or  lefs  than  h ;  which  will  manifeftly  appear  from 

a  bare  contemplation  of  the  problem :  and  ihe  fame  thing 

might  be  inftanced  in  a  variety  of  other  examples. 
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Of  Divifion, 

DIvifion  in  fpecies,  as   in  numbers,  is  the  converfe 
of   multiplication,    and    is  comprehended   in  the 
feven  following  cafes. 

1°  When  one  fimple  quantity  is  to  he  divided  by  an- 
t^her,  and  all  the  favors  .of  the  divifor  ai'e  alfo  found  ifi 
the  dividend^  let  thofe  favors  be  all  cafl  off  or  expunged^ 
then  the  remaining  faSiors  of  the  dividend^  joined  together^ 
will  exprefs  the  quotient  fought.     But  it  is  to  be  obferved 

that, 
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that,  both  here  and  in  the  fucceeding  cafes,  the  fame  rule 
is  to  be  regarded  in  felarion  to  the  figns,  as  in  multiph*- 
cation,  viz.  that  like  Si^ns  give  •{-,  and  urMke -—,  It 
may  alfo  be  proper  to  obferve,  that,  when  any  quantity 
is  to  be  divided  by  itfelf,  or  an  equal  quantity,  the  quo- 
tient will  be  exprelled  by  an  unit,  or  i. 

Thus  a-^  ^,  gives  i  j  and  2ab  -r-  lab  gives  i ; 

moreover  'J^ahcd  -r-  ac^  gives  o^hd\ 

and  \bbc  -f- B^,   gives  ic :  for   the  dividend  here,   by 
refolving  its  co-efTicient  into  two  factors,  becomes  2x8 

y.bxc\  from  whence  cafting  off  8  and  ^,  thofe  common 
to  the  divifor,  we  have  2  X  r,  or  2c.  In  the  fame  manner, 
by  refolving,  or  dividing  the  co-eiiicient  of  the  dividend  by 
that  of  the  divifor,  the  quotient  will  be  had  in  other'cafes*: 
Thus,  2oabc  divided  by  \c,  gives  S^^ 'i  snd — ^lab 
^  xy  X.  \/  XX  -\-  yy^  divided  by  —  17^7  V  xy^  gives  -f  3/? 
\^  XX  -\-  yy.^ 

2"  But  if  all  the  faSlors  of  the  divifor  are  not  to  he 
found  in  the  dividend^  cajl  off  thofe  (ifanyfuch  there  be) 
that  are  coinmon  to  hoth^  and  write  down  the  remaining 
factors  of  the  divifor^  joijied  together .^  as  a  denominator  to 
thofe  of  the  dividend ;  fo  Jhall  the  fra6iion  thus  arifing  ex- 
prefs  the  quotient  fought.  But  if,  by  proceeding  thus,  all 
the  factors  in  the  dividend  (hould  happen  to  go  off,  or 
vanifli,  then  an  unit  will  be  the  numerator  of.  the  fra<5l:ion 
required. 

Thus,  abc  divided  by  bed-,  gives  —  : 

a 

"Xax 
And  i6a'^bx^  divided  by  Sabcx"^,  gives : 

The  firft  Rule,  given  above,  being  exa6lly  the  con- 
verfc  of  Rule  1°  in  the  preceding  fe£tion,  requires  no 
other  demonfjtration  than  is  there  given.  The  fecond 
Rule  (as  well  as  thofe  that  follow  hereafter  upon  Frac- 
tions) depend  on  this  principle,  1  hatj  as  many  times 
as  any  one  propofed  quantity  is  contained  in  another, 
juft  fo  many  tim.es  is  the  half,  third,  fourth,  or  any  other 
^fligned  part  of  the  former,  contained  in  the  half,  third, 
fourth,  or  other  correfpondin^  part  of  the  latter  j   and 
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Likewlfe  2'jab  -y/  xy  divided  by  9^*  \/  xy^  gives ' 

And  ^ab  v  ay  divided  by  iba'^b  ^  ay^  gives • 

3°  One  FraSlion  is  divided  by  another^  by  multiplying 
the  denofninator  of  the  divifor  into  the  numerator  of  the 
dividend  for  a  new  numerator^  and  the  numerator  of  the 
divifor  into  the  denominator  of  the  dividend  for  a  new  dc' 
nominator. 

Thus   l-divided  by  -L.,  p-ives  ^ : 
b  W'^  be 

Alfo  Sf±  divided  by  2:^,gives  SWf  . 
3c  'jd  iSbcc 

*     1  ba^'b    ,.   .,    ,  ,     Kab'^    •        iSa'^b.V 
And divtded  byi! gives 

Sx  2^  2^ab^x 

juft  fo  many  times  likewife  is  the  double,  triple,  qua- 
druple, or  any  other  affigned  multiple  of  the  former  con- 
tained in  the  double,  triple,  quadruple,  or  other  corre- 
iponding  multiple  of  the  latter.  The  Demonftration  of 
this  Principle  (though  it  may  be  thought  too  obvious 
to  need  one)  may  be  thus  :  Let  A  and  B  reprefent  any 
two  propofed  quantities,  and  AC  and  BC  their  equimul- 
tiples  (or,  let  AC- and  BC  be  the  two  quantities,  and  A 

AC  A 

and  B    their  like  parts) :  I  fay,  then,  that  — ~-  =  —  :~ 

BC  B 

AC 
For  the  multiple  of  — ^7-  by  BC  is  manifeftly  =  AC  ; 

A  A 

and  —  X  BC,  the  multiple  of-— by  the  fame  BC  is   ~ 

Ax^C    ,        ,       .        ;.  ,•      •    A        ACB 

j (by  rule  2  :n  multtpUcaiton)   rz      .^     (via. p.  14 

and  15)  =:  AC  :  Therefore,  feeing  the  equimultiples  of 
the  two  propofed  quantities  are  the  fame,  the  quantities 
themfelves  muft  neceliarily  be  equal. 

The  fecond  Rule,  given  above,  is  nothing  more  than 
a  bare  application  of  the  Principle  here   demonftrated  ; 

fmce, 
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But  in  cafes  like  this  laft,  where  the  two  numerators^ 
or  the  denominators,  have  factors  common  to  both,  the 
conclufion  will  become  more  neat  by  fir  ft  calling  off 
iuch  common  hicStors. 

Thus    cafting  away  ab   out   of  the  two  numerators, 

and  X  out  of  both  the  denominators,  we  have to  be 

5 

divided  by  -1 —  ;  whereof  the  quotient  is  — p :    In  the 

fame  manner 1.  r:_.,    or   ji—  -f-  —  gives  ^ ! 

lobb  s^d  2^  a  2bx 

and  ^""^"y  H-  ZfVf^  ,  or  1  -  7f.givesi^. 
5^  lobc  I         7.b  7« 

When  either  the  divifor  or  the  dividend  is  a  whole 
quantity  (inltead  of  a  fraction)  it  may  be  reduced  to  the 
form  of  a  fradion,  by  writing  an  unit  or  i  under  it. 

fmce,  by  cafting  off  the  facSlors  common  to  the  dividend 

and  divifor  (as  dire(5ted  in  the  rule)  it  is  plain  that  we  take 

like  parts  of  thofe  quantities  :  therefore  the  quotient  ariling 

by  dividing  the  one  part  by  the  other,  will  be  the  fame  as 

that  arifmg  by  dividing  one  whole  by  the  other. 

A      C       AD 
As  to  Rule  3%  wherein  it  isaflerted  that~-.-t-  —  =  tUl. 

it  is  evident  that  AD  and  BC  are  equimultiples  of  the 

AC  A 

given  quantities—  and  _-.  ;  becaufe--.  x  BD  is  [by  Rule 
x>  D  B 

2°  in  multiplication)  =  2^ltL  z=  AD,  and    bl  x    BD   = 
B  D 

^         =  CB  :  Whence  it  follows  that  the  quotient  of 

A  C 

_  divided  by  --  will  be    the  fame  with   that  of  AD  di- 

JD  JJ 

AD 

vided  by  BC  j   which,  by  Notation,  is   -^^  >    ^s  was  to 

be  ftiewn.     The  Grounds  of  the  note  fubjoined  to  this 
Rule  are    thefe  :    By  cafting  away  all  fa6tors  ccmmon 

to 
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ThusL^fi  divided  by  nd  {orH  )  gives   I2fi; 

And  Sa^y  (or^)    divided  by  2fl  gives  iifj^. 
I   "^  3>'  9''x 

4"*  ^«r^  quantities  under  the  fame  radical  fign^  are 
divided  by  one  another  like  rational  quantities^  only  the 
quotient  mufljiand  under  the  ^iven  radical ftgn. 

Thus,  the  quotient  of  ^  ab  by  \/  b  is  V  a  : 
That  oF^  ibxxy  by  1/  ^xy  is^  7.x : 

That  of   JJ^hy  Jl^is  J^IS^^ 

And  thac  of    6ab   V  lOacxy  by  la  \/^cyh  3^/  S^.*"  • 

5°.  Different  powers^  or  rosts  of  the  fame  quantity  are 
divided  one  by  another^  by  fubtra^ing  the  exponent  of  the 
divifor  from  that  of  the  dividend^  and  placing  the  remainder 
as  an  exponent  to  the  quantity  given.  But  it  mufl  be  ob- 
ferved,  that  the  exponents  here  underftood  are  thofe  de- 
fined in  p.  5  ;  where  all  roots  are  reprefented  as  fradiional 
pov^rers.  It  Vi^ill  liicewife  be  proper  to  remark  further, 
that,  when  the  exponent  of  the  divifor  is  greater  than  that 
©f  the  dividend,  the  quotient  will  have  a  negative  exponent, 
or,  which  comes  to  the  fame  thing,  the  refult  will  be  a 
fra<2:ion,  whereof  the  numerator  is  an  unit,  and  the  deno- 
minator the  fame  quantity  with  its  exponent  changed  to 
an  affirmative  one. 

Thus  x^  divided  by  a-*  gives  x'^  '■ 

And  a  +  z|^  divided  by  ^7  4-  2;|^  gives  a  +  21* : 

Likewife  xi  divided  by  x%^  gives  x*  • 

to  the  two  numerators  we  take  equal  parts  of  the  quan- 
tities ;  and  by  throwing  off  the  fadtors  common  to  both 
denominators,  we  take  equimultiples  of  thofe  parts. 

The  two  preceding  Rules,  being  nothing  more  than 
fhe  converfe  of  the  4th.  and  5th  Rules  in  multiplication, 
are  demonftrated  in  them:  though  perhaps,  the  cafe, 
in  Rule  5,  where  the  exponent  comes  out  negative,  may 
ftand  in  need  of  a  more  particular  Explanation,    Accord- 
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Moreover,  c  +  yX'  divided  by  c  +  ;]^  gives  Ta^  : 
Laftly,  x^  divided  by  x"^  gives  x      5  ^^  , — 

6^.  A  compound  quantity  is   divided  by  a  ftmple  one ^  by 
dividing  every  term  thereof  by  the  given  divifor. 

Thus,  3^^)    Zabc  +  i2^^;c — 9^^^   (c  +  4^-^3fl* 

I2yy      <^<5f 
alfo, — Sc':)\Sd'bc — i2tfr/-'4-  5^^^( — 3^^+ 7: 

and  fo  of  others. 

7°  5.\'?  //'//?£'  divifor  J  as  well  as  the  dividend^  be  a  com* 
pound  quantity^  let  the  terms  of  both  quantities  be  difpofedin 
erdery  according  to  the  dimenfions  of  fome  letter  in  them^  as 
fhall  be  judged  moft  expedient^  fo  that  thofe  terms  mayjiand 
firft  wherein  the  highefi  poiuer  of  that  letter  is  involved^  and 
thofe  next  where  the  next  highefi  power  is  involved^  and  fo 
on:  this  being  done^feek  how  many  times  the  firji  term  of  the 
divifor  is  contained  in  the  firjl  term  of  the  dividend^  whichy 
when  founds  place  in  the  quotient^  (as  in  divifion  in  vulgar 
arithmetic)  and  then  multiply  the  whole  divifor  thereby ^fuh^ 
trailing  the  produoi  from  the  refpe£iive  terms  of  the  dividend  ; 
to  the  remainder  bring  d.own^  with  their  proper figns^  as  many 
efthe  next  following  terms  of  the  dividend  as  are  requiftte  for 
the  next  operation ',feeking  again  how  often  the  fir /I  term  of 
the  divifor  is  contained  in  the  firft  term  of  the  remainder-^ 
which  alfo  write  down  in  your  quotient^  and  proceed  as  before^  • 
repeating  the  operation  till  all  the  terms  of  the  dividend  are 
exhaujiedy  and  you  have  nothing  remaining. 


ing  to  the  faid  rule,  the  quotient  of  x^  divided  by  x^  Was 
alierted    to  be  x     %   or — r.    Nov^'  that  this  is  the  true 

X 

value  is  evident ;  becaufe  i  and  x^  being  like  parts  of 
a3  and  A'5( which  arife  by  dividing  by  ^^)  their  quotient 
will  confequently  be  the  lU.ne  with  that  of  the  quantities 
themfelves. 

D  Thus, 
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Thus,  if  it  were  required  tp  divide  a^  -f  5^V  +  ^ax'* 
■j-  x^  hy  a-^x  (where  the  feveral  terms  are  difpofed  ac- 
cording to  the  d'menfions  of  the  letter  a  J  I  firll  write 
down  the  divifor  and  dividend,  in  the  manner  below, 
with  a  crooked  line  between  them,  as  in  the  Divifion 
of  whole  Numbers;  then  I  fay,  how  often  is  <?  con- 
tained in  6/%  or  what  is  the  quotient  of  a^  hy  a  -,  the 
anfwer  is  a\  which  1  write  down  in  the  quotient,  and 
multiply  the  whole  divifor,  a-j-x,  thereby,  and  there 
arifes  ^^^-«^v;  which  fubtra£^ed  from  the  two  firft  terms 
of  the  dividend  leaves  4^^^^  to  this  remainder  I  bring 
down  +  5^A-%  the  next  term  of  the  dividend,  and  then 
feek  again  how  many  times  a  is  contained  in  j\.a^x  ;  the 
anfwer  is  j^axy  which  I  alfo  put  down  in  the  quotient, 
and  by  it  multiply  the  whole  divifor,  and  there  arifes 
j^a^x  4  4-ax^,  which  fubtradled  from  ^a'^x  +  5^a-^  leaves 
ax%  to  which  1  -bring  down  x^,  the  laft  term  of  the 
dividend,  and  feek  hovv'  many  times  a  is  contained  in  ax% 
which  I  find  to  be  x^ ;  this  I  therefore  alfo  write  down 
in  the  quotient,  ?nd  by  it  multiply  the  whole  divifor;  and 
then,  having  fublrac^ed  the  produ6l  from  ax*  +  a'% 
find  there  is  nothing  remains;  whence  I  conclude,  that 
the  required  quotient  is  truly  exprefled  by  a'^  +  ^ax  +  x^. 
See  the  operation. 


*  +  ^)  ^^  +  Sa'-x  +  s^^^  +  x^  («*  +  4^^-  +  x' 


^^^H-  x' 
ax'  -{-  x^ 


In  the  fame  manner,  if  it  be  propofed  to  divide  a^  — 
%a'^x  +  lo^V— lO^V  +  5^;^*—  x^  by  a" ^^ux-\■x'^^ 
the  quotient  will  come  out  a^ — 't^^'^x  -f  3^'V^  —  a:^,  as 
will  appear  from  the  procefs. 
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— 3^*  A-  +  3<^jt* — x^ 


^-    ^V^  -I-  2(Ja;'*' — x^ 
0  0  0 

So  likewlfe.  If  a^ — x^  be  divided  by  a — a*,  the  quo- 
tient w'lW  hQ  a"^  +  a^ X -{- a'^x^ -i- ax^  +  x"^ ;  as  by  the  work 
will  appear. 

a^x)  a^^x'  (a'^'^a^x^^aV-i-ax^  +  x'^ 

^*Ar — x^ 


zi'x"  —  x^ 


a'x'^  —  x^ 
a^x^  —  ax* 


Moreover,  if  it  were  required  to  divide  a^' — Z^'^^^'^ 
Za^x'^ — x^  by  a^  —  '^a'^x  +  3^jc*  —  x^y  the  procefs  will 
ftand  thus: 

^3_3^V_j.  y«— 3fl4.Ar*+  3a^Af4._^6^^3  _j. ^a^x-i-^ax^^-hx^ 
3t?A;* — A-V^* — 3^^^  +3«'^^'' — ^^x^ 

-f  3^5;^ — 6^'^;^^  4-   a^x^  4-  3^''^''^ 
+  3^'Af — 9«  V  +  9^  V^— 3^  V 


-f  ^z^A-^ — 3<2^^^''- 4-  r^ax^ — x^ 

00  00 

D  2  Btrt 


^  Ok    i:\vOLLTION. 


ttf  iftt»iK«bferved,dbat  k  is  not  alw:^  that  t)K 
«a  mmiinrr  mkkomt  loraga  lonaiiHier;  afid 
dwncdM  h  cihoic  ^',  sai'm  aS  tbeie  ca^ 
it  fi^  fae  Bo€  oQiMBodHm^  to  n^tc^  die  ^aoticat,  in 
dK  »»ncr  of  a  ^aaioi^  ^  mifiaig  dbe  ^vifer  tader  tfe 
ihrUeadt  «^  «  fia^  brtiifca  dKzo,  as  has  beta  fliewn 
in  die  ncdbo^cf  ootatiQB« 

&iPDHUhean&6  foofe-asj  diiag  h^  m^  of  de- 
tmmiSttJtkm  to  ihc  two  hSt  ndeSf  the  groank  thereof 
bcaiig  ;^ea^  fuAacadf  ck^  ^om  what  has  been  de- 
emed ia  ^  lat^dK*-  -*  ^?  ndcs  theoicivcs  no. 
dtiag  aaae  thao  the  cper^  die  ihac  desnooftrated. 

—1  §aM  here  Ibcw  the  r^^^^^  wjsjr,  ia  divifioa  (as  i«ieil 
a»  aH3fip£calk»)  lUuik^am  ptoimce  -^-^suai  mAie^^^, 
la  order  thereto  it  saa^  Ml  beob^erted,  that  acoofid^ 
to  the  aatise  of  Jhri^oa,  eveiy  qamiait  whaterer  laal' 
t%£ed  bjr  ^bt  pvax day'iQsr^t  o^4to  produce  the  gtvea 
dhridead  9  w^cace  k  is  evidei^ 


1,  That  -f  tf)  -f  ^  {  +^;  becatife  +tf  malt,  bj  +  ^, 

gives  +tf^; 

2.  TlJ2t  -f  tf)  -p"-^  (  — ^  ;  hecautk  -^ams^t,  by  — ^, 

gives — ab% 
3-  That — a)  -^ah^ — ^;  bec»iie— tfins^  bjr  —  ^, 

gircs  +  tf^} 
4.  T!ytr-#j— '^(+*;  bccajjfe— 'tfaadcb)r  +  ^, 

jg^ef — ak\ 
Aad  daele^9ttr,2H^e  ;dl^the  ca(es  that  caa  poffibly  hap- 
pea  m  fx^iect  10  the  irariati0a  of  the  6gat* 

SECTION     VI. 

INVOLUTION    if  dje  r»fiiig  of  powers  from 
anv  propoied  root,  aad  aiay  be  pei^nrnied  by  the 
foflowwi;  Rules. 

r,  Jf  the  ^uant'ity^  or  E.sft  frfpoffd  to  be  involved  has 

n$  tndeiu  that  ii<,  if'ttve  w>t  Hfelfa  ^er  (,r  jurd^  the  pr/wer 

i^  '  thereof 
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ibere^wiii  he  reprcfentei  hy  the  fame  quant,  tfnndirthe 
given  indfx^  or  exp§H£ftl, 

Thus,  the  fiftn  power  of  ,:  '<  evnreiTed  bv  n^ ;  and  the 
feveiuh  power  of  ^  +  2;  by . 

2\  Bat  !f:h^  qfiantity  prop'^jhi  he  itfilfa  pswcr^  crfur.iy 
it  will  he  sftv^tv^d  hy  muittphfin^  its  -"-»- -  r ''  f^'  r.vprvf*:: 
ef  the  pro^djed  p9wrr. 

Thus,  ihe  cube,  or  third  power  or  a-  is  a"  y  the 
fifcb  p-!wer  of  x^  is  a-*-  ;  the  fourth  power  of  ax  +  fyl' 
is  ax^yy     ;  and  the  third  power  of  a  —  xi*  js  a — A^r 

3**.  A  ^Hantitf  comprfed  ^feveral  fa39rs  imdtipBid 
togetbir^  is  involved  hy  raifing  each  fador  U  the  famcr 

propofed. 

Thus,  the  fquare,  or  fecond  power  of  ah  is  aH* ; 
the  cube,  or  third  power  of  %ab  is  X^a^b^y  or  Sa^^^; 
the  fifth  p^wer  of  3  x  aa  —  xx  X  fi  +  i  +  f  is 
24^  X  aa — xx\  X  a  4-  b  +7  '^  >  smd  the  (quare,  or 
fee  on  J  power  of- the  radical  quantity  n^      x     tf~+~iJT  is 


a  X 


T^T. 


The  firft  of  the  rules,  here  given,  being  mere  nota* 
tion,  does  not  require,  nor  indeed  adrrtit  of  a  denion- 
ftnition :  The  fecond  may  be  explained  thus ;  let  A* 
be  propofcd  to  be  raited  to  the  power  whoie  exponent 
is  n :  then  I  (liy,  that  the  po\\x^r  itfelf  will  be  truly  ex- 
preiled  by  A"»»  :  For  fmce  (by  notation)  A»  is  the  feme 
thing  as  A  X  A  x  A  X  A,  i^c[  continued  to  m  fa»5lars. 
This  raifed  to  the  nth  power,  or  multiplied  n  times, 
will,  (by  the  general  obfervations  at  p.  13)  be  equal  to 
A  X  A  X  A  X  A  X  A  X  A,  ^v .  continued  to  n  times  m 
ladtors,  that  is,  to  tnn  fh6k»rs  \  which,  bv  notation, 
is  A"" .  But  the  fame  thing  may  be  otherwife  demon- 
ilratcd,  in  a  more  general  manner,  by  means  of  rule  5* 

D3  in 
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4**.  A  FraSfion  is  involved^  by  raifing  both  the  numerator 
and  the  denominator  to  the  power  propofed. 

Thus,  the  fecond  power  of  ^  \^    _  .  the  third  power 

b       bb  * 

of IS  ;     the  fourth  power  or    . is  ; 

the  fquare  of  i_f-     or  fl  is^  ;  the  cube  of  fj  is    JL  ' 


5      '        5      25 


aj 


aa  -f-  XX 


■^^    .        ^^  H-  ;r;^l 


and  the  fixth  power  of  ~^         is  ;[[;;^^;3~ '- 

a  —  x\'^  a  —  x\ 

When  any  quantity  to  be  involved  has  the  fign  -— 
prefixed,  the  power  itfelf,  if  the  index  is  an  odd  number, 
muft  be  exprefled  with  the  fame  negative  fign,  but  if 
an  even  number,  with  the  contrary  fign,  or  +. 

Thus  the  fecond  power  of  — '^,  or— <7  X  — ^,  is 
■+  a^  (becaufe  —  into  —  produces  +.)  :  alfo  the    cube 


in  multiplication  :  For,  fince  powers  raifed  from  the 
fame  root  are  multiplied  by  addition  of  their  indices, 
it  is  evident  that  che  fquare  of  A'"  (or  A'"  X  A'")  whe- 
ther the  exponent  m  be  a  whole  number  or  a  fraction, 
will  be  truly  defined  by  A*'":  whence  it  likewife  ap- 
pears, that  the  cube  of  A'^'  (or  A''"  X  A'«)  will  be  de- 
fined by  A^'^  ;  and  the  fourth  power  of  A'^'  (or  A^'''  x  A"') 
by  A+'^j  ^c. 

The  Reafon  of  the  third  Rule  is  alfo  grounded  on 
the  fame  general  obfervations :  For,  in  the  firft  ex- 
ample, where  the  iquare  of  ab  is  aflerted  to  be  a'^b'^y 
we  know  that  fquare  to  be  ab^ab  (by  the  definition  of 
^  fquare},  which  quantity  is  there  proved  to  be  the  fame 
with  axbxaxby  or  aaxbb.  So  likewife  in  the  fe- 
cond example,  the  cube  of  2ab,  or  2ab  x  2ab  X  2aby 
will  be—  2X^X^X2X^X^X2X«X^=:2X2X 
2  X^X^XflX^X^X^  =  8  X  «^  X  ^^  =  8tf^^^     And 

the 


OF    INVOLUTION.  39 

of — ^j  or  +  fl^  X  — ^  is — a^  (becaufe  +  into  — 
produces—)  fo  likewife  the  fourth  power  cf — ^,  or 
— a^  X  — ^  is  -f  a\  and  the  fifth  power,  or  -f  ^'^  X  —  ^> 
is  —  a\  &c.  &c.  Hence  it  appears  that  all  even  Powers, 
whether  raifjd  from  po/itive  or  negative  Roots,  will  be 
pOjittve, 

5°  Quantities  compounded  of  fever  al  terms  are  involved 
by  an  adual  multiplication  of  all  their  parts. 

Thus  it  a  -\-  b  was  propofed  to  be  involved  to  the 
fixth  po.ver;  by  mulnplying  a  -{- b  into  itfelf,  we  fhall 
iirft  have  a^  -f-  2ab  +  b\  which  is  the  fecond  power  of 
a-i-b;  and  this,  again,  multiplied  by  ^-H^,  gives  a^  + 
-^a'b  -f-  'i^ab'^  +  b\  for  the  third  power  oi  a  +  b  :  whence, 
by  pr<  cccding  on,  in  this  manner,  the  fixth  power  of 
a-{-b  w\\\  be  found  to  come  out  a^  +  ba^b  +  iS^^b'*' 
+  2oa^b^  4-  iS^^b"^  +  tab^  +  b^.     See  the  operation. 

a  -\-  b^  the  root  or  firlt  power. 

a  +  b 
aa  +     ab 

+     ab  -\-  b"- 
at  -f  lab  +  ^%  the  fquare,  or  fecond  power. 
a     •\-     b 


the  cafe  will  be   the   fame   when   radical   quantities  are 
concerned  (as    in  the  fourth    example):    for  the  fquare 

1         ~~?  r       T  T" 


of^""    X  «  4-  Arl^    or^"^    xT+?^  x^*    xTH^^is  = 


I  I 


^^    X  ^"   X^T^^X^T?1'  =  «^    X  «^    xTT^T   X 


I  1 


^+^^3":  but «"  x  <3*    (by    rule    5"    in   multiplication) 


isr:^*  — <7,  and  ^  +  xl?  X^  +  aI^    ~  «   +  a-^^ ;  there- 
fore  our  fquare,    or   its   equal  product,  is  likewife  ex- 

prefled  by  ^  x  a  +  x^ . 

The  4th  rule,  or  cafe,  for  the  involution  of  fra(^!ons, 
is  grounded  on  rule  3"^  in  multiplication,  and  requires  n« 
other  dcmonftration  than  is  there  given. 

D4 
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o^  +  2a^b  -{-      ab''  . 

+   G'^b+    lab"^    +      b^ 

a^  -Y  3^"^  +    lab"-   +     ^the  cube,  or  third  power. 
a  ■{■   b 

fl-  +  4^3^  4-   6«^Z'^4^4^^3~:fTr  .^g  fourth  power. 
a  ■\-  b  ' 

fl5  4- 4«^/^T~6^7^^M~4^VT~^ 

_4-   a'^b^   d.a^b''^   6a^b'+   ^ab''  4:  b^ 


a^-^-Sd'^b-^-ioa^b'--^-  iOrt^/>^+   5^/^+  4-  b^,  the  5th  power. 
a  -\-  b 

^^4-5rv5^4.io^'^/^\+io«V4-   5^''^*+  ^Z'5 

4-    CiH^+    5d-^^^4-  io«3p  4-  loa^b^-{-Sab^  4  ^^ 
6*^  4-  ba'b  4- 1 5^^/^*  4-  20^^^^  4- 1  sa^b"^  4-  6^/^^  +  b\  the  6th, 
or  required  power  of  «  4-  ^. 

So  likewife,  if  it  be  required  to  involve  or  raife  a  ^-  b 
to  the  fixtl:!  power,  the  Procefs  will  ftand  thus ; 

a-^b 
a^b 


a- 

-^^  + 
—2ab-i- 

^2ab-i- 
^b 

b"- 

b^ 

b\  feco; 

ndpow 

^er. 

lird 
4- 

powi 

b^ 

a'- 

-2a'b  4- 
'^a'b  + 

ab" 
2ab^^ 

' 

^3- 

a  - 

-3^'^+ 
-^ 

lab^  — 

/)Stl 

er. 

a^' 

-3^3^  + 

■  Zab' 

a  - 

-b 

ba'-b'^  — 

■  4«^^ 

4- 

b\ 

fourth  power. 

Or- 

^a^b-i- 

4-    ab^ 

-\-Arab''' 

--^' 

a  - 

■^b 

10^3/,^  — 

loa^' 

4-5^^*- 

— ^%  fifth  power. 

(-... 

'                    <?*-^ 
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—  a^b-^    Sa^"-  —  lOa^b^-\-loa^b'*''-Sab^+h^ 


power  of  a  —  b  -,  ana  (o  of  any  other. 
But  there  is  a  Rule,  or  Theorem,  given  by  Sir  Ifaac 
Neivton,  (demonftrated  hereafter)  whereby  any  power 
of  a  binomial  a -\-  b^  or  a  —  by  may  be  expreiled  in 
fimple  terms,  without  the  trouble  of  thofe  tedious  mul- 
tiplications required  in  the  preceding  operations  ;  which 
is  thus : 

Let  n  denote  any  number  at  pleafure ;   then  the  «th 

n           «— I            n   ,   n  —  I 
power   of  <^  +  ^  will  he  a  +  na      b  -\-   -^ • 

«— *         n.n  —  i.n  —  2       „_-,  n.n — i,n — l.n — % 

0     >+i.2.     3     •   "      ^'  +  I  .  2  .    3  •    4     ■ 

^    „  n.n — l.n  —  2.n — 'l.n  —  4.      „_. 

And  the  «th  power  of  ^  —  b  will  be  exprefled  in  the 
very  fame  manner,  only  the  figns  of  the  f«cond,  fourth, 
fixth,  &c.  terms  ivherc  the  odd  powers  of  ^  are  involved, 
muft  be  negative. 

An  example  or  tv70  v/ill  fhew  the  ufe  of  this  general 
Theorem. 

Firft,  then,  let  it  be  required  to  raife  a  -\-  b  to  the  third 
power.  Here  72,  the  index  of  the  propofed  power,  be- 
ing 3,  the  firft  term,  a  y  of  the  general  expreflion,  is 
equal   to  a^  ;     the    fecond     w^  ""  ^  iz:  3^^^  j    the    third 

^'^-J.  /->  =  zab^,  the  fourth  JL:ilzil:iLr:_2 


I.         2      .      3 

«_«                                             n.n  —  l.n  —  i.n  —  -2 
/    'b'  =  b^ ;  and  the  fifth -— :; j-^' 

a     ^b*y  &c.  =  nothing.     Therefore  the  third  power  of 
^  +  ^  is  truly  expreiled  by  a^  +  ;^a^b  +  -^ab^^  -f  b^. 

Again,  let  it  be  "required  to  raiie  ^  +  ^  to  the  fixth 
power.  In  which  cafe  the  index,  «,  being  6,  we  fhall, 
by   proceeding  as  in  the  laft    example,    have  a"=a\ 
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na       "^  =  6a'b,  ^   ^     ^     •     a       b^   ~    15^*^%  &c.  and 

confeqiienily  a  +  bY  —  a^  -i-  ha^b  +  15^*/'*  +  20^^^ 
-f  i^a^b"^  4-  6^Z'5  _j_  ^^  J  being  the  very  fame  as  was  above 
determined  by  continual  multiplication. 

Laftly,  let  it  be  propofed  to  involve  cc  +  xy  to  the 
fourth  power. 

Here  <7  muft  ft^n J  for  cCy  b  for  xy,  and  «  for  4  ;  then, 
by  fubftituting  thefe  values,  inftead  of  a,  />,  and  n,  the 
gen  ral  expreflion  will  become  c^  +  ^c^xy  +  bc^x'^y'^ 
4-  ^c'^x^y^  +  ;t*j'%  the  true  value  fought. 

From  the  preceding  operations  it  may  be  obferved, 
that  the  unciae,  or  coefficients,  increafe  till  the  indices 
of  the  two  letters  a  and  b  become  equal,  or  change 
values,  and  then  return,  or  decreafe  again,  according  to 
the  fame  order  :  therefore  we  need  only  find  the  coeffi- 
cients of  the  firft  half  of  the  terms  in  this  manner ;  fince, 
from  thefe  the  reft  are  given. 


SECTION    VII. 

0/  Evolution. 

J^P'OLUTION,  or  the  Exiroalon  of  Roots^  being  di- 
"^  reSlly  the  contrary  to  Involution,  or  raifmg  of  poiuers,  is 
performed  by  converfe  operations,  viz.  by  the  divifion  of  indices^ 
US  Invohition  was  by  their  jmdtiplication.. 

Thus  the  fquare  root  of  x^,  by  dividing  the  exponent 
by  2,  is  found  to  be  x^ ;  and  the  cube  rootof  a-%  by  di- 
viding the  exponent  by  3,  appears  to  be  ^*:  moreover, 
the  biquadratic  root  of  ^  -f  x\  will  be  a  -f  a-]^  J  and 
the  cube  root  of  aa  -\-  xxV  will  be  aa  +  xx\\ 

In  the  fame  manner,  if  the  quantity  given  be  a  frac- 
tion, or  confifts '  of  feveral  fa6lors  multiplied  together, 
its  root  will  he  extradled,  by  extra6ling  the  root  of  ead> 
particular  factor. 

Thus 


OF    EVOLUTION.  43 

Thus   the    fquare  root  of  arb^-  will  be   ab\  that  of 

_  will  be  fl  ;  and  that  of — .  ^      will  be 

ID  X  a — X 


c 

X 

2 
1 


9^  X  <2^  +  xx'^  :    Moreover,  the  fquare  root  of  aa  —  ^^^  | 

4X^  — >? 

will  heaa-^xx\l',    its   cube     root    aa  —  xx\"''  ;   and 

its  biquadratic  root,  aa  —  xx]»  -,  and  fo  of  others.  All 
which  being  nothing  more  than  the  converfe  of  the  ope- 
rations in  the  preceding  fedion,  requires  no  other  demon- 
ftration  than  zvhat  is  there  given. 

Evolution  of  compound  quantities  is  performed  by 
the  following  Rule. 

Firji^  place  the  feveralTerms^  whereof  the  given  quan^ 
thy  is  co?npofed^  in  order^  according  to  the  dimenfions  of 
fome  letter  therein^  as  Jhall  be  judged  mofi  commodious  \  then 
let  the  root  of  the  firji  term  be  found^  and  placed  in  the 
quotient ;  which  term  being  fuhtra^ied^  let  the  fir Ji  term  of 
the  remainder  he  brought  down^  and  divided  by  twice  the 
frji  term  of  the  quotient^,  or  by  three  times  its  fqunre^  or 
four  times  its  cube,  &c.  according  as  the  root  to  be  ex- 
trailed  is  a  fqiiarc^  cubic^  or  biquadratic  one^  &c.  and  let 
the  quantity  thence  arifmg  be  aljo  wrote  down  in  the  quo- 
tient, and  the  whole  he  raifd  to  the  fecond^  third^  or  fourth^ 
&c.  power ^  according  to  the  aforefaid  Cafes^  rcfpedively^ 
and fubtra£led from  the  given  quantity  y  and  (if  any  thing 
remains)  let  the  operation  be  repeated^  by  always  dividing 
thefirji  term  of  the  remainder  by  the  fame  divifor^  found  as 
above. 

Suppofe,  for  example,  it  were  required  to  extract  the 
fquare  root  of  the  compound  quantity  2ax -{-  a^  -{■x^i 
then  having  ranged  the  tetms  in  order  according  to 
the  dimenfions  of  the  letter  tf,  the  given  quantity  will 
ffand  thus,  a^  +  2ax  .-{•  ^%  and  the  root  of  its  'firft 
term  will  be  ^;  by  the  double  of  which  I  divide  2axy 
(the  firft  of  the  remaining  terms)  and  add  -|-  x^  the 
quantity  thence  ariilng  to  a  (alreaay  found)  and  fo  have 
a  ■\-  X  \n  the  quotient ;  which  being  raifed  to  the  fecond 
power,  and  fubtraded  from  the  given  quantity,  nothing 

remains  j 
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remains  ;  therefore  ^  +  a-  is  the   fquare  root  required. 
See  the  operation. 

a^  -i-.2ax  +  A-*  (^  +  a: 
2£i)  lax 
a^  4-  2J.V  4-  .^^'i  fecond  power  oi  a  ^  x, 
o     o         o 

In  lilce  manner,  if  the  quantity  a^ — 2^3^  +  3 (2* a-* 
— 2^Ar^  4-  x^  be  propOl'ed  to  extraft  the  fquare  root 
thereof;    the  anfwer    will   come   out  a'  —  ax  ^  ;e%  as 

appears  by  the  procefs. 

^?*  — 2a' x^  3a '.V* — 2^a:^  4- A-*  {a^^ax-{'x'^ 
2a'^)^2aKx 
a^  — 2a^x  +   tf^^%  fecond  power  of  ^*  — ax. 

la"-)     2rt^A'\  firil:  term  of  the  remainder. 
g4 — 2^^^4-3^"v^ — 2ax^-\-x\  fquare  of  ^^^ — ax  +  x" 
o         o    '     o  00 

Again,  let  it  be  required   to  extra6t  the  cube  root  of 
rf3 — 6rtV4-  I2ax'^ — 8^3,  and  the  work  will  ftand  thus  : 
q} —^a^x  4-  I2^A^-— 8a-^  [a — 2a* 
2,a"-) — (^a^x 
a^  — ba'^x  4-  I2ax^  —  8^;%  cube  of  ^  —  2x. 
000  o 

Laflly,  let  it  be  required  to  extra£l  the  biquadratic 
root  of  ibA^^  —  (^bx'^y  -i-  2i6.vy  —  2ibxy^  4-  8j>'%  and 
the  proccfs  will  Itand  as  follows  : 

ibx^ — (^6:^^y'\-2lbx''Y  ^  2ibxy^  4-  81;;+  {2x —  3^ 

32a'^)-^96a^'  

i6x* — 96Ar^j^'-f  2i6a*7^  —  2i6A-y^  4-  8i>* 
000  00 

And,  in  the  fame  manner  the  root  may  be  deter- 
mined in  any  other  cafe,  where  it  is  poffible  to  be  ex- 
traded  ;  but  if  that  cannot  be  done,  or,  after  all,  there 
is  a  remainder,  then  the  root  is  to  be  exprefled  in  the 
manner  of  a  furd,  according  to  what  has  been  already 
fhewn.  As  to  the  truth  of  the  preceding  Rule,  it  is 
too  obvious  to  need  a  formal  demonflration,  every  ope- 
ration 
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ration  being  a  procf  of  itfelf.  I  (hall  only  add  here, 
that  there  are  other  Rules  befides  that^  for  extrailing 
the  roots  of  compound  quantities;  which,  funetimes, 
bring  out  the  conclufions  rather  more  expeditioufly;  but 
as  thefe  are  confined  to  particular  cafes,  and  v/ould  take 
up  a  great  deal  of  room  to  explain  in  a  manner  fuf- 
ficiently  clear  and  intelligible,  it  feemcd  more  eligible 
to  lay  down  the  whole  in  one  eafy  general  method, 
than  to  difcourage  and  retard  the  Learner  by  a  multi- 
plicity of  Rules. — However,  as  the  extraction  of  the 
iquare  root  is  much  more  necefiary  and  ufeful  than 
the  reft,  I  ftiall  here  put  down  one  fmgle  example 
thereof,  wrought  according  to  the  common  method  of 
extraditing  the  fquare  root,  in  numbers:  which  I  fup- 
pofe  the  reader  to  be  acquainted  with,  and  which  he 
will  find  more  expeditious  than  the  general  Kule  ex- 
plained above. 

Examp,    a"^  +  d^a^x  +  6« V  -f  4^^:^  +  x'^  [a^  ^\■^ax  \  x'- 
a"" 


2^*  -\-2ax)       -f  4.a^x  +  ba'-x' 


-\-2a*x''-^4.ax^  +  x'^ 


SEC  TJO  N    VIIL 

0/  the  Redu^ion  of  fra^fional  and  radical  ^^an- 
titles. 

THE  Reduction  of  fraitional  and  radical  quanti- 
ties is  of  ufe  in  changing  an  expreflion  to  the  moft 
fimple  and  commodious  form  it  is  capable  of;  and  that, 
either  by  bringing  it  to  its  leaft  terms,  or  all  the  mem- 
bers thereof  (if  it  be  compounded)  to  the  fame  deno- 
mination. 

A  FraSlion 
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A  FraElton  is  reduced  to  its  leaft  terms^  by  dividing 
both  the  numerator  and  denominator  by  the  greateji  common 
divifor. 

Thus,  — 5    by  dividing  by  b^  is  reduced  to  f_: 

be  ^  c 

And ,  by  dividing  by  ab^  is  reduced  to  — : 

abb  b 

Moreover,^£f^will  be  reduced  to  "!:£,  or  ^d  : 

sab  I 

i2ax^\/'^     ,  I 

And  ±_  will  be  reduced  to  7-* 

72a^xy;y  6^ 

Thus  alfo,  iiff-Tlif^,     by     dividing     every    term 
of  the  numerator  and   denominator    by  2a,  is   reduced 

2a 
And Z ,    by  dividmg:  every  term 

by  2a X,  is  reduced  to  if-H — ^LjLifL:    . 

3^  +   2X 

Laftly,    ^ +J5!L-L3^^^  +  ^\    by  dividing  both  the 
^  a'  +  Sab  +  2b''      '         ^  "^ 

numerator  and    denominator  by  the    compound  divifor 

.    ;    .         ,        ,       a""  -[-  2ab  -h  bb 

a  +  b.  IS  reduced  to . 

^/  +  2b. 

But  the  compound  divifors  whereby  a  Frac9:ion  can, 
foniL-ti'T.es,  be  reduced  to  lower  terms,  are  not  fo  eafily 
difcovered  as  its  fimple  ones ;  for  which  reafon  it  may  not 
be  improper  to  lay  down  a  Rule  for  finding  fuch  divifors. 

Firji,  divide  both  the  numerator  and  denominator  by  their 
greateji  fimple  divifors^  and  then  the  quotients  one  by  the 
other  (as  is  taught  in  Cafe  7.  Section  5.)  akvays  ob- 
ferving  to  make  that  the  divifor  which  is  of  the  leaft  di^ 
menfions  ;  and  if  any  thing  remains^  diviae  it  by  its  great- 
eft  fimple  divifor y  and  then   divide  the  lajl  compound  di- 

vifor 
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uifir  by  the  quantity  thence  arifmg  ;  and  if  any  thing  yet 
remains^  divide  it  Hkeivifc  by  its  greateftfimple  divifor^  and 
the  lajl  compound  divifor  by  the  quantity  thence  arifmg  ;  pro- 
ceed on  in  this  manner  till  nothing  remaim  ;  fo  JJmtl  the  laft 
divifor  exactly  divide  both  the  numerator  and  denominator^ 
without  leaving  any  remainder.  ^ 

Note,  If,  after  you  have  divided  any  remainder  by  its 
fimple  divifor,  you  can  difcover  a  compound  one  which 
will  likewife  meafure  the  fame,  and  is  prime  to  the  di- 
vifor from  vi'hence  that  remainder  arofe,  it  will  be  con- 
venient to  divide,  alfo,  thereby.  And,  if  in  any  cafe 
it  fliould  happen  that  the  firfl  term  of  the  divifor  di^es 
not  exadily  meafure  that  of  the  dividend,  the  whole  di- 
vidend may  be  multiplied  by  any  quantity,  as  fliall  be 
neceflary  to  make  the  operation  fucceed. 

Ex,  I.  '  Let   it  be  required   to  reduce  the  Fradtion 

5^5  +  loa'^b  +  Sa^''  . 

a^b  +  2c.^b^  +  2ab'  +  b-  ^^  '^'  ^°^^^^  ^^^"^^'  ^^  ^^  ^"^ 
the  greateft  common  meafure  of  its  numerator  and  de- 
nominator. Here,  dividing  firfl-  by  the  greateft  fimple 
divifors,  5^^  and  b^  we  have  a""  +  lab  +  /^%  and  a^  + 
la^b  4-  2  ah^  +  />^  :  and  if  the  latter  of  thefe  be  divided 
by  the  former,  the  work  will  ft  and  thus  : 

^  +  Q.ah  +  ^^)  «'  +  id'h  +  lab"-  +  h^  {a 
a^  +  id^i^  +     ab^ 
where  the  remainder  is  +     ab'^  +  ^'  ;    which  be- 

ing divided  by  i>^  its  greateft  fimple  divifor,  gives 
a  •\-b\  by  this  divide  a^  -j-  2ab  +  b\,^nd  the  quotient 
will  come  out  ^  4-  ^,  exa^ljyj  therefore  the  laft  divifor, 
a  -{-  b^  will  exactly  meafure  both  quantities,  as  may  be 
proved  thus  r 

4t  +  b)  5^5  ^  10^4^  ^  ^a^'■    (5a*  +  S^-^ 


^ab  +  s^^b"" 
Sa^b  -f   ^a'b'' 


(t  ^b) 
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—  _- 

In  both    which  cafes    nothing    remains  ;  therefore   the 

fra6lion  given  will  be  reduced  to — — '   ^^ — 

^  a^b  -{■  ab"-  +  by 

Ex,  2.     Let  it  be  propofed   to   reduce  the  fradion 

^4 j^4 

"1 5 r— — 5  to   its    loweft    terms:     then  the 

a^  —  a^x  —  ax^  +  x^ 

work  will  ftand  as  follows  : 

/T^  —  a^x  —  ^A-*  +  AT^)  fi*  +  o   +   0  4-0  —  x^[a-\-x 
/2*  —  a^x — tf  V  +  ax'^ 


<»'  4-   O  —  A*^)  *? 


0 

^3. 

X — a 

^ax^ 

—AT* 

+  ;.* 

^3 

— 

-^2a 

ax^ 

ax"- 

+ 

H-  0- 

■— 2A-^ 

A? 

+ 

0 
0 

-1- 
4- 

A-^ 
A-5 

0  0  0 


From  whence  it  appears  that^''  +  o  —  a'%  or  a  -^x 

will   meafure   both  ^3*  —  at"'  and  .^^  —  a^x  —  ^a-^  +  x^  ; 

and,  by  dividing   thereby,   the    fraction  propofed  is   re- 

J       J   ^     ar  -\-  x"^ 
duccd  to  . 


Thefe  Operations  are  foupded  on  this  Principle, 
^'kai  whatever  qucnt'-ty  ?ncafures  the  whoh^  und  one -^art 
of  another^  rnufi  do  the  like  by  the  remaining  part.  For, 
that  quantity  (whatever  it  is)  which  meafures  both 
the  divifor  arid  dividend,  in  the  firft  example,  mult 
evidently  meafure  a"^  -f  la^b  -\-  ab"^  (being  a  multiple  of 

tiiQ 
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Example    3.     In    the    fame    manner    the    fradlion 

:?_ __- __- Will    be  reduced  to 

x=  —  ax""  — .  ^a^x  4-  6a^ 

^^- ♦  bee  the  procels. 

— 2'7a:3  +  l^y  4-  l6a^x — 12a* 


remainder  — 2<2V^ —  j^a^x+   4^*; 

which  divided  by  —  2a\  gives  x*  +  2tf;c  —  2«^  for  the 
next  divifor. 

x^  +  2^;f  —  25*)  x^  —  ax^  —  8^*^  +  6a^  {x  —  3« 
x^  +  2^^-*  —  2«V 
»    —  3^a;^ —  6^^v  +  6«^ 
^  3^^^  —  ea\  -I-  6^^ 

000 
^^  +  2^;^-2«*)a:*— 3^x  — S«%;*4  l8«3^^-8<2*(x^-5^A'+46* 

. — ^.ax^ —  ba^x'^-r  iSa-x 
^^^ax^ — loa^x^'-rioa^JC 

+   ^a^x"-^    Sa'x-^Sa"*- 
+   4^?V+   Sa^x-^Sa"^ 
o  00 

Now  if,  by  proceeding  in  this  manner,  no  compound 
divifor  can  be  found,  that  is,  if  the  laft  remainder  be 
only  a  fimple  quantity,  we  may  conclude  the  cafe  pro- 
pofed  docs  not  admit  of  anyy  but  is  already  in  its  loweft 

the  former)  :  whence,  by  the  Principle  above  quoted, 
the  fame  quantity,  as  it  meafures  the  whole  dividend, 
muft  alfo  meafuie  the  remaining  part  of  it,  ab^  +  b^  : 
but,  the  divifor  we  are  in  queft  of,  being  a  compound 
one,  we  may  caft  off  the  fnnple  divifor  b\  as  not  for 
our  purpofe ;  whence  a  -^  b  appears  to  be  the  only  com- 
pound divifor  the  cafe  admits  of:  which,  therefore,  muft 
be  the  common  meafure  required,  if  the  example  pro- 
pofed  admits  of  any  fuch. 

E  tertmeP' 


50  REDUCTION    OF 

terms*  Thus,  for  inftance,  if  the  fraflion  propofe^ 
were  to  be   ^^  +  ^/'^  +  Z^^^  +  4^^.    it   j^  ■  ,,;„  by 

infpe^lion,  that  it  is  not  reducible  by  any  fimple  divifor  j 
but  to  know  whether  it  may  not,  by  a  compound  one, 
I  proceed  as  above,  and  find  the  lafl:  remainder  to,  be  the 
fimple  quantity  jxx :  whence  I  conclude  that  the  frac- 
tion is  already  in  its  loweft  terms. 

Another  obfervation  may  be  here  made,  in  relation 
to  fradtions  that  have  in  them  more  than  two  different 
letters.  When  one  of  the  letters  rifes  only  to  a  fnigle 
dimenfion,  either  in  the  numerator  or  in  the  denomi- 
nator, it  will  be  beft  to  divide  the  faid  numerator  or  de- 
nominator (which  ever  it  is)  into  two  parts,  fo  that  the 
faid  letter  may  be  found  in  every  term  of  the  one  part, 
and  be  totally  excluded  out  of  the  other  ;  this  being 
done,  let  the  greateft  common  divifor  of  thefe  two  parts 
be  found  ;  which  will,  evidently,  be  a  divifor  to  the 
whoJe^und  by  which  the  divifion  of  the  other  quantity 
is  to  be  tried  j  as  in  the  following  example,   where  the 

r    n-         •        '    X'  -{-  ax^  -f  bx^  —  ^a^x  +  hax  —  ^ha''. 

fraction  givenis  — -I ^  . 

XX  '-^hx  +  2^a:  —  lab 

Here  the  denominator  being    the  lead  compounded,  and 

h  rifmg  therein  to  a  fingle  dimenfion  only,  I  divide  the 

fame  into  the  parts  x"^  +  Q.ax^  and  —  bx  —  lab  ;  which, 

by  infpe6tion,  appear  to   be  equal   to  a-  -f  2^  x  ^,  and 

X  -^  la  X  —  b.     Therefore  a-  +  2^  is  a  divifor  to  both 

the    parts,    and    like  wife  to    the    whole,    expreffed  by 

X  '\-  ^a  X  X  — b  y    fo  that  one  of   thefe    two  faftors, 

if  the  fracS^ion   given  can   be    reduced  to  lower  terms, 

muft  alfo     meafure     the     numerator  :     but  the  former 

will  be  found    to  fucceed,    the    quotient  coming    out 

x^  —  ax  +  bx  —  ab^  exa6lly :  whence  the  fraction  it- 

x'^  —  ax  -^  bx — *ab  . 

(elf  is  reduced  to ^ ^ '*  which  is  not  re- 

ducible  farther,  by  ;ir  —  />,  fince  the  divifion  does  not 
terminate  without  a  remainder,  as  upon  trial  will  be 
faund. 

Having 
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Having  infilled  largely  on  the  reducSlion  of  fractions  to 
their  leaft  terms,  we  now  come  to  confider  their  reduc* 
tion  to  the  fame  denominator. 

Fra£iions  are  reduced  to  the  fame  denominator  by  multiy 
plying  the  numerator  of  each  into  all  the  denominatorSy  ex^ 
cept  its  oiun^  for  a  new  correfponding  numerator ^  and  all 
the  denominators  continually  together^  for  a  common  deno- 
minator, 

J  L 

Thus,  ~  and  £Vill  be  reduced  to  __.  and  _; 
b  d  bd         bd 

A   l,and-L,  tof^,   ^i^,  and^; 
b'    d  f         bdf    hdf  bdf 

and  iff,  and  -^ — ,   to ,  and   5 . ;  and 

cd  3^  3«^a  3^^« 

fo  of  others. 

But  when  the  denominators  have  a  common  divifor, 
the  operation  will  be  more  fimple,  and  the  conclufioa 
neater,  if,  inftead  of  multiplying  the  terms  of  each 
fradion  by  the  denominator  of  the  other,'  you  only 
multiply  by  that  part  which  arifes  by  dividing  by  the 
common  divifor.     As,  if  there  were  propofed  the  frac- 

tions  —  and  —  j   then,    the  denominators  having  the 

ad  cd 

factor   d  common  to  both,  I  multiply  by  the  remaining 
faftors  a    and  c,    whence    the  two  fradions    will    be 

reduced  to  --L  and  -ff—  (where  d    remains   as    before, 
acd  acd 

nothing  having   been    done    therewith).     By  the  fame 

method   ^fZl    and   it^   are   reduced  to  ii^  and 
^abc  4.abd  20abcd 

35lffl.  and    ^f^  and    Zf^lE^E",    to  i^fVil 
7.oabcd  5^^  '^ab  i^abe 

and   ^S^V""  +  '"^, 
l^abc 

But,  as  has  been   before  hinted,  the  principal   ufe  of 
this  fort  of  redu6tion  is  to  transform  compound  quan- 
tities   to    the  moft  commodious  forms  of  expreilion  ;. 
E  2  which. 
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which,  for  the  general  part,  arc  more  eafily  managej^^ 
(whether  they  are  to  be  added,  fubtraded,  multiplied,  or 
divided)  when  all  their  members  are  brought  to  the  fame 
denomination.  -• 

Thus  the  compound  quantity  £.  +  L.  will    be    tranf- 

6         d 

formed  to  ^    +  if  or  to  ffLiJfj  for  it  is  evident, 
ba  '       ba  bd 

that  the  quotient  which  arifes  by  dividing  the  whole,  is 
«qual  to  the  quotients  of  all  the  parts,  by  the  fame  di- 
vifor. 

In  the  fame  manner  will     ^ 1    be  -   ifLr"  ^^  ; 

h  d  bd 

Jaa       ~J        ~d                      ~S^abd  ' 

^  3lfo  —-,4-  ^>  or J.  —  will  be  = ! ; 


a  1  ^ 

+ 


J   2ah  lab  +  aa  —  ah  ^ab  +  aa  ^ 

and L  ^  r: 


^'        -       "      ,^2a 


a^b'^                   a  —  b 
So  likewife,  by  redudtion,  4- r- 

....     ^  fl*  X  a-i-x-\-  a^xa—  X'-2aXa  +  xXa-^x 
a  —  X  Ys  a  -^  X 

a^-^x^  a  \/  xy  +  a 

5^>>  +  5^v^'^-f'  10^"— 5^^  .  and  fo  in  other  cafes. 
a"/  xy  +  a* 

The  reafon  of  the  two  kinds  of  redudtion  hitherto 
explained,  is  grounded  on  this  obvious  principle,  that 
the  equimultiples,  or  like  parts  of  quantities,  are  in  the 
fame  ratio  to  each  other,  as  the  quantities  themfelves,  or, 
that  the  quotient  which  arifes  by  dividing  one  quantity 
by  another,  is  the  fame  as  arifes  by  dividing  any  part  or 
multiple  of  the  former,  by  the  like  part  or  multiple  of  the 
7  latter  j 
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Befides  thefe,  there  are  yet  two  other,  forts  of  reduc* 
tion  which  Authors  have  treated  of  under  the  he^d  of 
(rsL^tlons's  which  are,  the  reducing  of  a  whole  quantity  to 
an  equivalent  fra^ion  of  a  given  denomination^  and  a  com" 
-pound fraction  to  a  Jintple  one  of  the  fame  value.  Nei- 
ther of  thefe,  indeed,  are  of  any  great  ufe  in  the  foliition 
of  problems,  however  it  might  be  improper  to  leave 
them  intirdy  untouched. 

1°.  j^  whole  quantity  is  reduced  to  an  equivalent  fraC' 
tion  by  multiplying  it  by  the  given  denominator^  and  writing 
the  ??iultiplier  underneath  the  produ£i^  with  a  line  between 
them. 

Thus  the  quantity  a^  reduced  to  the  denominator  ^, 

will  be  — 5  and  the  quantity  c  +  d-,  to  the  denominator 
b 


a  +  i,  will  be  l±Ai?^±ior  "c  ^  he  ^  ad  ^  hd_ 
a  -\-  b  a  +  b 

2"..  ^  compound  f ration  is  reduced  to   a  ft?nple  one  of 
the  fame  value^  by  multiplying  the  numerators  together  for 
a  new  numerator^  and  the  denominators  together  for  a  new 
denominator. 

But  by  a  compound  fra£lion  here,  we  are  not  to  un- 

Jatter:  for  in  reducing  to  the  lowed  terms,  it  is  plain 
that,  inftead  of  the  whole  numerator  and  denominator, 
we  only  take  that  part  of  each  which  is  defined  by  the 
greateft  common  meafure  j  whereas,  in  reduction  to 
the  fame  denominator,  we,  on  the  contrary,  make  ufe 
of  equimultiples  of  ihofe  quantities  ;  fmce,  in  multiplying 
any  numerator  into  all  the  denominators,  except  its  own, 
we  multiply  it  by  the  very  fame  quantities  by  which  its 
denominator  is  m^ultiplied. 

The    Rule,  for    reducing    a    compound    fradion  to 
^    fimple  one,  may    be    explained  thus.      It    is    plain 

that  the  part  of  -i-  defined  by  JL ;     which    arifes  by 
d  b 

dividing  by  h^  \vill  be  equal  to  —    (the    divifor    here 

bd 

E  3  being 
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derftand  one  confifting  of  feveral  terms,  conne6led  toge- 
ther by  the  figns  +  and  —  ( which  is  the  general  defini- 
tion of  a  compound  quantity)  butfuch  an  one  as  expreffes 
a  given  part  of  fome  other  fradtion.  in 

Thus  1.  of  ?1  will    be   equal    to  ™    and    the    — 
3       5  IS  ^ 

part  of  —  will  be  =  —  • 
d  bd 

Of  the  Redii5iion  of  Radical  Qmntilies. 

The  Reduction  of  furd  quantities,  like  that  of  frac- 
tions, may  be  either  to  the  leaft  terms,  or  to  the  fame 
denomination. 

J  radical  quantity  is  reduced  to  its  leaji  termsy  by  refolv- 
ing  it  intofa^orsy  and  extra^ing  the  root  of  that  which  is 
rational. 

Thus,  -/  28  is  reduced  to  v/  4  X  V'  7  ;  which,  by 
extra6ling  the  fquare  root  of  4^  becomes  2  \/ 7  :  alfo 
y/  a^b  is  reduced  to  ■/  /2*  X  V  b\  which,  by  extra6ling 
the  root  of  «%    becomes  a  ^  b  :   likewife  ^  a^b^c\  or 


a^b^'c^V    is    reduced   to  ^  a'b^  X    {/ bc\  or  ab^/  be"", 
mofeover  </-Z f-ZI-lfJL  is  reduced  to     ^1  zl—    x 

JlElov  ^  X  JIE^,  and  ViEZilE? 


being  b  times  as  great)  j  therefore  the    part   of  -j  de- 
iined  by  ~,    being  a  times  as  great  as  that  defined  by  L, 

muft  be  truly  exprefled  by  i-    x    tf,  or  its  equal   —- 

pd  bd* 

as  was  io  be  Jhewn, 
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h  reduced  to    "^^^  ^  ^V ffl±  ^!f!  or  iff  ^ 

4.  ' 


yt 


-T ; — 5    and  fo  of    any  other:    all  which   is 

.evident  from  cafe  4  of  multiplication,  and  cafe  3  of  invo- 
lution. But  it  is  to  be  obferved,  that,  in  refolving  any 
expreffion  in  this  manner,  the  fa6lor  out  of  which  the 
root  is  to  be  extracted,  is  always  to  be  taken  the  greateft 
the  cafe  will  admit  of.  It  alfo  may  be  proper  to  take 
notice,  that  this  kind  of  redu<3ion  is  chiefly  ufeful  in  the 
addition  and  fubtra6tion  of  furd  quantities,  and  in  uniting 
the  terms  of  compound  expreflions  that  are  commenfurable 
to  each  other,  where  the  ii  rational  part,  or  fa6lor,  after 
reduction,  is  the  fame  in  each  term. 

Thus  y/Tb  +  v^  32  is  reduced  tojy^z  4-4/2,  or 
7l/2;  and  y/ %a^  +  -/ SO^^  —  \/']2a^  is  reduced  to 
2^-/  2  +  5tf  \/  2  — 6<?a/  2  =  ^y^  2.     Moreover,  by  re- 

dnaion.! I2£f     .    ./i5£f^ becomes  zz     /i£f!f  4. 
^      5.   ''_  4     _  V"^-*- 

^2©  ^20  ^20  ^20 

And  T^aV  /\.a-x^  -f  Sx^  +  3vv/  9^^  +  iB^^at^  becomes 
tax>/  a"^  -i-  2a^  -f-  gax\/a^  +  2x'^  =  1 5^;^/  -a^  -\-  2x^^ 

Surd  quantities^  under  different  radicalfigns^  are  reduced 
to  the  fame  radical  fign^  by  reducing  their  indices  to  the  leafi 
common  denominator, 

I  t 

Thus  a^  and  a^,    reduced    to  the   fame   radical  fign, 

■will  become  a^  and  a^  (for  the  indices  are  here  f  and 
y,  and  thcfe  are  equivalent  to  |  and  J,  where  both  have 
the  fame  denominator).  In  the  fame  manner ^^  ^"^ 
-^^  will  become  ^  ^  and^l^^  or  8  ,^  and  ^  t      And, 

liniverfally^    A^    and    B"^  will,  when   their  exponents 

£  4  are 
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IK 
are  reduced  to    the  fame  denomination,  become  ^  w/*' 

mp 

and  B1  mq 

The  principal  ufe  of  this  fort  of  reduction,  is,  when 
quantities  under  different  radical  figns  are  to  be  multi- 
plied or  divided  by  each  other. 

That  the  redu6lion  of  a  radical  quantity  to  another  of 
a  different  denomination,  by  an  equal  multipHcatlon  of  the 
terms  of  its  exponent,  makes  no  alteration  in  the  value  of 
the  quantity,  may  be  thus  demonflrated. 

m 

Let  A"  be  any  quantity  of  this  kind  ;  then,  the 
terms  of  its   exponent  being  equally  multiplied  by  any 

number  r,    I  fay^  the   quantity    A"'',  hence  arifing,  is 

equal  to  the  given   one  A". 

For,  if  X  be  afTumed  =  A"*",  or,  which  is  the  fame, 
if  the  value  of  x  be  fuch,  that  x""  =.  A  ;  then  the  «th 
root  of  x""^  being  x^  (by  cafe  2  of  fe5lion  6)  and  the  »th 

root  of  A  being  A"  [hy  notation)^    thefe    two  quantities 

a^  and  A«  mufl:,  likewife,  be  equal  to  each  other: 
and,  if  they  be  both  raifed  to  the  «th  power,  the  equa- 
lity will  flill  continue  ;  but  the  «th  power  of  the  former 
\x^)    is  =  x"^^  [by  cafe  2  of  involution) ;    and    the    ;»th 

I  m 

power  of  the   latter    (A«)  is   A«  {by  notation)'^  there- 
in I 
fore  ;c»"'  is  =    A".     But,  x  being    =  A*"-,  we  have 

mr  mr 

:^rnr    :^    A"*"  ,    by    notation ;     and     confequently     A  t 

m 

z=.   A"  J  which  was  to  be  proved. 
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Thus,  /  5    multiplied  by  V  lOjOr  5',^      into  101% 
will  give  125]^    X  Tool^   or  1 2500^1^  :.   2i\{o  \/  ax   into 
i^  d'x^  or  oi^^    into"^^^    will  give    tfVl"^    x    a^x^"^ 
or  ah^  •    and     -/"^  divided  by    v^"^     will     give 


^dhc^ 


I^aftly,  ^x  multiplied   into  \/  ^^^ 


will  give  '/^  X  V  2>^xy  or  /  12^x1 


SECTION    IX. 

Of  Equations, 

AN  Equation  is,  when  two  equal  quantities,  dif^ 
ferently  exprefled,  are  compared  together,  by 
means  of  the  fign  =1  placed  between  them. 

Thus,  8  —  2  zz  6  is  an  equation,  expreffing  the  equaJ 
lity  of  the  quantities  8 — 2,  and  6  :  and  x  in  a  -^  b  is  an 
equation,-  fhewing  that  the  quantity  reprefented  by  x  is 
equal  to  the  fum  of  the  two  quantities  reprefented  by  a 
and  b. 

Equations  are  the  means  whereby  we  come  at  fuch 
conclufions  as  anfwer  the  conditions  of  a  problem  ; 
wherein,  from  the  quantities  given,  the  unknown  ones 
are  determined ;  and  this  is  called  the  refolution,  or  re- 
duction of  equations. 

ReduElion  of  Jingle  Equations.. 

Single  equations  are  fuch  as  contain  only  one  un- 
known quantity  5  which,  before  that  quantity  can  be 
difcovered,  muft  be  fo  ordered  and  transformed,  by  the 
addition,  fubtradtion,  multiplication,  or  divifion,  ^c. 
of  equal  quantities,  that  a  juft  equality  between  the  two 
parts  thereof  may  be  Jllll  preferved,  and  that  there  may 
fefult,  at  laft,  an  equation,  wherein  the  unknown  quan- 
tity 
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tity  (lands  alone  on  one  fide,  and  all  the  known  ones  on 
the  other.  But,  though  this  method  of  ordering  an  equa- 
tion is  grounded  upon  felf-evident  principles,  yet  the 
operations  are  fometimes  a  little  difncult  to  manao^e  in 
the  beft  manner ;  for  which  reafon  the  following  Rules 
are  fubjoined. 

1°.  Any  Term  of  an  equation^  may  he  iranfpofed  to  the 
contrary  Jide^  ifitsjign  be  changed*. 

Thus,  if  A-  +  6=  i6;   then  will  a-  =  i6  —  6,   that 

is,  A-  zz  10  :  * 

And,  if  X — 4  =i  8  ;   then  will   a;  =  8  +  4,  or  a-=I2  ; 
Alfo,  if  3jr  =:  2x  -f  24;  then  will    ^x —  2x  =  24, 

that  is  ;if  ~  24  : 
-Again,  if  5^  —  8  =r  3^  -f-  20  ;  then  will  5;^— .  3;^  — 

20  +  8,  or  2;^  =  28 : 
Laftly,  if  ax-\-bx  r—c  +  d —  ex  =/—  g  +  hx — kx  ; 
then,  by  tranfpofition,  ax  -\-  hx  —  ex'—hx  +  kx  zz-f"-^ 
g  ^  c  —  d\  where  all  the  terms  affected  by  x  (the  un- 
known quantity)  fland,  now,  on  the  fame  fide  of  the 
equation. 

2°.  If  there  is  any  quantity  by  tvhich  all  the  terms  of  the 
equation  are  multiplied^  let  them  all  be  divided  by  that 
quantity  j  but  if  all  of  them  be  divided  by  any  quantity^  let 
the  common  divifor  be  cajl  away. 

Thus,  the  equation  ax  r=  ah  is  reduced  to  y  -zzb^ 
alfo,  io.v  =  70  (or  10  x  a-  =  lO  X  7)  is  reduced  to 
x=7  ;    and  x'^  —  ax^  +  bx"^^  is  reduced  x  rr:  a  +   h: 


*  The  reafon  of  this  Rule  is  extremely  evident ;  fince 
tranfpofing  of  a  quantity  thus,  is  nothing  more  than  fub- 
tracting  or  adding  //  on  both  fides  of  the  equation,  ac- 
cording as  the  fign  thereof  is  pofitive  or  negative.  Thus, 
in  the  equation  ^-  +  6  iz  16  (which  by  tranfpofition  be- 
comes a  =:  16  —  6  HI  10)  the  number  6  is  fubtra6led 
from  both  fides  5  and  in  the  equation  x  —  4  =z  8  (which 
by  tranfpofition  becomes  a-  =:  8  4-  4  =  12)  the  number 
4  is  added  on  both  fides. 

Moreover 
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X  h 

Moreover  {hy  the  latter  part  of  the  Rule)    —zz  —  is  re* 

a         a 

duced  to  >^  =  b;  andfi'  =  f^fl=lf£^   to  ^x^  = 
c  c 

ahx^  — acx^'y  which,  if  the  whole   be  divided   by  ax\ 

will  be  farther  reduced  to  a-  =  ^  —  c, 

3''  If  there  are  irreducible  fraSi ions ^  let  the  whole  equa^ 
tion  he  inultiplud  by  the  prgduSi  of  all  their  denominators^ 
ery  which  is  the  fame^  let  the  numerator  of  every  term  in 
the  equation  be  multiplied  by  all  the  denominators^  except 
its  own,  fippofing  fuch  terms  [if  any  there  be)  that Jl and 
without  a  denominator^  to  have  an  unit  fubfcribed, 

X  X 

Thus,    the  equation  x  -{■    _   -f    __  rz     11,  is  re- 

2  3 

X  -\-  2 
duced  to  6^-  +  ?;c  4-  2;c  z:  66  ;  and  x  +  =12  + 

5 
^'^\    to   40;^  +   8i^  +  16  =z  480  +  5^  —  15 :  f<> 


X         x  -4-  b 

likewife  a —  —  n ,    is  reduced  to  a^c —  ex  zn  ax 

a  c 

+  ab  ;  and  u — 1 \-  a  rz.  --—,    to  abx  +  d^b  +  abxz=. 

a  -^  X  b 

acx  +  cx^. 

4°,  If  in  your  equation^  there  is  an  irreducible  furd^ 
wherein  the  unknown  quantity  enter s^  let  all  the  other  terms 
he  tranfpofed  to  the  contrary  fide  (by  rule  I.)  ;  and  then^ 
if  both  fides  be  involved  to  the  power  denominated  by  the 
furd,  an  equation  will  arife  free  from  radical  quantities  ; 
unlefs  there  happen  to  be  more  fur  ds  than  one^  in  which  cafe 
the  operation  is  to  be  repeated. 

Thus,  *^  X  ■\-  b  zz  lOy  by  tranfpofition,  becomes 
V^  ^  (  =z  10  —  6)  z::  4;  which,  by  fquaring  both  fides, 
gives  AT— 16. 

So,  likewife,  y/aa  +  xx — c  zz  ;^, becomes  ^  aa  -h  xx 

■rz  c  +  xy  which,  fquared,  gives  aa  -{-  xx  z=.  cc  -{-    lex 

^  XK^  or  aa^^cQ  =:  ^QX  (by  rule  i ).  —  The  Reafons  of 

'  this, 
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this,  as  well  as  of  the  two  preceding  rules,  depend  on 
felf-evident  principles  :  for,  whert  the  equal  quantities, 
on  each  fide  of  an  equation,  are  multiplied  or  divided  by 
the  famCj  or  by  equal  quantities,  or  raifed  to  equal  powers, 
the  quantities  re^fulting  muft  necefTarlly  be  equal. 

5°.  Havlngy  by  the  preceding  rules  (if  there  is  occajion) 
cleared  your  equation  of  frQ5iional  and  radical  quantities^ 
andfo  ordered ii^  hy  tranfpofition-i  thai  all  the  termSy  wherein 
the  unknown  quantity  is  found^  may  fland  on  the  fame  fide 
thereof  let  the  whole  he  divided  hy  the  coefficient^  or  ihefum 
»f  the  coefficients^  of  the  highefi  power  of  thefaid  unknown 
quantity:  And  then,  if  your  iequation  be  a  fimpie  one 
(that  is,  if  the  firft  power  or  the  quantity  itfelf,  be  only 
concerned)  the  work  is  at  an  end  ;  but  if  it  be  a  qua- 
dratic, or  cubic  one,  ^c,  fcmefhing  further  remains  to 
be  done  5  and  recourfe  muft  be  had  to  the  particular 
methods  for  refolving  thefe  kinds  of  equations,  hereafter 
to  be  confidered  in  a  proper  place. 

I  (hall  here  fubjoin  a  few  examples  for  the  Learner's 
cxercife,  wherein  all  the  aforegoing  Rules  obtain  pro- 
mifcuoully, 

Ex.  I.   het  ^x — i6  rr  3;ir  +  12:    then  [by  rule   i) 

5-y —  3;c  e:  12  +  16,  or  2^;  =  28  :  whence   (by  rule  5) 

28 
^=  —  =14.. 

2 

Ex,  2.  Let  20 —  '^x  —  8  =  60  —  7^  :  then  —  2^ 
-f  'jx  zzbo  —  20  -f-  8,  that  is,   4^-  =  48  j   and  confe- 

cjuently  a*  =  1-.  =  12. 

Ex,  3.  Let  ax — b  =z  c a*  +  ^ ;  then  ax  —  ex  zz  d  -^r  h 

d  +  b    fj 

ot  a  —  c  X  x=.  d  -h  b;   and  therefore  x  zz K^y 

rules.)  """ 

Ex,  4.  Let  bx"^ — 20^-  =  i6a*  +  2x^1  then,  dividing 
by  2x  (^according  to  rule  2)  we  have  3>r— lo=z8+^> 
whence   3*-  —  x  zz  ^  +  10,  that   is,  2x  zz  18  j    and 

therefore  x  zi  —  =  9. 
2 


E 
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Bx.  5.    Let  3 j;c^  —  abx^  -=.  ax^  +  2acx'^  :    here   di- 
viding the  whole  by  ax\  we  have  ^x  —  b  :=:  x  -^  Ic, 

therefore  2x  zz  2c  -i-  L  and  x  n  — . 

2 

Ex,  6.  Let  £-  4-  iL  rz  21  :  then  Ch  f^^^Z)  4^  +  3-^ 
3         4 

rz  252;  and  therefore  x  =  -A—  =:  36. 

£x.7.Let'L±l^l±J=:i6^1±I:     then 
2  3  4 

I2x  +    12   +   Sa*  4  16  rz  384  —  6a-  —  18;    whence 

2bx  =  338,  and  x  =  :?-  ..  =  13. 
26 

^A*.  8.  Let  ^ =  c:  then  «a? — hb  zz  ex  ;  whence 

X 

MX  —  cx  •=:  bbf  and  x  = — 


£x.g.    Let  ~  +  ~  +  -i  =  ^  .*  then,  bcx  +  ^^ r  + 
a  h         c 


4ibx  zz  ^^^4  or  be  +  ac  +  ab  X  x  ^  abed;  and  confe-* 

£^.  10.  Let  ax+  b^'zz . :  then,  ax-i-^  x 

7+  X  —  ax""  +  ac\  that  is,  a^x  +  ^^*  +  ax''  +  /^^x-  t: 
<7;v*  +  ae^ ;  whence  aV  H-  ^a:*  +  ^^a-  —  ax"-  =  ac'^-  — 
<r^%  or  a^x  +  ^V  =  ac"^  —  ab'^  5  and  therefore  x  zz 
ac^  ^  ab^ 

aa  -{■   bb  t 

Ex.  II.  Let 4.  —  =  I  :   thentf;^  +  ab  +  hx 

a  +  X        X 

tz.  ax  ■\'  xx\  whence  —  xx  -\-  bx  zn  — ^ab-y  which,  by 
changing  all  the  fig ns  (in  order  that  the  higheft  power 
of  A*  may  be  poiitive)  gives  ^x —  bx  zz  ab.  But  the 
fame  conclufion  may  be  otherwife  brought  out,  by  firft 
•hanging  the  fides  of  the  equation  ax  -i-  ab  +  bx  zz  ax 

-f  XX  y 
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+  XX 't  which  thereby  becoming  a;^  +  xx  ^  ax  +  ah  -^ 
hxy  we  thence  get  xx — hx=:al?y  the  fame  as  before. 

Ex,  12.  Let  ^"5^     .,,_,,.,,       ^5^ 

— —  +  12  =  17  :  then  — -    =  5, 

and  ^/  sx  —  iS',  whence,  {by  rule  4)  s^  =  225,  and 
therefore  x  :=.  — —  ::::  45. 

Ex,  13.  Let  v'lTTT^:  2  +  v^T.*  then  (by  rule  4) 
12+  X  ^4+  4/^  +  ^;  whence,_by  tranfpofition, 
8  zz\^  x\  and  by  divifion,  ^z=.  y/  x-y  cgnfequently 
4=^. 

Ex,  14.  Let  A-  +  ^  ^^  +  A-''  =     .  •  Here  {by 

Va^-hx* 

rule  3)  y  X  v/  ^z^  +  A-*  +  /2*  -f  .y"-  —  2g^;  whence*  x 
\/  a^ -h  x^  =:  a""  —  x  %  and  x""  X  a""  -{-  x"-  =  ^*  —  la^x"- 
4-  a:'*  (^;'  rz^/^  4),  that  is,  a'-x'^  +  at'^  z=  «*  —  2^V  +  Ar+i 

therefore  '2^*;c'^  =z  a\  and  ;c^  zz f_, 

Ex.  15.    Let  /T+  v'  tf  +  Af  =  '■:        r'     Then 

V*  tfA'-f  ;f;tf +  /7+  *•  =  2<7,  or  >/  ^7;ir  +  ata-  =  ^ — x  \  whence 

tf AT  +  xxzz.  a^  —  ^ax  +  a:*,  and  *•  = . 

3^       3 

Ex,    16.  Let  ^  x^  —  a^  =  X  —  c  :  then,  by  cubing 
both  fides,  A-^  —  a^  —a:'  —  3<:a-*  +  3t*r  —  f  ^  .  vvhence 

3cr^  —  3fV  zr  fi'  —  f  %  and  x^  —  ex  "=. —  by  di- 

3^        i 
viding  the  whok  by  3r. 

Ex,  17.  Let  ^  aa  -^  XX  =:  ^  ^*  +  ;t* :  then,  by  raif- 

ing  both  fides  to  the  fourth  power  we  have  aa  +  a-a-^* 

=:  Z**  +  a:*,  that  is,  6*  +  2«V-  -f  *'*  =  /^*  -f  a**  ;  and 

/>♦  —  fl*         ^* 

confcquently  .v"  =: zr —  I  a~. 

^        ''  2a^  2iia 

Ex,  18. 
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^x.  18.  Let  A-  =:  -y/  ^*  H-  X  V  bb  -\-  xx  —  ^.      Here 

y  +  ^rry^^  +  x  -/bb  +  j^a*;  which  fquared,  gives  ^*  4. 

,2<2X'  +  fl'^  =r  «^-fA?  \/bb  +  JkTJt',  or  A:^  +  2(7;f=:;r  ^bb  +  xxi 

divide  by  ^,  fofliall  x  +  2a  —  ^bb  +  atx-  ;  this  fquared 

again   gives  x^  +  ^ax  +  4<j*  ir  /^^  -|-  ;^;^;  whence  \ax 

•=z  hh  "^  4«%  and  therefore  x  zz   — —  a, 

4« 

Of  the  Extermination  of  unknown  quantities^  or  the 
redu5iion  of  two  or  more  equations  to  a  fingle  one. 

It  has  been  fliewn^  above,  how  to  manage  a  fingle 
equation  ;  but  it  often  happens,  that,  in  the  fohition  of 
the  fame  problem,  two,  or  three,  or  more  equations  are 
concerned,  and  as  many  unknown  quantities,  mixed  pro- 
mifcuoufly  in  each  of  them;  which  equations,  before 
any  one  of  thofe  quantities  can  be  known,  muft  be  re- 
duced into  one,  or  fq :  ordered  and  conneded,  that,  from 
thence,  a  new  equation  may  at  length  arife,  afFeded 
with  only  one  unknown  quantity.  This,  in  moft  cafes, 
may  be  performed  various  ways,  but  the  following  are 
the  moft  general. 

1°.  Obferve  which^  of  all  your  unknown  quantities^  is  the 
leaf  involved^  and  let  the  value  of  that  quantity  be  found 
in  each  equation  [by  the  methods  already  explained)  looking 
upon  all  the  rcji  as  known  ;  let  the  values  thus  found  be  put 
equal  to  each  otber  {for  they  are  equals  hecaufe  they  all  ex- 
prefs  the  fame  thing)  ;  whence  new  equations  will  arife^ 
out  of  which  that  quantity  will  be  totally  excluded  j  with 
which  new  equations  the  operation  may  be  repeated^  and  the 
unknown  quantities  exterminated^  one  by  one^  till^  at  laji^ 
you  com^  to  an  equation  containing  only  one  unknown  quan- 
tity. 

2°.  Or^  let  the  value  of  the  unknown  qua?itity^  zvh'ich 
you  would^firji  exterminate^  be  found  in  that  equation 
wherein  it  is  the  leaf  involved,  confidering  all  the  other 
quantities  as  known  ;  and  let  this  value-,  and  its  powers^  be 
fubjiitutid for  that  quantity  and  its  refpe5live  powers  in  the 

other 
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other  eqiuitions ;  and  with  the  new  equations  thus  ariftng^ 
repeat  the  operation^  till  you  have  only  one  unknown  quan- 
tity, and  one  equation, 

3*.  Or,  l^flh-i  ^^^  ^^^  given  equations  he  multipUed  or 
divided  by  fuch  numbers  or  quantities,  whether  known  or 
unknown,  that  the  term  which  ifivohes  the  highejl  power  of 
the  unknown  quantity  to  be  exterminated,  may  be  the  jame 
in  each  equation ;  and  then,  by  adding,  or  fubtraSiing  the 
equations,  as  occafion  Jhall  require,  that  term  wid  vanijhy 
and  a  new  equation  emerge,  wherein  the  number  ofdimen^ 
Jions  (if  not  the  number  of  unknown  quantities)  will  be  di- 
minified. 

But  the  ufs  of  the  different  methods  here  laid  down 
will  be  more  clearly  underftood  by  help  of  a  few  ex- 
amples. 

EXAMPLE    I. 

Let  there  be  given  the  equations  x  -{-  y  :zi  12,  and  5-*'  + 
3)  11:50  ;  to  find  X  andy. 

According  to  the  firjl  Method,  by  tranrpofuig  y  and  3^, 
we  get  X  "=1  12  —  y,  and  5*-  =  50  —  3)' ;  from  the  laft 

of  which  equations,  ;^  zi  ♦     Now,   by  equating 

Co  —  'ly 
thefe  two  values  of  x\  we  have  12  —  v  =  — - — ^  > 

5 
and   therefore   60  —  5y  =  50  —  3y ;  from  which,  y  h 

given  =  ^=1:  5  J  and  jr  (  =  12—^  =  12—5)  =7. 

2 

According  to  the  fecond  Method;  x  being,   by  the  fir  ft 

equation,  =1:  12 — y,   this  value  muft  therefore  be  fub- 

,ftituted  in  the  fecond,  that  is,  60 — 5y  muft   be  wrote 

ii  the  room  of  its  equal  5^- ;  whence  will  be  had  60  — 

5y  +  3y  —  50  J  and  from  thence;'  =:  —  =5,   ^s  before, 

But  according  to  the  third  Method,  having  multiplied 
the  firft  equation  by  5,  it  will  ftand  thus,  5^-  +  5y  ==  60; 
from  v/hence  fub tracing  the  2d  equation,  5^  -f  3y  ==  50, 
there  remains  -  .  -  -  '  .  2y  zz  10; 
VihttiQ^y  zz  ^,  Jiill  the fatne  as  before. 

The 
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The  firft  of  thefe  thi'ee  ways  is  miich  ufcd  by  fome' 
Authors,  but  the  laft  of  them  is,  for  the  general  part, 
the  moft  eafy  and  expeditious  in  practice,  and  is,  for 
that  reafon,  chiefly  regarded  in  the  fubfequent  exam- 
ples. 

EXAMPLE    IL 

Let    J     5^+  ^^-^^4. 

I      Z^—^y  =    20.       ^ 

Here  the  fecond  equation  being  multiplied  by  4  (In 
order  that  the  coefficients  of  y  in  both  equations  may  be 
the  fame)  we  have  I2;i'  —  8^  zi:  80. 

Let  this  equation  and  the  firll  be  now  adaed  to- 
gether;    whence  y  will  be   exterminated,  there   coming 

but  i']x  •-!  204  J  from  which  x  zz  — t.  zi  12  :  therefore, 

17 

by  the  flrft  equation,^  (  zz  i^illi5  z:  iliZ^  =^) 
=  8. 

EXAMPLE    IIL 
Given,   \      I'-T^^^  T 

Here  multiplying  the  firft  equation  by  2,  and  the  fe- 
cond by  5,  in  order  that  the  coefficient  of  x  may  be  the 
fame  in  both,  there  arifes 

10^ —    6y  =:  iSo 

JOx  -i-  2Sy  zz  800, 
By  fubtra£ling  the  former  of  which  from  the  latter  we 

have  31^  =  620:  hence;;  zz  zz  20  ;  and   fo,  by 

the  firft  equation,  A-  (.  ^  90  4  3/  .,  90  +  60^  _  ^^^ 

But  the  value  of  x  may  be  otherwife  found,  inde- 
pendent of  the  value  of  ;*;  for,  by  multiplying  the  firfl 
equation  by  5,  and  the  fecond  by  3,  and  then  adding 
them  together,  y  will  be  exterminated,  and  yau  will  get 

25  ^  +  6;f  =z  450  4-  480  J    whence* A-  =:  -2^  =  30, 

31 
(he  fame  as  be/ore, ' 

F  EX. 
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EXAiMPLE    IV. 
^  +  Jl=  i6 
Given.  \     ^  ^ 

5  9 

Here  our  equations,  cleared  of  fradllons,  will  be 

3^-  +  2;;  =z  96 

9^  —  SV  =  90- 
And,   if  from  the  triple   of  the  former  the  Litter  be  fub- 
tra6ted,  we  (hall   have  6y  -{■  ^y  •=:  288  —  90,  that  is. 


Given, 


whence  ;?  =  1 8  j  and  x 
EXAMPLE 

V. 

95— 2y 

=  20, 

2                  4 

' 

^^+^  ,    ^        8  _2J 

;  — 

X 

L  27 

S       '   3 

4 

-  +  d.'J, 

Here  ^x  —  96  zz  a;'  +  64,  and 
12.V    +    i2y  +    26Ar  —480  =  sqy— 15a;  +    162O  ;. 
\vhich,  contrat^led,  become 
.  /^x —     2y  z=.    160,  and 

47.V  — 18;;  rz2ioo:  from  the   laft   of  which  fubtra£l 
9  times   the   former;  fo  Ihall  i\x  =  2100 —  1440  := 

y|  y  160 

660;  therefore  ;^  =  60,  and^-  ( zzX =  2.v  —  So) 

=  40. 

EXAMPLE    VL 

1        -  >  ==  ^3   7 
Let    <    A?  4-  z  =  14    J-  ;    to  find  x^  j,and  z.  ' 


C    A'-f  jv  =:  13    7 
^    A?4-  z=  14    [-5 
(   jK  +  z  =  15    i 


By  fubtracSing  the  firft  equation  from  the  fecond  (in 
order  to  exterminate  x)  we  have  z — y  zr  i  ;  to  which 
the  third  equation  being  added,  y  will  likewife  be  ex- 
terminated, there  coming  out  2z  =  16,  or  z  rz:  8  : 
whence  y  {z=,  z  —  i )  =73  and  a-  (  =  13  —  y)  1=  6. 

EXAMPLE 
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Let  <--  + 


+  2. 
3 

l_ 
4 

y 


11:62 


.t-47 


=  38. 


,4        5 
Here  the  given  equations,  cleared  of  fra6!:ions5  become 

I2;f  +      By   +      62;  =   1488 

20X  -f  15^/  4-  I2Z  =  2820 

30;c  -f  24^  4-  202;  m  4560. 
Now   (to  exterminate  z)    let   the  lecond  of  thefe  equa- 
tions be  fubtradkd  from  the  double  of  the  firft ;  and  alfo 
the  triple  of  the  third  from  the  quintuple  of  the  fecondj 
whence  is  had 


^x  -^    y  —  156 
10^  4-  3;?  ~  420  : 


a8 


froni  which  I2;c-— 10,^=468 — 420,andA'  :=:  ^--^  =:  24. 

2 

Therefore ^'(z=i56--^4,v)=6o; andz  ( 11: iiEzfci!^) 
=  120.  ^ 


EXAMPLE    VIIL 


Let 


cx-^-   100  — 
<  y  -\-   100  = 

1%   4-  100  =: 


-f  100  :=!    y  +  z 
ix  -\-  2Z 

3-^  4-  3/- 

To  the  double  of  the  firft,  let  the  fecond  equation  be 
added ;  To  fhall  the  ^*s,  on  the  contrary  fides,  deftroy  each 
other,  and  you  will  have  300  -\-  y  z=.  2y  -{•  4%,  or 
300  ■=.  y  -{-  ^z.  Moreover  to  the  triple  of  the  firll,  let 
the  third  equation  be  added,  whence  will  be  had  z  +  40O 
—  ^>'  4-  3Zj  or  400  ~  6v  -f  2Z. 

Now,  if  from  the  double  of  this  laft  equation,  the 
former,  300  —  j/  4-  4%,  be  fubtraded,  there  will  come 

out  500  zziiy'i  and,  confequently, y  zz  J22.  =  45  -,V  » 


II 


F2 


therefore 
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therefore  z  (=:2£2Z1>'=:  75^2   =75  — ii,*J=s 

4  4 

63/-;  and  ^  (=;r  -f  z—ioo  =  109-/^ — 100)  :=  ()j\* 

EXAMPLE    IX. 

Let  X  — )»  =  2,  and  xy  -^  5a-  —  6y  rz  120 ;  /^  ex" 
terminate  .v. 

By  the  former  equation  x  —  y  -^  2  ;  which  value  be- 
ing fubftituted  in  the  latter  according  to  the  fecond  general 
method)  it  becomes  _)/  4-  2  x  ;»  -f  5  x  y  +  2 — 6^  n  120, 
that  is,/  +  2y  +  5j>  +  10 — 6yz=L  120,  or/ +  >' =  no. 

EXAMPLE     X. 

Let  there  be  given  x  •\-  y  :=.  a^  and  x"^  -\-  y'^  zz.  b  ;  to 
exterminate  x. 

Here,  by  the  firil  equation,  a- ==  ^ — y,  and  there- 
fore x'^  z=  a — y\'^'y  which  value  being  wrote  in  the 
other  equation,   we   have  a  — y  "^  +   ^^  =:   Z>,   that  is, 

rt*-^2^>'+>^+7'^  =  h-y  and  therefore/ — ay  z=i — H— .. 

2 

EXAMPLE    XL 

Given    \}7ytllX%^k}    '\  '^'^^^Inate  y. 

Multiply  the  firft  equation  by  f,  and  the  fecond  by  <?, 
and  fubtrad:  the  latter  product:  from  the  former  ;  whence 
you  will  have  bfx — agx-{'cfy  —  ahy  zz  df — ak\  which, 

by  tranfpofition  anddivifion,gives>=  ^f—cih^agx-^hfx ^ 

cf- — ah 

Let  this  value  of_y  be  now  fubftituted  in  the  firft  equa- 
tion, and  there  will  arife 

adfx  —  a^kx  -f  a^gx"^ — abfx^  -f  cdf —  cak  +  cagx — chfx 
~~  -  cf^ah  '  ^ 

hx  zz  d :  which,  multiplied  by  ^ — ahy  and  contra6led, 
gives  ag — bf  X  .v^^-f  df^-ak  +  eg — hh  Xx  zz  ck  — hd» 

example' 
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EXAMPLE    XII. 

Suppofing  ^A*+  bx  -^  c  =0,  and/;v^  -\-  gx  '\-  h  ■=.  0  \ 
to  exterminate  X. 

Proceeding  here  as  in  the  laft  example,  v/e  have  fbx 

■\'  fc  —  agx  —  ah  -=1.  0\  and,  from  thence,  x  ~ Z- 

Whence,  by  fubflitution,  a  X  ^^^:-  4-  .. ~J^ 

^  'f:zi;^:  ^    fl-r,g 

-\-  c  —o.       This,   by  uniting  the  two  laft  terms,   and 

dividing  the  whole  by  a^  gives  _^2^^    +  "^^    =0; 

fl^agY      fi—^i 

confequently   ah  — fc\    •\- fh — ag  X  bh — eg -zz  Q, 

After  the  fame  manner  x  may  be  expunged  out  of  the 
equations ^A-^  -1-  bx"^  +  ex  +^  =  o, andy';^^  +  ^-^  +  ^=0, 
&c.  But,  to  ftiew  the  ufe  of  the  above  example,  fup- 
pofe  there  to  be  given  the  equations  a-^  +  yx — y^=zo^ 
and  A*  +  3^7  —  10  zz  0  :  then,  by  comparing  the  terms 
of  thefe  e4|uations  with  thofe  of  the  general  ones,  ax^'{- 
bx  ■\-  c  -=1  o^  and/jv''  -\-  gx  -\-  h  z=.  O',  we  have  «  z;  i, 
^.=  JKj  c  iz  — /,  /=  I,  g  —  3>',  and  h  ==j-^io  ; 
which  values  being  fubftituted  in  the  equation  ah—fc^ 
-\-  fb  —  ag  X  bh  —  eg  =  o,  it  thence  becomes 
—10  -\-  yyX  +7  —  3J)'  X  —  loy  +  '^y^  zn  0,  that  is, 
100 — 20>'^  +  >»*  +  20);^  —  by^  =  O;  or,  lOO  rz  5jv*  ; 
whence  y  may  be  found,  and  from  thence  the  value  of  x 
alfo.  " 


S  E  C  T  I  O  N     X.     - 

Of  Proportion. 

QUANTITIES,  of  the  fame  kind,  may  be  com- 
pared together,  either  with  regard  to  their  diffe- 
rences, or  according  to  the  part  or  parts,  that  one  is  of 
the  other,  called  their  ratio.     The  comparifon  of  quan- 

F  3  cities 
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titles  according  to  their  differences^  is  called  arithmetical i 
but  according  to  their  ratio?,  geometrical 

When,  of  four  quantities,  2,  6,  12,  i6,  the  difFerence 
of  the  firfl  and  fccond  is  equal  to  the  difference  of  the 
third  and  fourth,  thofe  quantities  are  faid  to  be  in  arith- 
metical proportion.  But,  when  the  ratio  of  the  firft  and 
fecond  is  the  fame  with  that  of  the  third  and  fourth  (as 
in  2,  6,  10,  30)  then  the  quantities  are  faid  to  be  in  geo- 
metrical  proportion.  Moreover,  when  the  difference,. or 
the  ratio,  of  every  two  adjacent  terms  (as  well  of  the  fe- 
cond and  third,  as  of  the  hrft  and  fecond,  ^^.)  is  the 
fame,  then  the  proportion  is  faid  to  be  continued :  thus,  2, 
4, 6,  8,  tffc.  is  a  continued'  arithmetical  proportion  ;  and 
2,  4,  8,  16,  ifjc.  a  continued  geometrical  one.  Thefe 
kinds  of  proponions  are  alfo  called  Progreflions,  being 
carried  on  according  to  the  fame  law  throughout. 

Arithmetical  Proportion, 
THEOREM    I. 
Of  any  four  quantities^  a^  b^  c-^d^  in  arithmetical  pro - 
greff.on*  ^  the  fum  of  the  two  means  is  equal  to  the  fum  of 
the  t-vuo  extremes. 

For  fmce,  by  fuppofition,  b  —  ^2  is  zz  d  —  t,  therefore 
is  ^  +  c  z:.  d  •\-  a^hy  tranfpofition. 

THEOREM    II. 

/;;  any  continued  arithmetical  progrejjlon  (5,  7,  9,  II, 
33,  15)  the  fum  of  the  two  extremes^  and  that  of  every  other 
ivjo  terms  equally  dlftant  from  them^  are  equal. 

For  fmce,  by  the  nature  of  Progreffionals,  the  fecond 
term  exceeds  the  iirfl  by  jufl  as  much  as  its  correfponding 

*  Although,  in  the  comparifon  of  quantities  accord- 
ing to  their  differences,  the  term  proportion  is  ufed  ;  yet 
the  word  progrejjion  is  frequently  fubltituted  in  its  room, 
and  is,  indeed,  more  proper  j  the  former  term  being,  in 
the  common  acceptation  of  it,  fynonymous  Wxxhratioy 
which  is  only  ufed  in  the  other  kind  of  comparifon. 

2  term, 
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term,  the  laft  but  one,  wants  of  the  lafl-,  it  is  manifeft 
that  v/hen  thefe  correfponding  terpis  are  added  together, 
the  excels  of  the  one  will  make  goocl  the  defect  of  the  other, 
and  fo  their  fum  be  exactly  the  fnnie  with  that  of  the  two 
extremes  :  and  in  the  fame  inanner  it  will  appear,- that 
the  fum  of  any  tv/o  other  correfponding  terms  muft  be 
equal  to  that  of  the  two  extremes. 

When  the  number  of  terms  is  odd,  as  in  the  progref- 
fioii,  4,  7,  10,  13,  16,  then  the  fum  of  the  two  extremes 
being  double  to  the  middle  term,  or  mean,  the  fum  of  any 
other  two  term?,  equally  remote  from  the  extremes,  muft 
likewife  be  double  to  the  mean. 

THEOREM  III. 

In  any  continued  arithmetical  progrejfion^  a,a-\-c/-i  ^^  +  2^/, 
a  +  ;^dy  a  -\-  ^d^  ^'c.  the  laji^  or  greatejl  term^  h  equal  to 
the  firjl  (or  Icajl)^  more  the  common  difference  cf  the  terms 
drawn  into  the  nurnber  of  all  the  tertns  after  the  firjl^  or 
into  the  whole  number  of  the  terms^  lefs  ohe. 

For,  fmce  every  term,  after  the  firft,  exceeds  that  pre- 
ceding it,  by  the  common  difference,  it  is  plain  that  the 
laft  muft  exceed  the  firft  by  as  many  times  the  common 
difference  as  there  are  terms  after  the  firft  ;  ai.d  therefore 
muft  be  equal  to  the  firft,  and  the  common  difference 
repeated  that  number  of  times, 

THEOREM    IV. 

*The  fum  of  any  rank  or  fries  of  quantities^  in  continued 
'arithmetical  progreffion  (5,  7,  9,  H,  13,  I5)  is  equal  to 
the  fum  of  the  two  extremes  multiplied  into  half  the  number 
§f  terms. 

For,  beciiufe  (by  the  fecond  Theorem)  the  fum  of  the 
two  extremes,  and  that  of  every  two  other  terms  equally 
remote  from  them,  are  equal,  the  whole  feries,  coiifift- 
ing  of  half  as  many  fuch  equal  fums  as  there  are  terms, 
will  therefore  be  equal  to  the  fum  of  the  two  extremes 
repeated  half  as  -nany  times  as  there  are  terms.  The 
fame  thing  alfo  holds,  when  the  number  of  terms  is  odd, 
as  in  the  feries  8,  12,  16,  20,  24;  for  then,  the  mean, 
or  middle  term,  being  equal  to  half  the  fum  of  any  two 
F  4  terms 
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terms  equally  diftant  from  it,  on  contrary  fides,  it  is  ob- 
vious that  the  value  of  the  whole  feries  is  the  fame,  as 
if  every  term  thereof  wzs  equal  to  the  mean,  and  there- 
fore is  equal  to  the  mean  (or  half  the  fum  of  the  two 
extremes)  multiplied  by  the  whole  number  of  terms  j  or 
to  the  whole  fum  of  the  extremes  multiplied  by  half  the 
number  of  terms. 

Geometrical  Proportion, 

THEOREM    I. 

If  four  quantities  a^  />,  j,  d^  (2,  6,  5,  15)  art  in  geome- 
trical pi'oportion,  the  produSi  of  the  tivo  means  bc^  will 
he  equal  to   that  of  the  two  extremes^  ad,. 

For,  fmce  by  the  ratio  of  ^  to  />  (or  the  part  which  a 

is  of  Z>)     is  exprefled  by  — ,  and  the  ratio  of  c  to  d^  in 
b 

like  manner,  by  — ;  and  fmce,  by  fuppofition,  thefe  two 

d 
tatios  are  equal,  let  them  both  be  multiplied  by  bd^  and 

the  products  Ji    X  hd  and—  x  bd  will  likewife  be  equal  \ 
b  d 

that  is^Ii  -—.oxad-cb  (by  cafe  Z,fe£f.  4.}. 
h  d 

THEOREM    II. 

If  four  quantities^  a^  b,  c,  d,  are  fuch,  that  the  product 
tfiwo  of  them^  ad^  is  equal  to  the  produ^i  of  the  other  two, 
be,  then  are  thofe  ^quantities  proportional. 

For  fince,  by  fuppofition,  the  prod u6ls  ^^/ and  ^<r  arc 
equal,   kt   both  be    divided   by  bdy   and   the   quotients 

f£  (^  )  and  if  (—  )  will  alfo  be  equal ;  and  there- 
bd   \   b  J  bd\   d  I 

fore  a'.b\'.c\d. 

THEOREM    III. 

If  four  quantities,  a,  b,  c,  d,  (2,  6,  5,  15)  are  propor- 
\ional,  the  rectangle  of  the  means  divided  by  either  extreme, 

will  give  the  other  extreme, 

Fofj 
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For,  by  the  fecond  Theorem,  ad  —  be  (2  x  15  = 
6   X    5),  whence  dividing  both  fides  of  the  equation  by 

^  (2),  we  have  i  =—   (15  =:  AAJ  V     Hence,  if  the' 

two  means  and  one  ejctreme  be  given,  the  other  extreme 
may  be  found, 

THEOREM    IV. 

The  produ^s  of  the  cor  re/ponding  terms  of  two  geonutri- 
^al  proportions^  are  alfo  proportionaL 

That  is,  if  5  :  ^  :  :  c  :  dy  ^nd  e  :  f  :  :  g  :  h,  then 
will  ae  :  bf:  :  eg  :  dh. 

For    ™  zz  ~j  and  -i-  =z  A.,  by  fuppofition ;  whence 
/»         ^  f         h 

f-X  —  =—  ><~)^y  ^4"^^  multiplication  J  aijd  confe- 
b        f        d         h 

quently—  =  —  (by  p.  18)  ;  that  is,  ae  :  bf\ :  f^  :  dh, 
bf        dh 

Hence  it  follows,  that,  if  four  quantities  are  propor- 
tional, their  fquares,  cubes,  b'f .  will  likewife  be  proporr 
tional. 

THEOREM    V. 

Jf  four  quantities^  a ^  h,  c^  d,  (2,  6,5,  15)  are  proportional^ 
"i,  inverfely,  b  :  a  :  :  d  :  c  {6  :  2  :  :  i^  :    5) 

2.  alternately,  a:  c  :  :  b  :  d  (2  :  ^  :  :    6:15) 

3.  compoundedly,     a:a -^ b::c:c -\- d{2  :  8  :  :    5  :  20) 
g  )  4.  dividedly,  a:b — a::c:d — c(2  14::    5  :  lo) 

5.  mixtly,   b-i-a:b — a::d-\-c:d — r(8  :  4  :  :  20  :  10) 

6.  by  multiplication,  ra:rb::c:  d[2r:tr'. :   5  :  15} 

7.  by  divifion,      -f. :   — :  :  c  :  d(^  : :  :  5  :  15) 

r       r  r    r 

Becaufe  the  produjEl  of  the  means,  in  each  cafe,  is  equal 

to  that  of  the  extremes,  and  therefore  tlie  quantities  are 

Droportional,  by  Theorem  2= 

THEOREM 
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THEOREM   VI. 

If  three  numhsrs^  a^b^  c^  ('^545  ^>)  ^^  ^*«  continued  prQ- 
.portion^  the  jqiiare  of  the  firjl  will  he  to  that  of  the  fecond^ 
as  the  firjl  number  to  the  third  \  that  is  a^  \  b"^  \  \  a  \  c. 

For,  fince  a  :  b  :  :  b  :  c^  ihence  will  ac  =  bb^  by 
Theorem  i  ;  and  therefore  aac  zz  abb^  by  equal  multi- 
plicationj  confequently  a^'.V"  -.  \a  :  r,  by  Theorem  2. 

V  In  like  manner  it  may  be  proved,  that  of  four  quan- 
tities continually  proportional,  the  cube  of  the  firft  is  to 
that  of  the  fccond,  as  the  firft  quantity  to  the  fourth. 

T  H  E  O  R  E  xM    VII. 

In  any  continued  geometrical  proportion  (l^  3,  9,  27,  8r, 
l5c.)  the  produ6lQfihe  two  cxtr ernes ^  and  that  of  every  other 
two  terpis^  equally  di/lant  from  them^  are  equal. 

For  the  ratio  of  the  firft  term  to  the  fecond,  being  the 
fame  as  that  of  the  laft  but  one  to  the  laft,  thefe  four 
terms  are  in  proportion;  and  therefore,  by  Theorem  i, 
the  re6tangle  of  the  extremes  is  equal  to  that  of  their 
two  adjacent  terms :  and,  after  the  very  fame  manner, 
it  will  appear,  that  the  rectangle  of  the  third  and  laft  but 
two,  is  equal  to  that  of  their  two  adjacent  terms,  the 
fecond  and  laft  but  one ;  and  fo  of  the  reft.  Whence  the 
truth  of  the  propofition  is  manifeft. 

THEOREM    VIII. 

Thefum  of  any  number  of  quantities^  in  continued  geome^ 
trical  proportion^  is  equal  to  the  difference  of  the  re£f  angle 
of  ihe  fecond  and  lafi  tertns^  and  the  fquare  of  the  fir  fly 
divided  by  the  difference  of  the  firjl  and  fecond  terms. 

For,  let  the  firft  term  of  the  proportion  be  denoted 
by  ^,  the  common  ratio  by  r,  the  number  of  terms  by 
K,  and  the  fum  of  the  whole  progreffion  by  x  :  then  it 
is  munifcft  that  the  fecond  term  will  be  expreffed  by  <?  x  r, 
or  or  \  the  third  by  ar  X  r,  or  tfr* ;  the  fourth  by  ar"^  x  r, 
or  tfr^,  and  the  «th,  or  laft  term  by  ar^"^^  j  and  there- 
fore the  proportion  will  ftand  thus,  a  -\-  ar  -{■  ar"  -f  ar^ 
«  .  .  .  -f  ^rr"""-  -f  ar^^^  =rAr;  which  equation,  mul- 
tiplied 
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tiplled  by  r,  gives  ar-^ar~-i-ar^ -^ar"^ -h  ar"-^^ 

-^  ar"  :=:^  rx ;  from    which   the   firft  equation  being  fub- 
traded  there  will  remain —  a  -\-  ar^  —  rx  —  x\  whence 


\r—  I  r  —  I         ^ 


■na 


ar  —  a 


as  was  to  be  demonflrated. 


SECTION    XI. 

57/d?  application    of   Algebra    to    the   rejohtioyi  of 
ymmerical  Problems. 

WHEN  a  Problem  is  propofed  to  be  folved  alge- 
braically, its  true  defign  and  fignification  ought, 
in  the  firft  place,  to  be  perfe6tly  underftood,  fo  that  (if 
needful)  it  may  be  abftracled  from  all  ambiguous  and 
unnecefl'ary  phrafes,  and  the  conditions  thereof  exhibited 
in  the  cleareft  Ijght  poflible.  This  being  done,  and  the 
feveral  quantities  therein  concerned  being  denoted  by 
proper  fymbols,  let  the  true  fenfe  and  meaning  of  the 
iqueftion  be  tranflated  from  the  verbal,  to  a  fymbolical 
form  of  expreflion  5  and  the  conditions,  thus  expreffcd  in 
algebraic  terms,  will,  if  //  be  properly  limited,  give  as 
many  equations  as  are  neceflary  to  its  folution.  But,  if 
fuch  equations  cannot  be  derived  without  fome  previous 
operations  (wiiich  frequently  happens  to  be  the  caf^), 
then  let  the  Learner  obferve  this  rule,  vix,  let  him  con- 
fid  er  what  method  or  procefs  he  would  ufe  to  prove,  or 
fatisfy  himfelf  in,  the  truth  of  the  folution,  were  the  num- 
bers that  anfwer  the  conditions  of  the  queftion  to  be 
given,  or  affirmed  to  be  fo  and  fo;  and  then,  by  following 
the  very  fame  fteps,  only  ufing  unknown  fymbols  inftead 
of  known  numbers,  the  queition  will  be  brought  to  an 
equation. 

Thus,  if  the  queftion  were  to  find  a  number,  which 
being  multiplied  by   5,   and  8  fubtracled  from  the   pro- 
dud, 
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du(£l,  the  fquare  of  the  remainder  (hall  be  144;  then, 
having  put  ^  zz  5,  />  =  8,  and  r  =  144,  fuppofe  the 
number  fought 

to  be       —       — ■       —       — •       4 
then  5,  or  a  times  that  num«  7 
ber  will  be    —    —    —    j 
from  which  8,  or  b  being  fub 


ub-  I 


(or)  X 

ex 


ax — b 
2axb  +  ^*. 


trailed,  there  remains 
which,  fquared,  is     —     —        144 

Therefore  a^x"^  —  laxb  +  3*  is  —  <:  (or  144)  accord- 
ing to  the  conditions  of  the  quel^ion.  In  the  fame  man- 
jier  may  a  queftion  be  brought  to  an  equation  when  two 
or  more  quantities  are  required. 

Afier  the  conditions  of  a  problem  are  noted  down  in 
algebraic  terms,  the  next  thing  to  be  done  is  to  con- 
sider whether  it  be  properly  limited,  or  adnjits  of  an  in- 
definite number  of  anfwers  ;  in  order  todifcover  which, 
cbfcrve  the  following  rules. 

RULE      I. 

TPl^sn  the  number  of  quantities  fought^  exceeds  the  num^ 
bir  of  equations  given^  the  quefiion  (fir  the  general  part) 
IS  capable  of  rn numerable  a^ifwers. 

Thus,  if  it  be  required  to  find  two  numbers  (a*  andj^) 
with  this  o.Me  Hngle  condition,  that  their  fum  ftiall  be 
joo,  we  fhall  have  only  one  equation,  vi%,  x-\-y  zz  100, 
but  two  unknown  quantities,  x  and  y,  to  be  determined  ; 
therefore  it  may  be  concluded,  that  the  queftion  will  ad-. 
unit  of  inriumerable  anfwers. 

RULE    IL 

But  if  the  number  of  equations^  given  from  the  conditions, 
of  the  queftion^  '^^  infi  ^^^^  y^/«^  as  the  number  of  quantities 
jQughty  then  is  the  quefi ion  truly  limited. 

As,  if  the  queftion  were  to  find  two  numbers,  whofe 
fum  is  100,  and  whofe  difference  is  20;  then,  ;«•  being 
put  for  the  greater  number,  andy  for  the  lefs,  we  fhall 
have;^  +  J'  ~  ^o^j  ^"^  ^ — >'  ^  ^o  :  therefore,  there 
being  here  two  equations  and  two  unknown  quantities, 

the 
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the  quefllon  Isaruly  limited  ;  60  and  40  being  the  only 
two  numbers  that  can  anfwer  the  conditions  thereof, 

'     RULE     III. 
When   the  number  of  equations  exceeds    the  number  of 
quantities  fought^  either   the  conditicns  of  the  prchle?n  are 
inconfylent  one  vjiih  another^  or  what  is  propofedj  in  general 
ierms^  can  only  be  po/jtble  in  certain  particular  cafes. 

But  it  is  to  be  obferved,  that  the  equations  underftood 
here,  as  well  as  in  the  preceding  rules,  are  fuppoftd  to 
be  no  ways  dependent  upon,  or  confequences  of  one  an- 
other. If  this  be  not  the  cafe,  the  queftion  may  be  either 
unlimited,  or  abfurd,  or  perhaps  both,  at  the  fame  time 
that  it  feems  truly  limited  5  as  will  appear  by  the  fol- 
lowing example. 

Wherein  it  is  required  to  find  three  number?,  under 
thefe  conditions ;  that  the  fum  of  once  the  firll,  twice 
the  fecond,  and  three  times  the  third,  may  be  equal  to  a 
given  number^;  that  the  fum  of  four  times  the  firO-, 
five  times  the  fecond,  and  (\x  tim.es  the  third,  may  be 
equal  to  a  given  numbers;  and  that  the  fum  of  feven 
times  the  firft,  eight  times  the  fecond,  and  nine  times 
the  third,  may  be  equal  to  a  third  given  number  d. 
Now,  the  three  numbers  fought  being  refpe6tive]y  de- 
noted by  Xy  y^  and  z,  the  quelUon,  in  algebraic  terms, 
will  fland  thus, 

cY  +  2_)'  +  32:  =:  ^ 
^x  -{■  sy  ^  6z  n:  ^ 
7^  +  8;'  +  92;  ~  d. 
Here,  there  being  three   equations    and  juft    the   fame 
number  of  unknown  quantities,  one  might  conclude  the 
queftion  to  be' truly  limited  :    but,  by  reflecting  a  little 
upon  the  nature  and  form  of  thefe  equations,    the   con- 
trary will  foon  appear;  becaufe  thij  lalt  of  them  includes 
no  new  condition  but  what  is  comprifed  in  and   maybe 
derived  from  the  other  two ;  for  if  from  the  double  of 
the  fecond  the  firft    equation   be  taken  av/ay,  the  value 
of  yjc"  +  8y  +  ()x  will  from  thence  be  given  n  lc  —  b. 
Hence  it  is  manifeft,  that  giving  the  value  of  ^x  +  8;^ 
^  92,  in  the  third  equation,  contributes  nothing  to* 

wards 
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wards  limiting  the  problem ;  and  that  the  problem  itielf 
is  not  only  unlimited,  but  alfo  impofTible,  except  when 
d  is  given  equal  to  2t — b. 

Having  laid  down  the  necelTary  rules,  for  bringing 
problems  to  equations,  and  for  difcovering  when  they 
are  truly  limited,  it  remains  that  we  iiiullrate  what  is 
hitherto  delivered  by  proper  examples. 

Arithmetical  Problems, 

PROBLEM    I. 

To  find  that  nu?nber^  to  which  75  being  added^  the  fum 
Jhail  be  the  quadruple  of  the  f aid  required  number. 

Let  the  number  fought  be  reprefented  by  .  .  •  ;r, 
then  will  its  quadruple  be  denoted  by  .  .  .  .  4^- ; 
whence,  by  the  conditions  of  the  queftion,  at  +  75  =  4a-j 
this  equation,  by  tranfpofing  at,  becomes  .   .  75  3z  3a'; 

from  whence,  dividing  by  3,   we  have  x  =  1 —  =:   25, 

3 
which  is  the  num.ber  that  was  to  be  found  (for  it  is  plain 
that  25 +  25  X  3  rr  25  X  4  =  lOO). 

PROBLEM    IL 

What  number  is  thaty  which  being  added  to  4,  and  aljo 
'multiplied  by  4,  the  product  Jhall  be  the  triple  of  the  fum  ? 

Let  the  number  fought  be  denoted  by      .       .      .      a-j 

fo  fliall  the  fum  be  denoted  by x-\-\y 

and  the  product  by      . \x  \ 

whence,  by  the  conditions  of  the  queftion,  \x  zrz 
A"  +  4  X  3;  that  is,  4*'  =1  3^-  4-  12;  from  which  by 
tranfpofition,  A*  ~  12. 

PROBLEM    IIL 

To  find  two  numbers  fucht  ^kat  their  fum  fioall  be  30,  and 
their  dijference  1 2. 

\{  X  be  taken  to  denote  the  lelTer  of  the  two  numbers  ; 
then,  by  adding  the  difference  12,  the  greater  number 
will  be  denoted  by  ^-+12;  and  fo  we  (hall  have 
2A"  +  1 2  zi  30  ^y  the  quejiion. 

From  which  equation,  2^  =  30  —  12  =:  18;  and  con- 

fequently 
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fequently  x  =2  =  9  :    whence  the  greater  number . 

^;^  -|_  12)  is  alfo  given  =:  21. 

P  H  O  B  L  £  M    IV. 

To  divide  the  number  60  into  three  fuch  parts,  that  the 
jirjl may  exceed  the  fecond  by  8,  and  the  third  by  16. 

Let  the  firll  part  be  denoted  oy  x  -y  then  the  fecond 
will  be  X  —  8,  and  the  third  x  —  16  :  the  aggregate  of 
al'l  which,  or  3a-~24  is  rz  f*;0,  hy  the  quejiion. 

Hence  3^  ~  60  +  24  =:  84,  and  x  ==    ~--  =:  28  :  fo 

3 
that  28,  20,  and  12,  are  the  three  parts  required. 

PROBLEM     V. 

Thefumoftbol.  was  raijed  (for  a  certain  purpofe)  hy 
four  perfonsy  A,  B,  C,  ami  D  :   whereof  B  advanced  twice 
as  much  as  A;    C  as  much  as  A  and  B  ;    and  D  as  much 
GS  B  and  C  :  %vhat  did  each  perjon  contribute  ? 

Let  the  fum  or  number  of  pounds  advanced  7 

by  A  be  called     .-.----      j  **  » 

then  will  the  number  of  B's  pounds  be  denoted  by        2;r, 
thatofC'sby      -------.---       3;^^ 

and  that  of  D's  by------      --.5;^^ 

the  fum  of  all    which  Is   given  equal   to  660/,  that  is, 

\lx  :=!  660  :  from  whence  x  =z  • =  60.  Therefore, 

II 

60,  120,  180,  and  300/.  are  the  refpe^tive  fun^s  that  were 
to  be  determined. 

PROBLEM    VL 

y^  certain  fu7n  of  fnoney  was  JJmred  among  five  perfons^ 
A,  B,  C,  D,  and  E  j  whereof  B  received  \  ol.  lefs  than 
A;  C  16/.  more  thm  Bj  Y)  ^l  lef  than  C;  £  15/. 
mere  than  D  :  moreover  it  appear ed^  that  the  Jhares  of  the 
two  laji  together  were  equal  to  the  fum  of  the  Jhares  of  the 
other  three  :  What  was  the  whole  fumjhared^  and  how 
much  did  each  receive  ? 

Let 
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Let  X  denote  the  fhare  of  A  i 

then  i   '^"t   ^  y  will  be  the  {hare  of 


'  and  therefore  2a-  -f  17  =  3A.'  —  4  hy  the  quejilon  :  front 
whence,  by  tranfpolition,  21  =1  a- ;  fo  that  21,  ii,  27, 
22,  and  37/.  are  the  feveral  required  fiiaresj  amOuiiU 
ing,  in  the  whole,  to  1 1 8/. 

PROBLEM    VIL 

To  find  three  number Sy  on  thefe  condition ^y  that  the  fu?ri 
of  the  fir  ft  and fecond  fnall  he  \^\  of  the  firfl  and  third  1 6  j 
and  of  the Jecond  and  third  17. 

If  the  firfl:  number  be  denoted  by  x ;  then  it  is  plain, 
by  the  queftion,  that  the  fecond  will  be  reprefented  by 
15  —  A-,  and  the  third  by  16 — x.  But  the  fum  of 
thefe  two  laft  is  given  equal  to  17  ;  that  is,  31  —  ^x  =5 
17  \   whence,    by  tranfpoiition,     14  =:  zv  5  and   confc- 

quently  A-  :i— 1  =  7.      Hence   15 — A-r-S,   and  16— ;p 
2 

rr  9  J  which  are  the  other  two  numbers  required. 

PROBLEM    VIIL 

To  find  that  number^  which  being  doubled^  and  16  fub^ 
tra£fedfromthe  produSi^tbe  remainder  Jhall  as  much  exceed 
IOC  as  the  required  number  itfeJf  is  lefsthan  1 00. 

The  number  fought  being  denoted  by  a*,  the  double 
thereof  will  be  reprefented  by  2x\  from  which  fubtradt- 
ing  16,  the  remainder  will  be  2x — 16;  and  its  ex- 
cefs  above  JCO,  equal  to  2x — 16  —  loQ  :  therefore 
ix  —  16  —  100  =z  100 — '  x^  by  the  qucflion\  whence 

Xx  z=.  216  j  and  confequently  x  zz. z=  72, 

3 

PROBLEM    IX. 

Ta  divide  the  number  75  into  two  fuch  part s^  that  threi 
times  the  greater  may  exceed feven  times,  the  lejfer  by  15. 
Let   the  greater   part  hQ  z:z  x  \   then  will  the  lefTer 

part 
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i3art  =  75  —  "^i  and  we  {hall  have  3^^—15  = 
75  — .  X  X  7  ;or,  which  is  the  fame,  3^* —  15  =  525— 7 ;? : 
from  whence  10^  r=  540,  and  conieqiientiy  x  =  54. 

PROBLEMX. 

Two  perfons^  A  and  B,  having  received  equal  fums  of 
money^  A  out  of  his  paid  away  25/.  and  B  of  his  60/.  and 
then  it  appeared  that  A  had  juft  twice  as  much  money  as  B : 
^vhat  money  did  each  receive  f 

Suppofe  X  to  denote  the  fum  received  by  each  psr^ 
fon  ;  then  A,  after  paying  away  25/.  had  x —  25  ;  and  B, 
after  paying  away  60/.  had  x —  60  ;  hence  x  —  25  r=  2;«s- 
— 120/lfy  the  qusftion ;  and  therefore  120  — ■•2S^'2-^ -^  ^y 
that  isj95  z=  x. 

PROBLEM    XI. 

To  find  that  numher^  whofe  i-  part  exceeds  its  \  part 
hy  12. 

Let  the  number  fought    be  reprefentcd  by  x  5    then 

will  -^  —  -fl  z=  1 2,    by  the  conditions  of  the  problem  ; 

3         4 
which  equation  (by  multiplying  every  numerator  into  all 
the  denominators,  except  its  own)  gives  ^x —  '^x  :z:  144, 
tliat  is,  X  =:  144. 

PROBLEM    XIL 

TFhatfiim  of  money  is  that  whofe  j  part^  |  part\  and  | 
party  addediogether^Jhall  amount  to  94  pounds  ? 

If  X  be  the  nt^inber  of    pounds   required,  then  will 

—  -f  —  4-  —  =  94  '  from  whence,  by  reduction,  lOx  + 
34         5 

i5Ar  +  i2Ar  z=  94  X  60,  that  is,  47;^  iz  94  X  6D5  and 
therefore  ^  irr  2  X  60  n:  120. 

PROBLEM    XIII. 

In  a  mixture  of  copper^  tin^  and  lead^  one  half  of  the  whole 
->— i6ib.  was  copper  \  one  third  of  the  whole  —  I2lb.  tin ; 
and  one  fourth  of  the  whole  +  4lb.  had:  what  quantity  of 
ga^h  ivas  there  in  thi  compofition  f 

G  Let 
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Let  X  denote  the  weight  of  the  whole ; 


then  will 


2 

A' 


—  16 
-12   > 


be  the   weight 
of  the 


cOpper2r 


tin. 


lead ; 


—  +    4 

.4  J 

and,   if   all    thefe    be    added    together,    we  fhall  have 

~-  -J-  —  4-  -^^ 2i^  :=^  x-i  by  the  quejVim\      Kence  by. 

redudion,    it.  x  +  %x  +  Ca*—  576  :r:  24^*;    therefore 

2Ar  =  576,  and  x  ~  jiZ-  ~  288.     So   that  there  were 

1281b.  of  copper,  841b.  of  tin,  and  761b.  of  lead. 
PROBLEM    XIV/ 

What  fmncf  money  is  that,  from  whicJ?  5I.  being  fub- 
rra£iedy  two  thirds  of  the  remainder  Jball  be  40!!  ? 

Let  X  reprefent  the  required  fum  5  then,  5  being  fub- 
tra6ted,  there  will  remain  a— -5  ;  two  thirds  of  which 

will  be  A-  —  5  X  J,  or ;    and  (o,   by  the  quejiiony 


we  have 


10 


40  :  whence  2a'  —  10  ~  1 20  ;. 


and  A-  =  112.   zz  65. 
2 


PROBLEM    XV. 

What  number  is  that^  which  being  divided  by  12,  the 
quotient^  dividend^  and  divifor^  added  all  together^  jhall 
amount  to  b\? 

Let  X  =z  the  required  number ;  fo  fhall 

\-  X  -{•  12  =  64,  by  the  conditions  of  the  queftioni 

Whence  a-  -f  I2a'  ~  ^2  x  1 2,  or  13  .v  =:  6245  and  con*. 


fequently  x  zz  Elt.  ~  48. 


P  R  O^ 


1 
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/PROBLEM    XVI. 

^ofindtiuo  numbers  in  the  proportion  of  2  to  t^fo  that^ 
if  4.  he  added  to  eachy  the  two  fum  thence  arifmg  J})all  be  in 
proportion  as  "^  to  7., 

Let  X  denote  the  lefTer  number ;  then  the  greater  will 
be  denoted  by  2x  ,  and  fo,  by  the  quefiion^  we  fhall  have 
2^  +  4  :  ;«•  +  4  :  :  3  :  2.  From  whence,  as  the  product 
of  the  two  extremes,  of  any  four  proportional  num- 
bers, is  equal  to"  the  product  of  the  two  means,  (fee 
SeSlion  10,  Theorem  i,)  we  have  the  following  equation, 
viz,  %x  -f  4  X2=:;v+  4x3,  that  is  4.V  4- ,  8  =: 
3.V  -i-  12  ;  whence  ;«•  zr  4,  and  2^  rz  8  :  which  are  the 
two  numbers  that  were  to  be  found. 

PROBLEM    XVIL 

A  prize  of  2000I.  was  divided  between  two  perfons^  whofe 
Jhares  therein  were  in  proportion  as  'j  to  (^'.  what  was  thi 
fiare  ofeaeh  P 

U  X  —  the  fhareof  the  firft,  then  that  of  the  fecond  v/ill 
be  2000—  X  'y    and  we  fhall  -have  x  :  2000 — x :  :  y  :g. 

Hence,    by     multiplying  the    extremes    and     means, 

gx  zi  14000  -^  joc  5  from  which  x  is  found  ~ . — 12 n^ 

lb 
875/.  and  2000  — X  :=z  11 25/. 


PROBLEM,   XVm. 


,^ljU^    Ol0t^__  X   ^^i*^tvUJ 


2S.4  -3C  2    cAW^-^ 


A  bill  of  120I.  was  paid  in  guineas  and  moidores^  and  the 
number  of  pieces  of  both  forts  was  ju/l  (loo'^  to  find  how 
many  there  were  of  each,  "4  ^ix  -tiji  o^S^-^^ 

li  X  zz  the  number  of  guineas,  then  will  100  —  a*  be  ^;4j^* 

the  number  of  moidores :  therefore  the  number  of 
fhillirrs  in  the  guineas  being  2ia',  and,  in  the  moidores, 
27  X  100  —  ^,  we  have  21^*  +  27  x  100  —  x  z:z 
120  X  20  =  the  fliillings  in  the  whole  fum:  hence, 
by  multiplication,   21  x  -{■  2700  — 27;^!:=  2400 ;  and 

A-  =z  i£2-.  za  50. 

6  *      . 

■»'      /-'•■.; 
'  -■./"' 

Gz  PRO- 
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P  R  O  B  L  E  M    XIX. 

A  labourer  erigaged  to  fervd  jS^o  days^  on  thefe  conditionff 
that  for  every  day  he  worked  he  was  to  receive  20  pence^  but 
that  for  every  day  he  played^  or  was  ahfent^  he  was  to  forfeit 
%  pence ;  now  after  the  4.0  days  ivere  expired^  it  was  found 
that  he  had  to  receive^  upon  the  whoUy  "^^0  pence  :  the  gucf- 
tisn  isy  to  find  how  many  days  of  the  forty  he  vjorked^  and 
how  many  he  played. 

Let  the  number  expreillng  the  days  be  worked  be  re- 
prefented  by  x-y  then  the  number  of  days  he  played  will 
be  exprefTed  by  40  —  x:  moreover,  Imce  he  was  to  re- 
ceive 20  pence  for  every  day  he  worked,  the  whole  num- 
ber of  pence  gained  by  working,  wiil  be  lOx ;  and  for 
tiis  Ijke  reafon,  the  number  of  pence  forfeited  by  play- 
ing, or  being  abfent,,  vviil  be  8  X  40 — ^5  or  320— 8^- ; 
which  deducted  from  2C.v,  leaves  28.V— 320,  for  the  Turn 
total  of  whas  he  had  to  receive  :  whence  we  have  this 
equation,  28^- — 320  ~  380  ;  from  which  28;if  n  380  *■+- 

320  rz  70c,  and   confequently   x  =  4-—  =  25,  equal 

to  the  number  of  days  .he  worked  ;  therefore  40  '—  25 
=  15,  will  be  the  number  of  days  he  p'ayed. 

PROBLEM    XX. 

A  farmer  would  mix  two  Joris  of  grain ^  viz.  wheafy 
north  4s.  aMuJljel-i  with  rye^  worth  2S.  6d.  the  hujhel^  f» 
that  the  whole  mixture  may  confift  cf  100  hujhelsy  and  be 
worth  3s.  and  2d%  the  hufoel :  now  it  is  required  to  find  hczs 
many  bujhels  of  each  fort  muji  be  taken  to  make  t^  fuch  a 
mixture. 

Let  the  number  of  bufliels  of  wheat  be  put  =:  x^  and 
the  number  of  bulliels  of  rye  will  be  lOO  —  x  :  but  the 
number  of  buihcls  muitiplied  by  the  number  of  pence 
ter  bufhel,  is  equal  to  the  ^umber  of  pence  the  whole 
is  worth  ;  therctore  48^-  is  the  whole  value  of  the  wheat, 
and  30  X  1CC-— A\  or  3000  —  30^,  that  of  the  rye; 
and  confequently,  48;>f  +  3000 — 30a-,  tlv  fum  of  thtie 
tvvo,  the  .'.lue   of  the   mixture:    which,   by  the 

quefiion^  ib     ^     :   to  100  ><.38,  or   3800  pence :  hence 

we 
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we  h?ivei\.Sx  -f    30  do  — 30;^  =  3800 ;    and    therefor- 

X  ~  -  =  4.4^,  the    number  of  buihels   o,f   w,heati 

iS  ' 

whence  the   number  of  bufhels  of  rye  will  be    lOO  — 
4^+J  -  55^ 

PROBLEM  XXI. 
J  farmer  fcldy  to  one  man^  30  hujheU  cfivheat  and  4.0 
if  barley,  and  for  the  whole  received  I'joJInllings  \  and  to 
another  he  fold  SO  bujhels  of  wheat  and  30  of  barley,  at  the 
fame  prices,  and  for  the  whole  received  7,^0  Jhdlings :  now 
it  is  required  to  find  what  each  fort  of  grain  zv  as  fold  at  per 
hufoel. 

Let  A- and/  be,.rerpe£lively,  the  number  of  fhUIings 
which  a  buihel  of  each  fort  was  fold  for-,  then,  from  the 
conditions  of  the  queftion,  we  fliall  have  thefe  two  equa-i 
Xlonsyviz, 

30^  +  40;^.=  270, 

soy:  +  Z^y  =  340 ; 

from  4  times   the  fecond   of  which  ftibtratSl  3  times  the 
fii-ft,  fo  (hall   iiOA-  =  550;  and  confequently  ^  =z  il- 

~  5  :  moreover,  by  fubtra6ling  3  times  the  fecond,  from 
5  times  thefirft,  you  will  have  Jiqy,  ==  330,  and  there- 
fore y  zz  212-  =13.. 
^        no         ^ 

For   J  30  X  5  -f-  40  X  3  =  270, 
1  5Q  X  5  +  30  X  3  =  340- 

PROBLEM    XXIL 

A  fon  afking  his  father  how  old  he  was,  received  the 
following  reply.  My  age,  fays  the  father,  ']  years  ago,  was 
f  ft  four  tunes  as  great  as  yours  at  that  time  j  but  J  years 
hence,  if  you  and  I  live,  my  age  will  then  be  only  double  to 
yours:  it  is  required  to  find  from  hence,  the  age  of  each 
perfon. 

Let  X  reprefenc  the  age  of  the  fon  fevcn  years  be- 
fore the  queftion ;  then  the  age  of  the  father,  at  that 
firne,  was  a.v,  by  the  conditions  of  the  queftion  3  and, 

G3  if 
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-"  -  /v*  -2«P  if  each  of  thefe  ages   be  increafed  by  14,  it  is  plain  that 

^  .V  +  14  and  j[x  +   14  will  refpedtively  exprefs  the  two 

^J^-JJ^ — —  ages  7  years  after  the  time  in  queftion  j  whence,  again, 

.lA  ^  z^-M.  by  the  problem,  we  have  4Ar  +  14  =:  2  x^  +  14 ;  from 

lA  •  42-2<f  which  X  zz  7,    and   4  ;c  zz  28  j    therefore  7  +  7  _z  14, 

p  and'28  4-  7  =  35,  are  the  I'.vo  ages  required. 

^^'    '''  ■    TTr.r-    r  35  — 7=  H— 7  X  4. 


.../  For   J35-7==H-7X4. 

ff  t  35  +  7  =  H  +  7  X  2. 


PROBLEM    XXIII. 

J  ^entle?nan  hired  a  few  ant  for  12  months^  and  agreed 
U  allow  him  20I.  and  a  livery^  if  he  jiaid  till  the  year 
tuas  expired;  but  at  the  end  of  ^  months  the  ferva7it  went 
away  •  and  received  1 2I.  and  the  livery^  as  a  proportional 
fart  cf  his  tuagcs :  the  queftion  isj  what  was  the  livery 
valued  at  P 

Let  X  be  the  value  fought ;  then  20  +  a-  will  be  the 
whole  wages  for  12  months,  and  jz  +  x  the  part  thereof 
which  he  received  for  8  months. 

But  the  wages  being  in  the  fame  proportion  as  the 
times  in  which  they  are  earned,  or  become  due,  we 
therefore  have,  as  12  :  8  :  :  20  +  a-  :  12  +  a*;  whence 
12  X  -12  •{■  X  =18  X  20  +  A-,  or  144+ I2.vzzi6o4-8a'j 
(■by  Theor.  i.  p.  72).  confequently  12^-  —  8a'  zz  160  — 

144,  and  ;^  zz   —  c:  4I.     ' 

PROBLEM    XXIV. 

Four  perfons^  A,  B,  C,  D,  fpent  twenty  JhiUings  in  com^ 

fany  together -,  whereof  A   propofed  to  pay  ^  ;    BJ  ,  Cj; 

•>(-*■    and  13^  part  \  huiy  when   the  money  came  to  be  colleSicdy 

they  found  it  toas  not  fufficient  to  anfwer  the  intended  pur- 

pofe  :  the  quejiion  then  is^  to  find  how  ?fiuch  each  perfon  mujl 

contribute^  to  make  up  the  whole  reckonings  f^pp^fi^g  their 

'     feveral'  Jhares  to  be  to  each  other  in  the  proportion  above 

c/;*/^^i/i-  fpecified  ? 

Let   X    be    the    {hare    of  A ;    then   it  .will   be,  as 

'"^^^  jr  ^IS'^y  .  I    ^^j.  ^5  4. :  o  :  :  .V  :  H-  =  ihe  fhare  of  Bj  and,  as 
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4  :  J,  or,  as  5  :  3  :  :  ;v  :  ?f  ±:  the   fhare  of  C  5   alfo,   as 

g.  :  I,  or,  as  2  :  I  :  :  ;c  :  —  =  the  fhare  of  D. 

Therefore  3y  i/^^  quejlion.x  +  2l.3f,fL--20' 

4         5^2 

whence,  40  ;^  +  30;^  +  2^x  +  20;^  =  800,  thatisii4x' 
■zz  800 ;  and  confequently  x  =z  =  7  ^'_,    the  fhare 

^f  A;  therefore  (-3^)  that  of  B  will  be  z=:  Sij  :  that  of 

4 

C   (  ?f  =  a\}  5  and  that  of  D  (f-  =  3  |?. 
5  •  2 

PP.  OBLEM     XXV. 

A  market-woman  bought  in  a  certain  number  of  eggs  at 
.1  a  penny ^  and  as  many  at  ^  a  penny,  and  fold  them  all  out 
a^ain,  at  the  rate  of  ^  for  ttuo  pence,  and  loft  four  pence  hyfo 
doing  :  what  nu?nber  of  eggs  did  Jhe  buy  and  fell  ? 

Let  X  be  the  number  of  eggs  of  each   price,  or  fort ; 

ihen  —  -will  be  the  number  of  pence  which  all  the  firll 
2 

fort  coft,  and — ^' the  price  of  all  the  fecond  fort;    but 

3 
the  whole  price  of  both  forts  together,   at  the  rate  of 
5   for   two   pence,  at  which   they  were   fold,   will  be 

1^  (for  as  5  : 2  :  :2a?  (the  whole  number  of  eggs) :  ^^    ) 

hence,  by  the  quejiion,  1  j.  ^-  —  ifL  ^   .  .    whence 

235  'i-' 

i^x  -I-  10;^—  2^x  =:  I2G,  and  therefore  x  z=.  120; 

t.       120        120        240  ,      .  . 

tox  — —  4. _--!—  X  2  =  60  +  40  —  q6—  4, 

^  PROBLEM    XXVI. 

A  C07npofition   of  copper   and  tin,  containing    1 00  ru^^k 

inches,  being  weighed,  its  weight  luas  found  to  he  505  oun  "ps  t 

-G4  .         hw 
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hoiu  many  oun:^s  of  each  metal  did  it  contain  yfuppofing  ihd 
weight  of  a  cubic  inch  cf  copper  to  be  ^\  ounces-^  and  that  of 
a  cubic  inch  of  tin  4J  ? 

Let  X  be  the  number  of  ounces  of  copper  ;  then 
505  — X  will  be  the  number  of  ounces  of  tin,  and  we  (hall 
Jiave 

51 :  1  (cubic  inch)  :  :  a*  :  —  inches  of  copper, 
5j 

4I  :  I  (cubic  inch)  ; :  JoS — x  :  -    ^  inches  of  tin. 

Therefore  —  +     -L-?— —  •=.    100,  by  the  que/iion, 
5?  At 

"Whence  4I  X  at +  5|  X  505^=251  X4J  X  100,  that  is, 
^7^"^  4-'^^  >^  5^5 -'■y / _ 2 1  X  17  X  100^—  21  X  17x25  > 

4  .4  ,        ~"         4x4       '_  4 

which,    by    rejc(5^ine:    the    common    divifor,    becomes 

17A:  +  21  X  505  —  ^  =r  21  X  17  X  25  =:  8925, 
or  17X  —  2\x  —   8925  —  IC605  r:::  —  1680.     Froni 

whence  x  :=z ^  =  420  j  and  505  ■—  a-  z=  85  j  which 

4 
are  the  two  numbers  required. 

The  fame  otberwife. 
Suppofe  X  to  be  the  number  of  folid  inches  of  cop- 
per ;  then  the  number  of  inches-  of  tin  being  100  —  x^ 
we  have  5I  X  ;^  +  4I  X  ico  —  x  z=.  505,  that  is, 
51^  +  42^5  —  4i*"  =  505?  or  *•  =  505  —  425  -  80  ; 
which,  multiplied  by  Sh  gives  420,  for  the  ounces  of 
copper, 

PROBLEM  XXVII, 
JJhepherd^  in  time  of  war^  fell  in  with  a  party  of  fol- 
diers^  who  plundered  him  of  half  his  flock  ^  and  half  a  Jheep 
over ;  afterwards  afecond  party  met  hlm^  who  took  half  what 
he  hM  Icft^  and  haf  a  Jheep  over  ;  and^foon  after  ihis^  a 
third  party  met  him^  and  ufed  him  in  the  fame  r.:anner  ;  and 
then  he  had  only  five  Jheep  left :  it  h  required  to  find  what 
number  of  fmep  he  had  atfirjf, 

■   t'^l 

4 
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Let  X  (as  ufiial)  be  the  number  fought;  then  ac- 
cording to  the  quei^ion,  the  number  of  flieep  left,  after 
befng    plundered    the  firft    time,   will  be   exprefle'd  by 

^  -,  i,  or  •^":^^  ;  the  half  of  which  is  -ilZi  ;    from 
22  4 

whence  fubtra£ling  |,  the  remainder  ( .^     ^.  — 1)  IZZJ. 

4  '         4 

will    be   the   number   of    flieep  left   after  being    plun- 
dered the  fscond  time  :  in  like  manner,  if  from  ^ 

(the  half  of  ^       ^    )    you,  ao;ain,  take  f ,  there  will  re- 
4 

mainf-IHi-  —  f  or ^LZLL  the    number  of  flieep  re- 
8  8 

maining  at  lad.     Hence  wc  have    ^       7  —  5 ;  there- 
fore X' — 7  —  40,  and  X  =  47. 

PROBLEM     XXVIIL 

The  difference  of  two  numbers  being  given,  equal  to  4, 
and  the  difference  of  their  fquareSy  equal  to  40  ;  to  find 
the  numbers. 

Let  the  lefTer  number  be  x  ;  then,  the  difference  be- 
ing 4,  the  greater  mud  confequently  be  ^  +  4,  and  its 
fquare  A'j^-f  Sa-  -f  16,  from  which  jsta-,  the  fquare  of  the 
leffer  being  taken  away,  the  difference  is  8jr  +  16  : 
therefore  8;c  +  16  =  40  ;  which,  reduced,  gives  ji"  rz  3  ; 
whence  x  +  4.  —  7  j  therefore  the  two  required  num- 
bers are  3  and  7.  «■ 

All  the  problems  hitherto  delivered  are  refolved  by  a 
numeral  exegt'/is,  wherein  the  unknown  quantities,  only, 
are  reprefented  by  letters  of  the  alphabet  j  which  Teem- 
ed necelTary,  in  order  to  flrehgthen  the  Beginner's* 
idea, '  at  fetcing  out,  and  lead  him  on  by  proper  gra- 
dations :  but  it  is  not  only  more  mafterly  and  elega;:'.!^ 
but  alfo  more  ufeful,  to  reprefent  the  known,  as  well 
as  the  unknown  quantities,  by  algebraic  fymbols ;  fince 
from   thence  a    general    theorem    is   derived,    wher-eby 

all 


.-  3fl 
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all  other  queflions  of  the  fame  kind  may  be  rc- 
ibjved. 

As  an  inftance  hereof,  let  the  laft  problem  be  a^*"a 
refumed  j  then  the  given  difrerence  of  the  recjuired 
numbers  being  denoted  by  a^  the  difference  of  their 
fquares  by  b^  and  the  lefler  number  by  x ;  the  greater 
vWll  be  jf  -f  «3,  and  its  .fquare  at"  -f  7.xa  +  ,cr  \  from 
which,  A-*,  the  fquare  of  the  lefTer  number,  being  de- 
ducted, there  remains  7.xa  +  a^  -zi  b  :  whence  if  aa 
be  fubtraftcd  from  both  fides,  there  will  remain  ^ax  :=z 

b-^aa;  this,  divided  by  2^,  gives  x  zn —  _  —  ;    and 

confequently  A'  +  ^  =z    —  j_ Hence    it  appears 

2a         2  . 

that,  if  the  difference  of  the  fquares  be  divided  by 
twice  the  difference  'of  the  numbers,  and  half  the  dif- 
ference of  the  numbers  be  fubtradted  from  the  quotient, 
the  remainder  will  be  tlie  leff.r  number;  but  if  half 
the  diff^;irence  of  the  numbers  be  added  to  the  quotient^ 
the  fum  will  give  the  greater  number.  Thus,  if  the  dif- 
ference (<?)   be  4>  and  the  difference   [h)  of  the  fquares 

40   (as  in  the  cafe  above);  then  ( — )  the  difference 

2a 

of  the  {quares,  divided  by  tvv'ice  the  .difference  of  the 
numbers,  will  be  5  ;  from  v/hich  fubtra6ting  (2)  half 
the  difference  of  the  numbers,  there  remains  3,  for  the 
leffer  number  fought;  and  by  adding  the  faid  half  dif- 
ference, you  wAW  have  7  zn  the  greater  number.  In 
the  fame  manner,  if  the  difference  of  the  two  numbers 
had  been  given  6,  and  the  difference  of  their  fquares  60, 
the  numbers  themfelves  would  have  come  out  2  and 
8  :  and  fo  of  any  other. 

PROBLEM    XXIX. 

Having  given  ike  fum  of  two  numbers^  equal  to  30,  an  I 
the  difference  of  their  fquares^  equal  to  120  ;  to  find  tht 
numbers. 

&?  Put  a  zz  3©,  and  b  z=.  120,  and  let  x  be  the  leffer  num- 
ber fought,    and  then  th^  greater  will  be  a  —  .v  ;  'whofe 
•*-  fquare 
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quare  is  aa  —  7.ax  +  x'^ ;  from  which  the  fquare  of  the 
effer  bein.^  fuktracled,  we  have  a'^—-'2ax  =z  l^ ;  this  re- 

luced,  gives  x.  the  lefler  number,  =  — —  —  ~  10 

rherefore  the  greater  {a  —  x)  will  be  r=   ^7  —    -^  + 

2 

_  — -^  I  . — -  =:  17.  But  if  the  greater  number 
la        2         2a 

lad  been  firft  made  the  objefl  of  our  inquiry,  or  been 
put  =:  A*,  the  lefler  would  have  been  a  —  x,  and  its 
fquare  a'^  — '  2ax  +  a:%  which  fubtracted  from   x'^  leaves 

2ax — «*i=3;  whence  2ax::zb-^a'^^  and  ;;  z:  —   j 

2a  2 

tr  17,  the  ^me  as  before. 

PROBLEM     XXX. 

If  one  agent  A,  alone^  can  produce  an  effe5l  e^  in  the 
time  a^  and  another  agent  B,  alone^  in  the  time  b  ;  in  how 
long  time  will  they  hath  together  produce  the  fame  effeSi  ? 

Let  the  time  fought  be  denoted  by  x^  and  it  will  be, 

as  fl  :  X  \\  e  \  — ,  the  part  of  the  efFedt  produced  by  A : 


ex 
a 

ex 


(Theor.  3.  p.  72)     alfo,   as  ^  :  ;f  :  :  ^  :  ---,  the  part  pro- 

duced  by  B  :  therefore  fl -^  11  =z  ^.     Divide  the  whole 
ci  b 

by  ^,  and  you  will  have  ~  j.  i-  =    i ;    and  this,  re- 
a  b 

duced,  gives  x  =  _f —        After   the  fame  manner,  if 
a   ^   b  ' 

there  be  three  agents,  A,    B,  and  C,  the   time  wherein 
they  vi^ill  altogether  produce  the  given  eftedt,  will  come 

out  = "'•'-'- 

ab  +  ac  •\-  he 

Example.  Suppofe  A,  alone,  can  perform  a  piece  ,.f 
work  in  10  days  ;  B,  alone,  in  12  days  ;  and  C,  aione, 
in   16  days  J  then  all  three  together  will  perform   the 

fame 
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fame   piece    of  work    in   4^^  days ;  for    in    this    cafe, 

a    being   zz   10,  /»    =    12,    c   =    16,   it    is    plain  that 

ahc  ,  lOXI2Xl5 

f j    —  j.jl 

ab -\- ac  -^  be      10  x  124- ic  x  16  +  12  x  16       ~t-5  9' 

PROBLEM    XXXI. 

Two  travellers^  A  and  ^-^fet  out  together  from  the  fame 
place ^  and  travel  both  the  fame  way\  A  goes  28  miles  the 
firji  day^  26  the  fecond-y  24  the  third,  andfo  on^  decreafing 
iWQ  rniles  every  day  ;  but  B  travels  uniformly  20  rniles 
every  day  :  now  it  is  required  to  find  hew  many  miles  each 
perfon  muft  travel  before  B  comes  up  again  with  A? 

Let  X  zz  the  number  of  days  in  which  B  overtakes 
A  :  then  the  miles  travelled  by  B,  in  that  time,  will  be 
I0x\  and  thofe  travelled  by  A,  28  +  26  -f  24  +  22> 
^c.  continued  to  a-  terms  ;  where  the  laft  term  (^y 
SeSiion  IQ^  Theorem  3)  will  be  equal  to  28  —  2  x  ^  — •  i, 
or  30  —  IX',  and  therefore  the  fum  of  the  whole  pro- 
greffion  equal  to  28  '^  30  —  2x  x  |a',  or  29^  —  x'^"  (by 
I'heorem  4).  Hence  we  hav^e  lox  —.  i<^x  —  x'^\  whence 
20  =  29  ■ — •  x^  and  A'  rz  9  :  therefore  20  x  9  zz  180 
i^  the  dillance  which  was  to  be  found. 

PROBLEM    XXXn. 

^0  fnd  three  numbers^  fo  thflt  f  the  firjl^  \  of  the  fe.^ 
condy  and  \  of  the  third,  Jhall  be  equal  to  62  j  ^  ^fj^e 
firjl-i  I  nf  the  fecond^  a?7d  \  of  the  third,  equal  to  47  i 
and  \  of  the  firjly  \  of  the  fcond,  and  -^  of  the  third,  equal 
to  38, 

Fut  a  ~  62,  b  =:  47,  and  c  =  38,  and  let  the  num-- 
bers  fought  be  denoted  by  x,  y,  and  z ;  then   the  condi- 
tions of  the  problem,   exprefled  in  algebraic  terms,  wilj 
ftand  thus, 

X         y         z 

X  y  z 


X  y  % 

r  +  1   +  6-^^' 


Which, 
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Which,  cleared  of  fradtions  become 
6.V  -f    4  J  +     32:1=:  nay 
10X  +  I5J'  +  I2Z  =  6o^, 
i$x  -{-  12;^  +  lOz  =  6o£-. 
And,   by   fubtracling   the   fecond   of  thefe   equations 
from  the  quadruple  of  the  firft,  (in  order  to  exterminate 
z)  we  have  j\.x-\-y  :=i  A^^a — hob-,    moreover    by   takinj^ 
3  times  the  third  from  10  times  the  firft,  we  have  i^x-i- 
4y  z=  120^  —  i8of  J    this   fubtra6ied    from    4  times   the 
laft,  leaves  x  zz  72^  —  240  ^  +  180  f  r-  24  ;    whence 

iia  —  6x  —  4_y . 


y  (48^ —  60b 
=   120, 


\x)  zz  60,  and  z  ( 


24       60         120 
24      60        120 

24         60  1 20 


12  +  20  +  30  =:  6Zy 

8  +  15  +  24^=47, 

6  -f   12  -f  20  zz  38. 


PROBLEM    XXXIII. 

A  gentleman  left  a  fum  of  money  to  be  divided  amon-g 
four  jC  TV  ants,  fo  that  thefl)are  of  the  firji  zuas  \  the  fum  of 
the  f)arcs  of  the  other'  three;  the  Jhare  of  the  fecond^  of 
the  fum  of  -the  other  three ;  and  the  Jhare  of  the  third  \  of 
the  film  of  the  other  three  \  and  it  was  alfo  found  that  the 
fiare  ofthefirft  exceeded  that  of  the  laft  by  14/  \  the  quejlion 
is,  what  was  the  whole  fum,  and  what  was  the  jfJoare  of 
each  p  erf  on  ? 

Let  the  (hares  be  reprefented  by  x,  _y,  z,  and  «,  re- 
fpe£tivdy,  and  let  4  =  Hi  then,  by  the  que  ft  ion  ^  Vih. 
fliall  have 


y  = 


^  +    Z   +    K 


^  _x  •\-  y  -\r  u 

z  — 1 

4 
u  zz  X — 0 


Which 


4 

+ 

31 
5 

+ 

^,  or  K  r: 

20 

;  but, 

by  th( 

equation, 

u  z 

~  X  - 

—  <7 

;   therefore 

:  X  — 

-  a  =. 

13- , 

20 
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Which  equations,   cleared  of  fradions,  become 
2r  n  7  +  z  +   «, 
3y  -  X  -{-  z  -\-  u, 
/^z  =z  X  -{■  y  -^  u, 

Now,   If  X  be   added  to   the  firft,  j?  to  the  fecond,  an(J 
%  to  the  third,  we  fhall  get  {x-\-y  ■\-  z  +  u)  =. 'i^x  1=4/ 

rr  5z  ;   and  from  thence  %  ~-2_-  ,  and)'  zr  _ ;  which 
values  being   fubftituted  in  the  fir]!:  equation,  we  have 


and 


X  ==  - — f  =  40 :   confcquently  _y  ( ^  )  =z  3c,  z  (  ~  ) 

r=  24,   and  u^   (x — 14)  =  26;    and  the  whole  fum 
{x  +  y  -{-  z  -r  11)  =2  I2C/. 

PROBLEM    XXXIV. 

1^0  find  four  numbers^  fo  that  the  firjl  together  with  half 
the  fecond  ?nay  he  357  (a)  the  fecond  vj'iih  |  of  the  third 
equal  to  ^.'jb  (b)y  the  third  with  \  of  the  fourth  equal  ta 
595  (0'>  ^«^  the  fourth  with  \  ofthefirfi  equal  to  'Jl\  (d). 

The  required  numbers  being  "denoted  by  x^y^  z,  and 
«,  and  the  conditions  of  the  queftion  expreffed  in  alge- 
braic terms,  we  have  tlie  four  following  equations  : 

X  -f   .1  =  a, 
2 

u 
z  +   —   =   ^> 

4 

,,  4.  j1  =  ^,  . 
5 

Frc^Ti 
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From  the  firft  whereof  we  get  x  :=z  a  —  ~  ;   and 

2 

from  the  4th,  x  zz  5^—  5M;  whence  ^  —  ^  —  S^— 5"> 

and  y  "nia  —  loi  +  lou  ;  but,  by  the  fecond,  y  —  h-^ 

^-therefore  za  —  lod  +  lOu  ^=1  b  —  _  ,  and  z  rr  3^ 


w 


—  6^  -f-  30^ — 30a ;  but,   by   the  third,   z  —  c ^ 

4 


7^ 


whence  jZ*  —  6a  +  30^ — 30?^  -n  c -.,and  i2h — ' 

4 
2^a    4-'  i2oi  —  I20?f  —  4^  ■ — u'3  confequently  u   — 

'fiziHf_±il2flrrii=  676  ;  whence  z  (r-  iL) 

IZ426,;'  [  —  b  —  —  )'  =  334,  and  x  {:=:  a  —  i^=:  loc 
3  2, 

Otherwife, 
Let  the  firft  of  the  required  numbers  be  denoted  hy  x 
(as  above) ;  then,  the  ium  of  the  firft  and  \  the  fecondy 
being  given  equal  to  a^  it  is  manifeft  that  |  the  fecond 
muft  be  equal  to  a  minus  the  firft,  that  is  zz  a  —  a-,  and 
therefore  the  fecond  number  ■=.  ia  — ■  2^ :  moreover,  the 
fum  of  the  fecond,  and  \  of  the  third,  being  given  zz  h  y, 
it  is  likewife  evident,  that  i  of  the  third  muft  be  equal  to 
h  mnus  the  fecond,  that  is  —  ^  —  2a  -f  2xy  and  confe- 
quently the  third  number  itfelf  zz  ^h —  6«  -f  bx  :  in  the  , 
feme  manner  it  will  appear  that  |  of  the  fourth  number 
=  c —  3^  +  6^ — -6.^;  and  confequently  the  fourth 
number  itfelf,  zz  ^c  zz  12b  -\-  2^a — 24;^;:  whence,  by  the 

queftion^  4c —  12^  -f-  24^  —  24 a"  H —i,  and  therefore, 

^  __   — S^  +  2CC  —  6o^  4-  120  a  . 

X , .. —  ~  1 00  ;  as  above. 

PROBLEM     XXXV. 
To  divide  the  number  90  {a)  into  four  fuch  parts^  that 
if  the  firft  be  increafed   h^  (b),    the  Jecond   decreofed  by 
4  v^)r  ^^^  ^^'^^^  multiplied  by  3   (^),  and  the  fourth  di^ 

vided 
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'vided  by  2y  (e)^  the  refult  in  each  cafe^Jhall be  exaSlIy  ihf 
fame* 

Let  x^  y,  z  and  u  be  the  parts  required  ',  then,  by  the 
quejlion^  we  fhall  have  thefe  equations,  viz. 
X  -\-  y  +  z  +  w  =  ^,  and 

x-{-b-=.y-^c::=idz:=i 

Whence,  by  comparing  dz  with  each  of  the  three 
other  equal  values,  fucceifively,  x  z£  dz  -^  b^  y  —  iz: 
4-  r,  and  u  •=.  dez  \  ail  which,  being  llibilituted,  for 
their  equals,  in  the  firft  equation,  we  thence  get  dz — •. 
h  ■\'  dz  -^  c  -\-  z  ■\-  dez  -=.  a ;  whence  dez  +  7.dz  +  z 

ma  -f  b  —  r,  and  z  •=.  — — : — ^P —    =   7 .      There- 
'  de  -^  7.d  ^r  I 

fore  X   (  zz  dz  —  b  )  zz  i6  -,  y  {=:  dz  -\-  c  )  -z  2^  ;  and 

u  (  =z  dez )  =  ^2.        ,  '       . 

PROBLEM    XXXVL 

If  A  and  B  together^  can  perform  a  piece  of  work  in 
S  (a)  days  ;  A  a7id  C  together  in  g  (b)  days^  and  B  and 
C  in  10  {c}  days  ;  hciv  7nany  days  will  it  take  each  perfony 
alone^  to  perform  the  fame  work  f 

Let  the  three  numbers  fought  be  reprefented  by  a-, 
y  and  z,   refpedively  :  then   it  will   be,  as  x  (days) :  a 

(days)   :  :   i^  the  whole  work,  to   — ,    the  part  thereof 

a 
performed  by  A  in  <?  days  ;  and,  as  ;; :  ^  : :  i  :    —  ,   the 

part  performed  by  B,  in  the  fame  time  ;   whence,  by  thi 

queftion,  —  +  —  zz  I    (the  whole  work).      And,    by 
X         y 

proceeding    in  the    very   fame    maneer,  we  (hall  have 

thefe  two  other  equations,  viz,    —  +  —     —   !>    and 

X  a 

1_  -f.  L  =  I :  let  the    firft  of  thefe  three   equations  be 
^  z  .  f 

divided  by  <?,  the  fecond  by  b\   and  the  third  by  r,^an(l 

you  will  then  have  i_^ 

X 
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X        y         a 

r  —  — .  -T-, 

A*  z  ^  '    ^ 

which  added  all  together,   and  the  fum  divided  by  2,  give 

—  +  —   +   —  =  —  +    "7^"   — ;    from    whence 
X  y  "z.         la  10  ic 

each  of  the  three  laft  equations  being  fucceffively  fub- 
tradted,  we  get 
I     --«__L+L4.JL=    —  ^c  -\-  ac  '\'  ab 


z.  2a         2b  2c  2abc 

I      __l  I  I     _^   be  —  ac  ^  ab 

y  2a  2b  2c  2abc  ' 

I     __     I       ,     I  1     __     be  -\-  ac  —  ab  ^^ 

—  —■  — -+— 7  —  —   —    ; Hence 

X  2a         2b  2c  2abe. 

z  zz  ^^^^  ^  ^440 ,_ 

—  be  -{•  ae  -{■  ab        —  90  +  80  +  72    "^ 

y  =  ^flL -_ill2_-=i7^i 

be — ac  -\-  ab       90 — 804.72  '^" 

2abe  _  1440  _       34. 

—  •'•4+9' 


be  •+  ac  —  ab  90  4-80  —  72 
Otherwife. 
Let  the  work  performed  by  A  in  one  day  be  de- 
noted by  X  :  then  his  v/ork  in  a  days  will  be  ax^  and  in 
b  days  it  will  be  bx ;  therefore  the  work  of  B  in  a  days 
will  be  I  * — ^ax  \  and  that  of  C,  in  b  days,  i  —  bx^  by 
the  conditions  of  the  problem ;  whence  it  follows 
that   the  work  of  B,   in  one  day,  will  be   exprefled  by 

1  _—  ax  I  —  ^^    u  t 

' ,  and  that  of  C,   in  one   day,  by    — t — >  °"^ 

the  fum  of  ,lhefe  two  laft  is,  by  the  quejiion^  equal  to  — 

1,1  I 

part  of  the  whole  wt)rk,  that  is,  —  +  -7 2x  zz  j-', 

H  whence 
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whence;.  =  L+1 1  =  ^SjLjL^^Ut,   equaf 

2a        2b        2c  2alc 

to  the  work  done  by  A  in  one  day ;    by  which  divide 

I  (the  whole)  and  the  quotient,  f-£ ,    will  give 

Ic  -^  ac  —  ab 
the  required  number  of  days  in  which  he  can  finifli  the 
whole. 

PROBLEM    XXXVII. 

To  find  three  numbers^  on  ihefe  conditionsy  that  a  times  the 
firjl^  b  times  the  fecond^  and  c  times  the  thirds  Jhall  be 
equal  to  a  given  number  p  ;  that  d  times  the  fir jl^  e  times 
ihefecondy  and  f  times  the  third^  Jhall  be  equal  to  another 
given  number  q ;  and  that  g  times  the  firji^  h  times  the 
fecondy  )3nd  k  times  the  thirds  JJjall be  equal  to  a  third  given 
number  r. 

Let  the  three  required  numbers  be  denoted  by  a*,  >', 
and  z,  and  then  we  (hall  have 

ax  ■\-  by  -^  c%  z=.  py 
dx^-  ey  -Y  fz  —  qy 
gx  -\-  hy  -^r  kz  zz  r. 

From  ^  times  the  firft  of  which  fubtra(Sl  ^  times  the 
fecond,  and  from  g  times  the  firft  fubtra<5l  a  times  the 
third,  and  you  will  have  thefe  two  new  equations, 

viz     \  ^'^^  —  ^^^  "^  ^^^  —  ^^^  —dp-^  aq^ 
Xbgy  —  ahy  +  cgz  —  akz  zz  gp  —  ar; 
or,  which  are  the  fame, 


bd  —  ae  X  y  -f  cd  —  af  X  z  =z  dp  —  aqy 
and,  bg'^  ah  X  y  -\-  eg  —  ak  X  z  zz  gp  —  ar» 
Multiply  the  firft  of  thefe  two  equations,  by  the  coeffi- 
cient of  y  in  the  fecond,  and  vice  verfa^  and  let  the  laft 
of  the  two  produ<5ls  be  fubtra£led  from  the  former,  snd  you 
will  next  have  cd — afx  bg  — ahxz  —  bd —  ae  x  eg — ak 
X  z  •=•  bg  —  alx  dp  —  aq  •^^bd'-^ae  Xgp  —  ar ;   and 

,       r  I-  i^  —  ah  X  r//>  — •  aq  —  bd  —  aex  et^ — ar 

therefore  z  —  -'- —  -^ — rzzzrr — .  ; 

cd  —  aj\  bg  —  nh  —  bd*^  aex  eg  —  ak 
whence  x  a;;^  y  may  alfo  be  fuund,      , 

Example, 
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Example,     Let  the  given  equations  be 
X  ^     y  ^         Z  =  12, 

2x  ■\-  2y  -^    42  =  38j 

3*-  +  6;^  +    loz  =  83 ; 
Or,  which  is  the  fame  thing,  let  a  =:  I,  ^  =  I,  r  =  i, 

/>  =  12,  ^  =  2,  ^  =  3»/  =  4,  ?  =  38,  f  =  35  ^  =  ^l 
j^  ==  10,  and  r  =  83  :  then  thefe  values  being  fubitituted 

above  in  that  of :.,  it  will  become  3:^x't38;^^x36^ 

2-4X      3        6-2-3X      3-10 

=  4^       47_  -.  ZZJ  — .  ^  .    whence,     alfo,     we   find 
6—-    7         -—1 

(—  ^^  —  ^^  —  ^^  ""  ^^  '^  )  —  24  —  38  — 2  —  4x5 
y^-  bd-^ae  ^  ""  2  —  3 

=  Z:l=:4,and;r(=iLlli?:Zl^)  =  iZ-ZJjZJ 
—  I  a  I 

=  3- 

Having  exhibited  a  variety  of  examples  of  the  ufe  and 

application  of  Algebra,  in  the  refolution  of  problems 
producing  fimple  equations,  I  Ihall  now  proceed  to  give 
fome  inftances  thereof  in  fuch  as  rife  to  quadratic  equa- 
tions ;  but,  firft  of  all,  it  will  be  neceffary  to  premife 
fomething,  in  general,  with  regard  to  thefe  kinds  of 
equations. 

It  has  been  already  obferved,  that  quadratic  equations 
are  fuch  wherein  the  higheft  power  of  the  unknown 
quantity  rifes  to  two  dimenfions  ;  of  which  there  are 
two  forts,  viz,  fimple  quadratics,  and  adfe<5led  ones, 
A  fimple  quadratic  equation  is  that  wherein  the  fquare 
only  of  the  unknown  quantity  is  concerned,  as  xx  z=i  ab  i 
but  an  adfe6led  one  is,  when  both  the  fquare  and  its 
root  are  found  involved  in  different  terms  of  the  fame 
equation,  as  in  the  equation  x"^  +  2ax  1=  bb.  'f  he  re- 
folution of  the  firfl-  of  thefe  is  performed  by,  barely, 
extrafting  the  fquare  root,  on  both  fides  thereof :  thus 
in  the  equation  x'^  =  ab^  the  value  of  x  is  given  •=.'\/  ab 
(for  if  two  quantities  be  equal,  theiT  fquare  roots  muft 
necelTarily  be  equal).  The  method  of  folut^on  when 
tlie  equation  is  adfeded,  is  likewife  by  extradling  the 
H  2  fquare 
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fquare  root ;  but,  firft  of  all^  fo  much  is  to  be  added  to- 
both  fides  thereof  as  to  make  that  where  the  unknown 
quantity  is  a  perfect  fquare  ;    this   is  ufually  called   com- 
pleting  the  jqiiari\  and    is    always   done*  by   taking  half 
the    coefficient    of  the    fingle  power   of    the    unknown 
quantity,     in     the    iecond   term,    and   fquaring    it,  and 
then  adding   that  fquare  to   both    fides  of    the  equation. 
Thus,   in  the  equation  xx  +  lax  zz  bby   the    coefficient 
of  X  in  the   fecond   term    being  2<7,    its  half  will  be  Oy 
which,  fquared  and  added  to  both  fides,  gives  x"^  -f  lax 
4-  ^z*  ~  b^  +  a^ ;  whereof  the  former    part    is,   now,  a 
perfect  fquare.     The  fquare  being   thus  completed,  its 
r'->ot  is  next  to  be  extracted  ;  in  order  to  which,   it  is  to 
be  obferved,  that  the    root,  on  the  left-hand  fide,  where 
the    unknown     quantity    Hands,    is    compofed  of   two 
terms,   or  members ;  whereof  the  former  is  always  the 
fquare  root  of  the  firft  term   of  the  equation,   and   the 
latter   the    half  of  the   coefficient    of  the  fecond   term  : 
thus,  in  the  equation,   x'^  -{-  lax  ■\-  a^  zz  h^  -^^  ^%  before 
tis,  the  fquare  root  of  the  left-hand  fide,  x^  -f  lax  +  t2% 
will  be  exprefled  by  ^  -f  ^  (for  x-\-a'Ax-\-azzx^-\' 
lax    +   a"^).        Hence   it    is    manifeft    that  x   •\-    a   zz. 
Vh^   -{■    a\    and    therefore  x  zz   y/ b^  +  a^  —  a;    from 
which  X  is  known.     'I  hefe  kinds  of  equations,  it  is  alfo 
to  be  obferved,  are  commonly  divided  into  three  forms, 
according  to   the  different  variations  of  the  figns  :  thus 
x'^  4-    lax  zz  h\  is  called  an    equation  of  the  firft  form  : 
** — 7.ax  zz  />*,  one  of  the   fecond  form  ;    and  x"^ —  lax 
zz  —  h^  one  of   the     third    form  ;    but    the  method  of 
extracting  the    root,  or   iinding  the   value  of  x^  is  the 
fame  in   all   three,  except  that,  in   the   laft  of  them,  the 
root  of  the  known  part,   on   the  right-hand    fide,   is  to 
be  expreflTed  with  the  double  fign  ±  before  it,  x  having 
two  different  affirmative  values  in  this  cafe.     The  reafon 
of  which,  as  well   as    of  what  has  been  faid  in  general, 
in  relation  to  thefe  kinds  of  equations,  will  plainly  ap- 
pear,   by  confidering,   that  any  fquare,  as  at*  —  7.ax  -f 
fl*,    raifed   from  a  binomial   root,  x  —  a   (or  a  —  x)   is 
compofed  of  three   members ;  whereof  the   firft   is   the 
fquare  of  the  firft  term  of  ti^e  root ;  the  iecond,  a  rect- 
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v^ngle  of  the  firft  into  twice  the  fecond ;  and  the  third, 
the  fquare  of  the  fecond  :  from  whence  it  is  nianifeft, 
that,  if  the  firrt  and  fecond  terms  of  the  fquare  be  given 
or  exprefled,  not  only  the  remaining  term,  but  the  root 
itfelf,  will  be  found  by  the  method  above  delivered. 

But  now,  as  to  the  ambiguity  taken  notice  of  in  the 
third  form,  where  x'""  —  lax  ■=.  —  ^%  or  x"^ -r  lax  4- 
a^  =  <2^  —  b^  \  the  fquare  root  of  the  Jeft-hand  fide 
may  be  either  x — a^  era — x  (for  eiiher  of  thefe, 
fquared,  produce  the  fame  quantity)  therefore  in  the 
former  cafe,  x  :=  a  -^  V  a"^  —  b"^^  and  in  the  latter, 
X  zz.  a  —  '^  a''  —  h^  'y  both  which  values  anfwer  the  con- 
ditions of  the  equation.  The  fame  ambiguity  would  alfo 
take  place  in  the  other  forms;,  were  not  the  root  [x)  con- 
fined to  a  pofuive  value. 

When  the  higheft  power  of  the  unknown  quantity 
happens  to  be  effetSled  by  a  coefficient,  the  whole  equa- 
tion muft  be  divided  by  that  coefficient;  and  if  the  fign 
of  that  power  is  negative,  all  the  figns  muft  be  changed 
before  you  fet  about  to  complete  the  fquare. 

All  equations,  whatever,  in  which  there  enter  only 
two  different  dimenfions  of  the  unknown  quantity, 
whereof  the  index  of  the  one  is  juft  double  to  that  of 
the  other,  are  folved  like  quadratics,  by  completing 
the  fquare  :  thus,  the  equation  x"^  +  2«a-^  :=z  h^  by  com- 
pleting the  fquare  will  become  ^*  -j-  '•lax'^  -\-  a"^  zz 
b  -^  a^ ;  whence,  by  extracting  the  root  on  both  fides, 
x^  •\-  a  —  ^  b  -i-  a^',  therefore  x""  ~  -/  z?  +  tf*  —  a 
and  confequently  ^  ~Vv/  b  -\-  a^  —  a. 

Thefe  things  being  premifed,  we  now  proceed  on  in 
the  refolution  of  Problems. 

PROBLEM    XXXVIIT 


To  find  that  number^  to  which  20  being  added,  and  from 
which  10  being  jubtraoiedy  the  fquare  of  the  fum,  added  to 
twice  the  fquare  of  the  remainder,  Jh  all  be  1 7475. 

Let  the  number   fought  be   denoted    by  x  ;  then,  by 
H  3  condi- 
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conditions  of  the  queftion,  we  (hall  have  IT+io]  *  +  2 
X  X — lo]*  =  17475  5  ^hat  is,  X*  +  /^ox  +  400  +  2x* 
—  40Ar+  200=  17475*  which,  contra£led,  gives  3:^* 
==  1^875.     Hence  ^^  ==  5625  ;   and  confequently,  x  = 

v^  5625  =  75. 

lAQJBJL  E31_XXXIX.  V 

To  divide  ibo  into  two  fuch  parts ^  thaty  if  they  be  mul- 
tiplied together^  the  produ^  Jhall  be  2100. 

Let  the  excefs  of  the  greater  part  above  (50)  half  the 
number  given,  be  denoted  by  x ;  then  50  +  ji?  will  be 
the  greater  part,  and  50  —  x^  the  lefTer;  therefore,  by 
the  quejiioriy  50  +  a*  X  50  —  x-^  or  2500  —  Jf *  =  2 100  j 
whence  x"^  r=  400,  and  confequently  x  =z  v  400  r=  20  j 
therefore  50  +  ^  =  70  =:  the  greater  part,  and  50  — x 
=  30  zz  the  lefs. 

ZAJ2_^ l£m  XL. 

What  two  numbers  are  thofe^  which  are  to  one  another  in 
the  ratio  0/  ^  {a)  to  $  (b)y  and  whofefquares^  added  to^ 
get  her  f  make  1666  (^j  ? 

Let  the   leffer  of  the  two  required   numbers   be  *• ; 

bx 
then,  a  :  b  :  :  X'.   —  =    the    greater ;    therefore,    by 
a 

the  quejlion^  x^  +  — ^—  =  c ;  whence  a'^x'^  •+•  ^*jkr*=aV, 


z=  _f_£ :  confequently  x  zz    ^J . 

a^'-^b'-  ^  ^  V 


a'-c 


a"-  +   ^* 

a  \l f —   zz  11  zz  lefler  number;  and —  =  35  = 

yi  a-"  -^b"-  « 

the  greater. 

PROBLEM    XLL 

Tq  find  two  numbers^  whofe  difference  is  8,  and produSf 
240. 

If  the  leffer  number  be  denoted  by  Xy  the  greater  will 
be  AT  +  8  i  and  fo,  by  the  quejlion^  we  fliall  have  x^  +  Sat 

=  240. 
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rr  240.  Now,  by  completing  the  fquare,  x^-  +  %x 
-4-  16  (  =240  +  16)  =  256  i  and,  by  extraiSling  the 
root,  .v  +  4  =  v/256  ~  16 :  whence  x  :=.  16  —  4  =: 
12  ;  and  ^  +  8  =205  which  are  the  two  numbers  that 
were  to  be  found. 

PROBLEM    XLII. 

To  find  two  numbers  whofe  difference  Jh all  he  11^  and  th^ 
fum  of  their  fquare  s  1424. 

Let  the  leiler  be  x^  and  the  greater  will  be  x  ■\-  12  > 
therefore,  hy  the  problem^  ;c  +  12]  +  a?*  =  I424>  or 
ix"^  +  24.V  f  144=  1424;  this,  ordered,  gives  a"^  + 
\lx  =:  640;  whiclj,  by  completing  the  fquare,  becomes 
a:2^  -f  I  ax-  -f  36  (=:640  +36)  =  676 ;  whence,  extra6t- 
ing  the  root  on  both  fides,  we  have  a*  +  6  zi  (V^676) 
36  ;  therefore  x  r:  20,  and  x  +  12  z=  32,  are  the  two 
numbers  required. 


For   {3?^-!^.=  " 


32^  +  20*=   1424, 


PROBLEM    XLIIL 

To  divide  36  into  three  fuch  parts^  that  the  fecond  may 
exceed  the  firjl  by  4,  and  that  the  fum  of  all  their  fquares 
may  be  464. 

Let  X  be  the  firft  part,  then  t1ie  fecond  will  be  j?  +  4  ; 
and,  the  fum  of  thefe  two  being  taken  from  (36)  the 
whole,  we  have  32 — .2*-,  for  the  third,  or  remaining, 
part;  and  fo,  by  the  queflion^  ;c*  -f  a:  +  4]  "^  +  32  —  2^-]  * 
•=z  464,  that  is,  i^x'^ —  120^"  +  1040  n:  464;  whence 
6jf^ —  I20;c  rz  —  576,  and  a-* —  10 x  =.  —  96.  Now, 
by  completing  the  Iquare,  ;c* —  20 a- +  lOO  (  =z  lOO 
—  96)  ~4;  and,  by  extrad^ing  the  root,  x — 10  =z 
q:  2.  Therefore  a*  rz  1  o  q:  2,  that  is,  j*?  zi  8,  or  a*  = 
12;  fo  that  8,  12,  and  16  are  the  three  numbers  re- 
quired. 

PROBLEM    XLIV. 

To  divide  the  number  ICO  (a)  into  two  fuch  parts,  that 
their  product  and  the  difference  of  their  fquares  may  be 
equal  to  each  other. 

H4  Let 


]t 


104.  The  Application  of  Algebra 

x^x^s.ioo»i>  ^zo^x    Let  the  leiTer  part  be  denoted  by  ;f,  then  the  greater 

-— Ar%  that  is,  ^^a-  —  x*  z=:  a*  —  z^x ;  whence  x^  —  3^x' 
=r  —  a^  ;    and,  by    completing    the   fquare,    x"^  —  3^*- 

\                            4-  -i—  zz  (  —  a^  -\-   -5f_  )  If— ;ofwhich  the  root  being 
^  4  4         4  

extradlcu,  there  comes  out  x —  ^   rz  ±     /  5^^      ^j^j 

therefore  a-  =  ^  ±  ^JfL.     But  ;<•,  by  the  nature  of 
the  problem,  being  lefs  than  ^,  the  upper  fign  (  +  )  gives 

A- too  great;  fo  that  a-  =  ~—  J  Jfl^  =  38,19658, 

V.  ^  *       4. 

^c,  mufl  be  the  true  value  required. 

PROBLEM    XLV. 

The  fumy  and  the  fum  of  the  fquare s^  of  two  numbers 
being  given ;  to  find  the  numbers, 
*"(/ "  *^  Let  half  the  fum  of  the  two  nljmbers  be  denoted  by  Oy 

\i^\t:  half  the  fum   of  their  fquares  by  ^,  and  half  the  difFeience 

^  of  the  numbers  by  A* ;    then   will  the  numbers  themfelves 

^  fO  ^  be  reprefented    by  a — a-,  and  «  +  ^j   and    their    fquare§ 

-  ^'-fl  by   d^ —  ^ax  +  a-%  and  d^  +  ^ax    +  a-^;  and  fo    we 

=  4T-M*-  have  a^  —  lax  +  a-"  +  ^*  +  a^;*;'  +  ;f^  =z  2/v,  />y  the  quef- 

' — -  iion.     Which  equation,  contra61:ed  and  divided  by  2  gives 

'3    '**'^  t7*  +  .v*  n  ^  ;    whence  x"^  z=.  b — fl%   and  confequently 

'H^' a\UM ■%■»}■  X -=.  ^ b — <?*  .     Therefore    the    numbers    fought    are 

1  m   1    o  —  ^b—a\  and  ^  4-  /  />  —  ^^ 

j^l^u^i^n^  PROBLEM    XLVI. 

[,1  «        t,    -I  /    1    The  fum^  and  the  Jum  of  the  cubes  of  two  numbers  being 
^-^tL^tU.  ^^'^ given  ;  ^^/«i  the  numbers. 

'^'^'i       Let  the  two  numbers  be  exprefied  as  in  the  preceding 

"ii.Az.  4I     ^     'xproblem,  and  let  the  fum  of  their  cubes  be  denoted  by 

Jl- — ZtT^'^c.     Therefore  will  a  —  x]'  -i-  a  -{■  x] ^  =  c,  that  is,  by 

'  >\i>^a\*Jjt^'^^)^inwo\uiion  and  reduction,  2^^    +    bax"^   =:   c  ;   whence 

tax^ 
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c 


=  ---»_  ,  and  AT  n 

ba  oa        s 


6ax^  =z  r  —  2a^y  x^ 

.(PROBLEM    XLVII. 

^hefum,  and  the  fum  of  the  hiquadrates  (or  ^th  powers) 
of  two  ft  umbers  being  given;  to  find  the  number  s. 

TJie  numbers  being  denoced  as  above,  we  (hall  here 
have^-^;^|*^-i-T'+  ;^|'^  z=  d^  that  is,  2^*  +  I2^*.r^  + 
2^-*  =  d ;  from  which,  by  tranfpofition  and  divifion, 
A-*  4-  6^V^  zz  \d — 5*;  and,  by  completing  the  fqiiare, 
x'^  +  ba-x^  +  9«*  ~  \d  -^  8^'^ ;  whence  .y"-  -4-  yi^  — 
V'i^+B^*  J  and,  confequently,  x  ==  ^ — ^a^  +  ^Jj:f^a\ 

PROBLEM     XLVIIL 

The  fumy  and  the  fum  of  the  ^th  powers  of  two  numbers 
being  given  j  to  find  the  numbers. 

The  notation  in  the  preceding  problems  being  flill 
retained,   we  fhall  have  2a^  -\'ilOa^x'^ -\-  loax"^  =2  e -,    and 

therefore  x*  +  2a^-x^  —  —  — ;  and  a:^  -f   «^  zz: 

lOa  .       s 

JTIT^'.  whence  x  =  J^'_L    .    Ifl  _   . 
^   loa^   S  ^         loa  ^      S 

PROBLEM    XLIX.  

TVhat  two  nmnbers  are  thofe^   whofe  produ^  is  \7.0  [a\  -^^y  - /^^  ^ 

and  if  the  greater  beincreafed  by  8  {b}^  and  the  leffer  by  ^^e       ^'  ~if^ 

5  (c)y  the  -product  of  the  tWD  numbers  thence  arifing  Jhall  -u-,-?  ' 

befpjj'[d)?  x.Z^7sx   kO'Se 

-If  the  gceater  number  be  denoted  by  a*,  ,and  the  lefler  *^'^^   ^^     ^  ^' 

by  ;»  we  (hall  have  x^-r-^i^-t-f^x  ^^^o 
xy  zn  a^  and  '»•     • 

x-i-bxy-hc—  dy   by  the  conditions  of  the  queftlon,  ^'^r^^ 

Subtract  the  firft  <f  Hiefe  equations  from  the  fecond,  and  *#r-<'^=-    ^60-^ 

you  will  have  x  -{-  b  x  y  -{■  c  —  xy  ~  d  ^  a^  that  is,  au^rioc     "7"* 

ex  -^  by  -\-  he  ■=.  d  ^  a  \  where  both  fide^  being  multi.  ^-     '=  it^^i^- 

plied  *' 

X 

5"     '    'I  -  -  - 
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plied  by  x  (in  order  to  exterminate  y)^  we  thence  have 
ex*  +  bxy  +  hex  :=.  dx-^ax  ;  but  xy  being  —  a-^  there- 
fore is  bxy  =:  ah^  and  confequently,  by  fubftit^ning  this 
value  in  the  laft  equation,  cx"^  -\-  ab  -\-  hex  z=.  dx  —  ax^ 
whefice   ex*  -\-  hex  -\'  ax  —  dx  •=.  "^  ab^  and  therefore 

AT*  -{■  bx  -\-  — =  — —  i  which,  by  making /= 

c  c  c 

^(z=28),   will  become  a-*— /v  =  —  — » 

c         c  c 

hence  x'^  —fx  +  -J/'  =  —  f^  +  J/%  *•  —  \f~  ± 

Vi/'-^A    and.=  i/±   ^\r-±  =  i6, 
or  z=  12 ;  and  confequently  ;?  (  —  )  =:  lO,  or  =z  7,  5. 
For   PAii_i5.=  H2 

ll2-f      8x10  +  51=  300. 

Alfo  j-^^7.5^'20 

1 16  +  8  X  735  +  5  =  30^- 

^);  .  PROBLEM    L. 

To  find  two  numbers^  fi)  that  their  fum,  their  produSf^ 
and  the  difference  of  their  fquares^  may  be  all  equal  to  one 
another. 

The  greater  being  denoted  by  Xy  and  the  lefTer  by  y, 
we  have  a-  +  y  —  xy^  and  ^  -f  y  —  at*— y'' :  the  lalt  of 
thefe  equations,  divided  by  ^  +  y,  gives  i  ~  x — y; 
whence  a*  =z  i  +  yj  this  value,  fubftituted  for  x  in  the 
firft  equation,  gives  i  -^  2y  zz  y  -\-  y^  \  therefore  y* — y 
=r  J,  and  y  =  |  +  "/  ^  ;  confequently  *•  (i  +  y)  zz  -^ 

PROBLEM    LL 

71?  divide  the  number  \oo{a)  into  two  fitch  partSy  that  the 
fum  of  their  fquare  roots  may  be  14  {b). 

Let  the  greater  part  be  a-,  and  the  lefler  will  be  /7  —  *•; 
therefore,  by  the  problem^  y^x-i-V^a^-^xzzby   and, 

by 
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by  fquaring  both  fides  x  +  2V^  ax  —  xx  -\-  a  —  .v  rr  bbi 
whence,  by   tranfpofition   and   divifton,    V  ax  -^  xx  ■:=. 

'            :    therefore,    by    fquaring  again,     ax  -^^  xx  =: 
. !— ,orAr*  — <?;f  =:  ( )    = + 


lab'-^b'^  ^    a 


b^a  a"  ^  a  I 

—  — ,  and  X  z=.    —  +  V 

24  2   ^    V  4  2 

^      — _. 

—  Y2a  —  />*    =  64  rz  the  greater  part  j  whence  a^-^x 

~  36  =  the  lefler  part. 

PROBLEM    LTI. 

A  grazier  bought  in  as  many  Jheep  as  cojl  him  60I.  out 
of  which  he  referved  1 5,  and  fold  the  remainder  for  54I, 
and  gained  two  Jhillings  a  head  by  them :  the  quefflon  is^ 
how  many  Jheep  did  he  buy^  and  what  did  they  co/i  him  a 
head? 

Let  the  number  of  {heep  be  *•;  then  if  1200,  the 
number  of  (hillings  which  they  all  colt,  be  divided  by  x^ 

the  quotient, ,  will,  it  is  evident,    be  the  number 

X 

of  (hillings  which  they  cofl  him  apiece ;  and  fo  the 
number   of  (hillings   they  were  fold  at  per   head    will 

be -f  2,  by  the  queftion ;    and  therefore  this,  mul- 

X 

tiplied  by  jc  —  15,  the  number  of  (heep  fo  fold,  will  give 
1^00  +  2Ar  —  J — 2£  —  30,  equal  to  the  whole  number 

X 

ofihillmgs  which  they  were  all  fold  for;  that  is,  1170 
-\-  ix  — ~  1080  :  hence  we  have  iinox  +  2Jtf* 

X 

< —  18000  =  1080-V,  ix"^  -f  Qpx  zz  1*8000,  x^  +  45Ar  =: 
9000,  and;^  =  -/ "9506.25  —  22.5  =7',  the  number 
of  (heep;  and  confequently =:    16    ihillings,  the 

Mice  of  each. 

PRO. 
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PROBLEM    LIU. 

l^wo  conntry-ivom^n,  A  and  B,  betwixt  them  brought  rOD 
(c)  eggs  to  market ;  they  both  received  the  fame  fum  for  their 
eggs,  but  A  (who  had  the  largcjl  ard  hefi)' fays  /a  B,  Had 
i  brought  as  many  eggs  as  you  I  Jhould  have  received 
a 8  (a)  pence  for  them  ;  buty  replies  B,  had  I  hreught  m 
more  than  youy  I  fh:uld  have  receivdd  otly  8  [b  ]  pence  for 
mine  :  the  queftion  is^  to  find  huw  many  eggs  each  perfon 
had. 

If  the  number  of  eggs  which  A  had  be  =  a-,  the 
number  of  B's   eggs  will  be  =:  f  — a-  ;  therefore,  by  the 

problem,  it  will  be,  i: —  x '.  a  :  :  x  :  ~    the    num- 

*  c  —  X 

ber  of  pence   which   A  received  ;   and  ?iS  x  ;  b  :  :  c  -^  x-, 

, —  the  number  of  pence  which  B  received  : 


whence,  again,  hy  the  problem, — ;  and 

C X  X 

therefore  ax"-  —  b  y.  c  —  x^    =  ^^^  —  2^rAr    +  bx^ ; 
.   "  .  .  2/"^^  bc"^ 

which  equation,  ordered,  gives  x^  -f 


a  — b         a  —  A 


from  whence   x  comes  outj(  r=     / f 

\    a  —  b 


;n:T|' 


he      V  ^V^ah  —  he  T>   .  .u         1         r 

)  =    =z  40.    But  the  value  of  a:  may 


a  —  b  a —  b 

be  otherwife,  more  readily,  derived  from  the  equation 
ax"^  =  ^  X  c  —  x\-,  without  the  trouble  of  completing 
the  fquare  ;  for  the  fquare  root  being  extracted  on  both 
fides  thereof,  we  have  x  ^y  a  z=.  c  —  x  x  >/  b  \  whence 
X  >/  a  •{-  x^/  h  zn  c  ^b,  and  confequently  x  zz      ^^ 


lOOv^  8  IOOv/4  t   r 


PRO- 
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PROBLEM     LIV. 

One  Bought  120  pounds  of  pepper^  and  as  many  ofgir^er^ 
and  had  one  pound  ofgingermorefor  a  crown  than  of  pepper  \ 
and  the  uuhJe^rlce  of  the  pepper  exceeded  that  of  the  ginger 
by  fix  crowns  :  how  many  pounds  of  pepper  had  he  for  a 
crown^  and  how  many  of  ginger. 

Let  the  number  oF  pounds  of  pepper  which  he  had 
for  a  crown  be  a-,  and  the  nujiiber  of  pounds  of  ginger 
will  be  ;f  +  I  ;  moreover,  the  whole  price  of  the  pep- 
per will  beli2  crowns,  pnd  that  of  the  ginger        ^^^ 


X  A-  +   I   ' 

therefore,  by   the   queflion^ , =6;  whence 

X  X  -\-  I 

iiox  -f  120  —  120;^  =  bx'^  +  6r,  and  therefore  x^  -f  ;r 

z=  20  ;  which,  folved,   gives  x  -zz  ^  zz    the   pounds  of'' 

pepper,  and  x  -^  1  =  5  =  thofe  of  ginger. 

PROBLEM     LV. 

To  find  three  numbers  in  arithmetical  progreffion^  whereof 
thefum  ofthe  jquares  Jhallbe  1232  (a)^andthefquareofthe 
mean  greater  than  the  produSi  of  the  two  extremes  by  16  [b). 

Let  the  mean  be  denoted  by  a-,  and  the  common  dif- 
ference hy  y  ;  then  the  numbers  themfelves  will  be  a-  —  )», 
,v,and  X  -^  y  ;  and  fo,  by  the  problem^  we  fhall  have  thefe 
two  equations, 

X  — y  I  -t  x'^  -k-  X  -\-  y\  ±:  a,  and 
x"^  zz  X  —y  X  X  -i-  y  -\-  b  :  theCe,  contra6led,  become 
3r^  +  2/"  =^  a-i  and  x^  —  x'^ — y^  -^  b,  from  the  latter 
whereof  we  get;^^  —  b  zz  \6  \  and  confequently  >  = 
v.  i)  •=•  \',  which,  fubflituted  for;^  in  the  former,  gives 
3.v^  -{•  lb  zza-,    whence  A-^  =  IZlL. ,   and    therefore 

.——^  3 

X  —  y ==  20  ;  fo  that  the  three  required  num- 
bers are  16,  20,  and  24. 

16^  -f  20.*  +  24^=  1232, 
20* —  16      X   24  rr  16. 

PRO- 


i 
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PROBLEM    LVI.  ^z 

To  find  two  numbers  whofe  difference  Jhall  he  lO  (a)y 
and  if  6oo  '\b)  he  divided  hy  each  of  them^  the  difference  of 
the  quotients  Jhall  olfo  be  equal  to  lo  (a),  2^) 

The  lefTer  number  being  reprefented  by  jr,  the  greater 
will  be  reprefented  hy  x  -\'  a^  and  therefore,  by  the  pro' 

hlem =z  ^;     which,    freed  from    fra6lions, 

X        X  -\'  a 

gives  hx  -\-  ha  —  bx  ^z  ax^  +   cV,  that  is,  ba  =:  ax"^  -f 

a'^x  ;  whence,  dividing  by  j,   and  completing  the  fquare, 

we  have  x'^-i-ax  -{-  \  d^  zz  b  -\-  ^a'^  \  therefore  x-\-  \a-=i 

\/b  +  \  ^%  and  confequently  x  =z  ^b  +  ^a^  —  j-  a  zz.  20, 

the    leffer   number,  whence   x  -^  a  zz  30,  the  greater 

number. 

PROBLEM    LVIL 

1  'jt  To  find  two  numbers  whofe  fum  is  80  (^),  a7id  if  they  be 

[^        \   '    ^(^        divided  alternately  by  each  othery    the  fum  of  the  quotients 
0  X.     "Ts*       Jhall  be  2.\  [by 

If  one  of  the  numbers  be  Xy  the  other  will  be  tf-— a-, 

and  we  (hall  therefore  have  4. =  b  :  which 

a — X  X 

equation,  brought  out  of  fractions,  becomes  x"^  •{■  a"^  — 

H-ax  +  A*  zz  abx  —  bx"^  ;    and   this,    by   tranfpofition, 

gives    2x^  H-   bx"^  —  lax  —  abx    zz   —  a\  that  is, 

2  -^  b  X  x'^  —  2  -j-  b  X  ax  zz  —  <2*  j  whereof  both  fides 

being    divided    by  2    +    /»,  we  have  x^  —  ax  zz  — 

— r—ri  whence,  by  completing  the  fquare,  x"^ — ax  + 
2  -T  b 


^zz^— -;  hence  x-^-la  —  ±^ ^- 

4        4       2  +  ^ ^4      o-^l* 

and   ;f  =  -i  ±      /^ f!  =  60,  or  =  20  ;  which 

2         V   4      2  +^ 
two,  are  the  numbers  that  were  to  be  found. 

PROBLEM    LVIIL 

To  divide  the   number    134  (a)    into  three  fuch  partSy 
that   once  the  firjly  twice  the  jecond-,  and  three    times   the 

thirdy 
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third,  added Jogetker,  may  be  zz  278  (^),  and  that  the  fum 
of  the  fquares  of  all  the  three  parts  may  be  ■=.  6036  [c). 

Let  the  three  parts  be  denoted  by  x^  y,  and  z,  refpec- 
tively ;  then,  from  the  conditions  of  the  problems,  we 
fhali  have  thefe  three  equally -ns, 

X     -\-    y     -\-    z    zz  ay 

X     +  2y    +  2-^    =  ^^ 

x"-    4-    >"   +    z"-  =  c. 
Let  the  firft  of  thefe  equations  be  fubtra(fted  from  the 

fecond,  wheri cc  y  -i-  2z  zz.  b  —  a,  or  y  =.  b  —  a 2z- 

alfo,  if  the  double  of  the  firft  be  fubtra6ted  from  the 
fecond,  there  will  come  out  z-^  x  —  b  —  2^,  or  x  zz  z 
-f  2a  — b  :  wherefore,  if  /  be  put  :zz  b  — ^  (  =  144), 
g  ^  h  —  za  {  =:  10),  and  for  y  and  a*,  their  equals  f — 2z 
and  %  — g,  be  fubftitutcd,  our  third  equation,  x^  -f  y* 
+  z*  :z:  r,  will  become  zz  —  2^z  -f  gg  -f  ff —  4/3 
-f    4ZZ   -f-   zz    zz    c ',    which,   ordered,    gives    z^   — 

L  X  z  zz  IZLLJZI^j    whence,  by  putting  h  =: 

— ^ —  (  =  "^T"^'  ^"^  completmg  the  fquare,  &c,  z  is 

found  =  L  +  JiZZLzLiL  Z^(  ~  H9  _,  I  )_ 

50  :  therefore jF  (  =/—  2z)  =  44>  and  ;^  (  ==  2  —  ^> 
=1 40.  V  6  y 

PROBLEM    LIX. 

Atr^aveUerfets  out  from  one  city  B,  to  go  to  another  C,  at  .t«e»i^>^,  /  ' 
the  fame  time  as  another  traveller  fets  out  from  CforB  ;  they  fKl  rf  "Z  T  ^^ 
both  travel  uniformly,  and  in  [uch  proportion,  that  the  former  ^T'-^^T'^'''^'^'^^ 
four  hours  after  their  meeting,  arrives  at  C,  and  the  latter  .  ^""^  '**^'  a.^ana/1 
at  B,  in  nine  hours  after  :  now  the  quefiion  is  to  find  in  '^*^^'^' '^  U^ 
how  many  hours  each  perfon  performed  the  journey,  '^^^'npU  rhul^   \ 

Let  D  be  the  place  of  meeting,  and  put  ^  =  4,  >^  =  g,  iUUr^  ^1 
and  X  zztne  number  of  hours    they   travel    before   they  Je^Ji  .^ V^"^ 
meet :  then,  the  diftancs  gone  over,  with  the  fame  uni-  .f  "^t^  "^'1 
form  motion,  being  always  to  each  other  as  the  times  in  7;"^%  '^^'^^^ 

wlilch  ^  ^  7  Wi.»  A^/^e*.  ;^ 

^  if  ^^'f^  '-^'^'^  *^  ^  -'^'iJ*^  ^» 


c** 

*3f 

X 

^  J'iir 

-     ^/ 

9*? 

^ 

-   ;f-»- 

5/^*^ 

.'^ 

^   7  -t 

r,n^. 
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u,. 


Ufu^JL. 


which  they  are  delcrlbed,  we  therefore  have,  BD  ; 
DC  :  :  r  (the  time  in  which  the  firft  traveller  goes  the  \ 
diilance  BD)  :  a  (the  tinie  in  which  he  goes  the  diftance  \ 
DC)  :  and  for  the  fame  reafon,  BD  :  DC  :  :  b  (the  time 
in  which  the  fecond  goes  the  diitance  BD)  :  x  (the  time 
in  which  he  goes  the  diftance  DC)  :  wherefore,  fmce  it 
appears  that  ;v  is  to  ^  in  the  ratio  of  BD  to  DC,  and  b  to 
X  in  the  fame  ratio,  it  follows  that  x  -.  a  ::  b  :  x-^  whence 
jf*  zz:  ab^  and  x  zz  \/ ab  ( zz  6)  ;  therefore  a  +  \/^^  z=iO, 
and  b  -\-  V  ab  z:  15,  are  the  two  numbers  required. 

PROBLEM    LX. 


1^:%C  ■.\i\-.^S:) 


5^ 


There   are  four    number i   in    arithmetical  -progrejftony 
f'Stutri- ,r^iiAifJJt4.^u:^  whereof  the  produSi  of  the  extremes  is  3250  (a),  and  that 
of  the  means  330O  [b]  :  what  are  the  numbers  F 

Let  the  lefler  extreme  be  reprefented  by  ^,  and  the 
common  difference  by  a-;  then  the  four  required  num- 
bers will  be  expreffed  by  y,  y  -j-  x^  y  +  2x^  and  y  +  3;r : 
therefore,  by  the  queflion^   we  have  thefe   two  equations, 

^  X_^  -f  3Jf,  or;;*  4-  i^xy  z=l  a,  and 

y  -\-  X  X  y  -{■  2Xy   or    y"^  +  "^xy   +  2;^'^  =  b  ;   whereof 

the  iormer  being   taken  from    the  latter,  we  get  ^x"^  =: 

b  — a:  and  from  thence  x  zz  J^  —  ^  —   5.       But,   to 

2 
findj>'  from  hence,  we  have  given  y'^  +  3A-y  z=  ^  (by  the 
firft   ftep)  ;    therefore,  by  completing   the   fquare,  ^c. 

y  ~  yj  a  -{■  z: 2I  —   _5o:   and  io  the   four   num- 

42^ 

bcrs  arc  50,  55,  60,  and  65. 

PROBLEM    LXL 

The  fum  (^,0),  andthefum  of  the  fjuares  (^oS)  of  three 


'^y>io,L[i[fQ.  numbers  in  arithmetical  progrejfon  being  given;  to  find  th^ 
sF,  numbers. 
^j^  _  j^  Let  the  fum  of  the  numbers   be   reprefented  by  3/i, 

x      i^V^  i„  ,  the  ^""1   of  their  fquares   by   r,  and  tlie  common  diffe- 


rs 


lO-i 


■^-^iact/^x 


J'rence  by  x :  then^   fiiice   the   middle  term,  or  number, 

from 


,a 


^Xu  ^ux 


'X>S. 


^^  iS'^IS^^Y  ^%i 
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from  the  nature  of  the  progreflion,  is  —  Z-,  or  |-  of  the 
whole  fum,  the  leaft  term,  it  is  evident,  will  be  ex- 
prefled  by  ^  —  ;f,  and  the  gre^.teft  by  h  -\-  x  ;  and 
therefore,  by  the  quefiicn^  we  have  this  equation 
b  —  x\'^  -{■  b'^  +  b -^  x]"^  n  c 'y  which,  contra Aed, 
gives  3^^   +  2x~   ~  c  ;    whence  2x^   =t  c  —   ^b\    an4 

X  :iz  \ilZA—  =-:  2.     Therefore  8,  lo,  and  I2j  are  the 
2 

three  numbers  fought. 

,r?     V  PROBLEM    LXII. 

*  ,  » 

Having  given  the  fum  (b)^  and  the  fum  of  the  fquares 
(c)  of  any  ^iven  number  of  terms  in  arithmatical  progref^ 
fion  \  to  find  the  prqgreff.on. 

Let  the  common  ditterence  be  ^,  the  fird  term  x  -{-  e^ 
and  the  number  of  terms  n :  then,  by  the  quejiiony  we 
fhall  have 

-y  -f  g  -|-  .r  +  i.e  +  -y  -f  3^  .  ,  ,  ,  »  ,  x  -Y  ne  -zz  b^  and 
X  +  e\  '^  +  JT^l  ^  +  -v  +  3^]  "" ^-f~«^]  ""=  r, 

But  (Z^^  Se^ion  10.  T^it^^.  4  )  the  fum  of  the  firil  of  thefc 

proctrefTions  is  nx  +  — I —  :    And  the  fum  of  the 

2 

fecond     (as  will    be    (liewn  further   on)   is   rr    nx'^   + 


n  ,n  '\-  I  .  2??  -f-  I  .  f  "^ 


7?  .  «  -f  I  ,  xe  ■\ *- '-r~ T-^ —  :  therefore  our 

b 

two  equations  will  become 

n  .  n  +  I  .  e        j        ■, 
nx  + ! =  b,  and 


n  .  n  -\-   I  .  2«  -f    I  .  f * 


nx'^  -{-  n  ,n  -\-  I  .  xe  -{-  

o 

Let  the  former  whereof  be  fquared,  ^nd  the  latter  mul- 
tiplied by  «,  and  we  fhall  thence  have 

11 
..  .       r    »     w*   ^     .   .  ..    -r '-^  =  b%   zni 

4 .^ 

1  -,    ,      1     — ; — r  n^  .n-\-l  ,ln-\-l  .e^ 

6 
I  let 
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let    the  firft  of  thefe  be  fubtrr.£ted   From   the    fecond^  f» 


fliall  '^'  • '' 

-»-  r  . 

2^?   4-  I   . 

.'^    ) 

n"-  . 

.+  r^ 

But  «'-^ 

1 
4-  I 

b 

.  2.11  -^    I 

n" 

.  n 

4 

is  =  «^  .  7Z  -f  I  X 
+  4  — 6;?     6 

6 
l_tl 

4 
2w- 

-2         «^ 

4 

'In  -\-    \      7 

n  -f 

6 

24 

.  « 

+ 

I  .  «  — 

-I_;r-.«"-—  I. 

Therefore 

2 
n'  . 

4     ~ 
,  «^  —   1 

12 

;  whence 

4 

h 

12 

12 

-  h^-i    and    ^    =r 

.^I2nc^ 

l2/»^- 

-   «  -f- 

I  .^\.   , 
/  IS  known. 

n"-  y.  n- —  I  ^    "^  ^  ^ 

Example  :  Let  the  siven  number  of  terms  be  6,  thefr 
fiim  33,  and  the  fum  of  their  fquares  199;  then,  by 
writing  thefe  numbers,  refpectively,  for  «,  b^  and  c.  we 
{hall  have  e  •=.  \  \  whence  a-  ~  2,  and  the  required 
r.umbers  3,  4,  5,  6,  7,  and  8. 

PROBLEM    LXIIL 

^\vo  prjt-ccys  A  and  h  fc'f  out^  at  the  fame  time  ^  fm7i 
two  cities  500  ?7:i!es  afur,der^  in  order  to  tncct  each  ether :  A 
rides  60.  miles  thefi'-fiday^  55  the  Jeccind^  50  the  thirds  and 
fo  on^  dccreafm^  5  miles  every  day  :  but  B  goes  4.0  miles  the 
prjl  day^  45  tJje  Jecondy  50  the  thirds  &c.  incrcafing  5 
7ndes  every  day  ;  new  'it  is  required  to  find  in  what  number 
ej  days  they  ivill  meet. 

In  order  to  have  a  general  folution  to  this  problem, 
let  the  firft  day's  diftance  of  the  pof!  A  be  put  rr  w, 
and  the  dillance  which  he  falls  (hort  each  day  of  the 
preceding  zz  d;  alfo  the  firft  day's  diftance  of  the  poft 
B  :=:  py  and  the  diftance  which  he  gains  each  day  —  ^  ; 
and  let  x  be  the  required  number  of  days  in  which  they 
meet :  then  the  whole  diflance  travelled  by  A  will  be 
exprefl'ed  by  the  following  arithmetical  progreflion, 
m.  -\r  m  •'^d  -f  m —  id  -^  7a-^^  yiy  &c,  and  that  of  B  by 
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p-{-p-{-e~{-p  +  2e  -h  p  +  y-t  <^c.  where  eacli  pro- 
grelHon  is  to  be  continued  to  x  terms.  But  the  fum  of 
the  firft  of  thefe  progrcllions  {hy  Sell.  10.  T/jcor.  4.)  isz::^ 

XX X  —  I    X  d  ,     .  ^    ,      ^ 

mx J    and  that  of  the  fecond  z=  px  + 


XX  X       I  X  e  .   (herefoj-e  thefc  two  laft  expreffions,  add-? 

2 
ed  too-ether,  muft,    by   the   conditions    of  the  queftion, 
be  equal  to  500  miles,  the  whole  given  diftance  ;    which' 
we  will  call   ^,   and  then    we   (hall  have  p  -^  ?n  X  x  -{- 

"  X  ^^^  ><^^^^  =  i,  or/x  +  ^"  X  "-'  =  i,by 

2  •  2 

writing/ i;^:  p  -\-  n?^  and  g  T^e  —  ^/;   which  equation  is 
reduced    to  gx^   ~^  gx   -\-  2/x    ~    2b,   or  x''  — x  -f- 

>!__  ~  — ,  J  whence,  by  completing    the  fquare,  is'c,  x 
g  Z 

comes  out -^ if  ^/._i_      _  /  ,   i..     But  in 

i        g        2   I  ^2 

the  particular  cafe  propofed,  the  anfwer  is  more  fimple, 
and   m.ay  be  more  eafily   derived  from  the  firft  equation 

— XXX —  I  X  e — -d  ^  I      r  I    •  , 

p  4-  mXx+ ^  i  ^ovy  e  bemg  15:  d^ 


". i — 1^ -L will  here  entirely  vanifh  out  of  the 

I, 
equation ;   and  therefore  x  will  be  barely  z=: 


p    +   m 


~  5.     The  fame  conclufion  is  alfo  readily  de- 


40   H-   60 

rived,  without  algebra,  by  the  help  of  common  arith- 
rnctic  only  :  for  feeing  the  fum  of  the  two  diftanccs  tra- 
velled in  the  firlt  day  is  lOO  miles,  and  that  the  poll  E 
increafes  his  diftance,  every  day,  by  juft  as  much  as  the 
poft  A  decreafes  his,  it  is  evident,  that  between  them 
both,  they  muft  travel  100  miles  every  day;  therefore, 
if  JQQ  be  divided   by   100,  the  quotient  5  will   be  the 

I  2  Dumbep 
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number  of   days,  in  which  they  travel  the    whole  503 
miles. 

PRORLEM     LXIV. 

Two  perfonSy  A  and  B,  fet  out  together  from  the  fame 
plnce^  and  travel  both  the  fame  way  :  A  gOiS  8  jniles  the 
firfi  da)\  12  the  jecond^  16  the  third^  and  Jo  on^  increaftr.g 
4  miUi  every  day  :  hut  B  goes  I  mils  the  firfl  day^  4  the 
fecond^  9  the  thirds  and fo  on^  according  to  thefquare  of  the 
number  of  days  :  the  queflion  u^  tofind  hoiu  many  days  each 
muji  travel  before  B  comes  vp  again  with'  A, 

Let  (4)  the  common  difference  of  the  progiefnon  8, 
12,  16,  i^c.  be  tut  nr  ^,  and  the  firft  term  thereof  rninus 
the  faid  common  cnfftrence  =  w,  and  let  the  number  of 
terms,  or  the  days  each  perfon  travels,  be  exprefled  by 
x:  then  the  fum  of  that  progreflion,  or  the  number  of 

X  ^  X  -4-   \  y(  c 

miles  which  A  travels  will  hz  x  X  ^  + 

2 

(by  SeSi,  10.  Theor.  4.)    And    [by  what  folloivs  hereafter) 
the  fum  of  the  progreilion  1^-4  +  9...  .a^%  or  the  di(- 

tance  travelled  by  B,  will  appear  to  be  f^x^H  X  ^-^  ^- 1. 


,  c  r         f  /?•  U  Jl'  X    A    +    I     X    2X   -f    I 

therefore,  by  the  quefiion^  we  have    L — 

n  mx  -f    "^     ^^ :    which,   divided   by  x  and  con- 

2 

traaed,giveslfl±#^li^==^«+   l^'^— i    whence 


,^-4.1f__  J!^z=3,v.4-    ^~-L;and,byccn,- 
22  22 

pletmor  the  fquare,  .v*  -f    -^  —  jI—    -f   ^ —.   ^ 

^         ^  ^  2  2l')l6 

9!l    f  zi  ^-^  +    11  ^  JL  .}-    ^  -  Ll^    +?!!=: 
i6      ^        '^  2  2  i6         jb  lb 

«  + 
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«+-3 Jl  r=Vf8'"  +  "^"S:,     and    ;.     = 


4 


7  48 


'^  '    ^  '^ L.  ?:  7,    the  number  of 


4 
days  required. 

PROBLEM    LXV. 

T'he  fum  of  the  fquares  fa^)  and  the  continual  produ^ 
(b)  of  four  numbers  in  arithmetital  progrejfion  being  given', 
to  find  the  nu?nbers. 

Let  the  common  difference  be  denoted  by  2x^  and 
the  lefTer  extreme* by ^  —  3^;  then,  it  is  plain,  the 
other  three  terms  of  the  progrrifion  will  be  exprefled  by 
y  —  x^y  +  ;f,  andy  +  '^x  refpeclively ;  and  fo,  by    the 

queftion^  we  have 


y  —  3^      xy  —  X      Y.  y  -^  K      X.  y  -^  ^x  zz  by 
that  is,  by  reduflicn, 

4y^  +  20a'^     =  ^,  and 

from  the  former  of  which  y"^  rz  la  —  ^x'^ :  and  there- 
fore y*  zz  ^  a"^  — I  ax^  •+  25^*:  thefe  values  being 
fubftituted  in  the  latter,   we  hare -*-^^^  — I^a-^ -f  25^-* 

Icix""  +  50^-*  +  9^*  =  ^>  and  therefore  ;c+  —  :5fl- 

84 

=  — . ; . ;  whence,  by  completins;  the  fquare 

84         16x84  '     ^  "^        ^  ^ 

,        Kax^  Icifi'^  f         b  a^ 


84  ^  4  X  84  X  84  '       84  ^   84    X   84;  "* 

?lLt„f!;  therefore  x^ ^5^  -    ^  ^^^^  +  ^^ 

84    X    84  2    X    84-  84 

and  .   =   y5^^M.±^'.     ^j^^„^^    ^    (    ^ 

V'i^  —  5^*  )  is  alfo  known. 

1 3  PRO- 
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PROBLEM    LXVI. 

The  difference  of  the  means  (a)^  and  the  difference  of  the 
'extremes  (h)  of  fo-ur  numbers  in  csnt'mued  geometrical  pro- 
portion  being  given ;   to  find  the  numbers. 

Let  the  lum  of  the  means  be  denoted  by  x ;  then  the 

greater  of  them  will  be  denoted  by  Z ,  and  the  lefTer 

2 

by  ;  wijenccj   by  the   nature   of    propoi-ticnals,  it 

2 

Will  be  — Z. — :   — :  : :  L! ,  the  lefTer 

2  2  2         2;c   +    2<7 

i  X  —  a      X  -\-  a        X  -\-  a      x  -f    a  \  * 

extreme,  and :  — i — .  : :  — 1 — :        ~       '      fU^ 

222  2;.Z:^    ^"^ 

greater    extreme :    therefore,    by  the  problem^   we   have 

.V  -{-a]  ^      X  —  al"       ,  1         r  1     — i  3 

— ! L L  =:  b'y  and  coniequently  x  -\-  a\   -^ 

2x—2a  TX  -f  2^7 

X  —  a\  ^  =  2/'  X^  —  a  y.  X  -{■  a^  that  is,  6a'^  a  +  2^^  r: 


2b  X  x'-'-a^',  whence  ^^  —  ■—  '^         and    confequently 

V  b-^2^ 

PROBLEM    LXViL 

Thefum^  and  thefum  ofthefquares  cf  three  numbers  in 
geometrical  proportion  being  gi-uen  ;  to  find  the  numbers. 

Let  the   fum  of  the   tiirec    numbers  be  denoted  by  a^ 
and  the  fum  cf  their  fquarcs   by  b^  and  let  the  numbers 
themfclves  be  denoted  by  x^y-)  and  z  :  then  we  fnall  have 
X     -Y  y    -}-  %     —  a^ 
A*   +  y"-  +   z^  £:  Z*, 
and  A-z  ~  J'^ 
Tranfpore    y    in  the    firil:    equation,    and    fquare    both 
fides,  fo  (hail  .v-  +  2xz.  4-  7^-  —  a'-  —  lay  -f  /  ;   from 
whence    fubtractijig  the  llLCond   equation,  we  have  2Ar2; 
. — y'^  ■=:z  a"^-  —  lay  ■\-  y'^  —  b  :   but,    by    the    third,    2x% 
iz:  2^''>  therefore  y'^  z:  a^  —  lay  -{■  y'^  —  b\  and  confe- 

quently 
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«uently  y  =     ^  —  ^ — .     Now,    to    find    x 

la  2        2a 

and  z,  j;  may  be  looked  upon  as  known;  and  fo,  by  the 
■fecond  equation,  we  have  given  at^  -f  x-  zn  h — _j/^  ; 
from  which  fubtracUng  ^x-z,  zz  2;%  there  arifes  x^  — 
2x%  4-  7^  zz.  h  —  ^f  \  where,  the  fiiuare  root  beirig 
txtra6!ed,  we  have  x  —  z  —  s,/b  —  ^^^  •  hut,  by  the 
firit  equation,  v/e  have  .v  -f  %  •=.  a — y\  whence,  by 
adding  and  fubtradin^  thefe    lad:  equations,   there  ref'ults 

2.V  ir  <2  —  y  +  s/h  —  2_)7,  aiid  22;  =i  ^  -— ;>'  — "^  b—lyy<» 

PROBLExM     LXVIII. 

The  fum  (s)^  and  the  produ5l  (p)  of  any  tiuo  nurnbers 
h^ing  given  \  to  f.nd  the  fum  of  the  fquares^  cubes^  biqua- 
drates^  6cc.  ofthofe  huiubers. 

If  the  two  numbers  be  denoted  by  a  and;'  ;  then  will' 

"^  ^^  "^llhthe  problem. 
and  xy  zzi  p  ^   ^        '^ 

The  former  of  whieh,  fquared,  gives  xx  4-  ixy  -^  yy\> 

from    whence  fubtracting   the  double  of  the  latter,  we 

have  x'^  4-  y"^  zz  s^  —  2.9,  the  fun  of  the  fquares. 

Let  this  equation  be  multiplied  by  a;  +  j'  ±:  j;  {q 
fhall  x'^  -k-  xy  ^  x  -\-  y  +  j)-^  zz  s^  —  2i/>,  that  is,  x^  + 
/>  XI  +  y'^zzi^  — 2J/>  (becaufe  xy  zz  />,  and  x  -^  y  zzs)  -, 
and  therefore  x^  •\-  y^  ri  i^  —  3i/>,  the  fum  of  the  cubes. 

Multiply,  again,  by   x  -\-  y  zz  s^    then    will    x"^  4-  xy 

X  x"-  4-  ^^  +  /  =  ^^*  — S^^/'j  or  Ar+  4-  />  x7^  —  2/)  4. 
/  =  s^  —  3i^/>  (becaufe  x^  4-  /  =  j^— ^2/)).  Confe- 
quently  at*  4-  _y '^  z=  j^^  — .  f^s^p  4-  2/)%  /^^  /«?«  of  the  bl- 
■quadrates. 

Hence  the  law  of  continuation  is  manifeft,  being 
fuch,  that  the  fum  of  the  next  fuperior  pov/ers  will  bq. 
always  obtained  by  m.ultiplying  the  fum  of  the  powers 
laft  found  by  j,  and  fubtracling,  from  the  product,  the 
fum  of  the  preceding  ones  mu-ltipli^d  by  />.  And  the 
fum  of  the   «tii  powers,  exprelled  in  a  general  manner, 

will  be  s^^m"'''-p  4-  n  .  lUi.    i«"^*  p"-  —  «.  iLTlf, 

2  2 

1 4  »-.5 
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3  ^  3  ^  ^ 

PROBLExM    LXIX. 

The  fum  of  the  fqiiares  (a)-,  and  the  excefs  (b)  of  the 
p'rodn£l  above  the  Jurn  of  tvjo  numbers  being  given  \  to  find 
the  numbers. 

Let  the  fum  of  the  numbers  be  denoted  by  j,  and 
their  product  by  r  ;  then  the  fum  of  their  fquares  will  be 
j^  —  ir  [by  the  lafi  problem)^  and  wc  fhall  have  r  —  t 
r=  b^  and  s^  —  2r  —  a^  whenctr,  by  adding  the  double 
of  the  former  equation  to  the  latter,  s"^  —  o.s  :zl  a  -\'  ib\ 
aiid  confequently  5  iz  '/  «  4-  2^  +  I  +  I.  From  which 
r  [-izh  -r  ^)  is  likewiiu  knovvai  and  from  thence  the 
numbers  themfelves* 

-       .     ^    ^  PROBLEM    LXX. 

4-  *»^  ^  v^  ^ rt  /  ^^^  f^""^  (^^-i  ^^^  ^^^  7"'^^  ^f  ik^  ff^o^^^  (h)  of  four 
^T^^i  "^"r  *  tiMw/'m,  in  geometrical  progrcjfion^  being  giv.^n -^  to  find 
I'  *>%,Uif^  ^  K        the  numbers. 

^'1^^./'^=  i^  J        If  A- and y  be  taken  to  denote  the  two  middle  numbersi 
the  two  extreme  ones,   by  the  nature  of  progreliionals, 

4\r~^/yV^~  '^   ^'^^  be  truly  reprefented  by  —  and  L.. 

/j^^^.  JlI  Put  the  fum  of  the  two   means  =  s,  and  their  re£l- 

■    ^  Avv/^   angle    —  r ;    (o    fnall    the  fum    of    the   two  extremes 

"  I'izTv  j   (—  +  "^j  t^e  =  a—s,  and  their  rce^angle  alfo  =  r 

Zf-*  -  ^  (b>  thi'  :.a:ure  of  the  quef^ion).     But  [by    ProUem  68) 

n.     V     ^t'^       ;?  the    luf  .   iA    the    fquares   ot    any  two  numbers  whofe 

""^  "  ;777,,  ^      fum  is  5,  and  rcdangie  r,   will  be  —  ij  —  2r ;  and  (for 

^    /  v*'^    -^f;.  vciy  fame  reaibn)   the  fum  of  the  fquares  of  our  other 

^  jt4M-«iy *^vvo  nunbers  (vvhofe  fum   is  u  —  J,  ana  redhngle  r)  will 

^     J  ^     ;  be  =  /2  —  il '  —  2r.     Therefore,  by  adding  thefe  aggre- 

^V'^  U'ff  =a-^(3  g.,t^.j,  (jf  tjje  fquares  of  the  means  and  extremes  together, 

we  gci  tnis  equation,  viz,  j*  +  <?  —  -^V — ^r  z=.  b, 

^  Moreovel", 
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Moreover,  from  the  equation,  —    j.   ZZ.   =    ^  —  x^ 

y  X 

\ve  get  A^  4-  r^  —  ;^y  X  <^  — i  =1  r  X  «  —  s  :  but  {hj  the 
fame  Prob.  jujl  now  a'toted)  x^  -t  v^=:i^  —  2^"  %  therefore 

s^ — yr  ■=.  ar —  sr,  or  r  rz  ^. ;  which  value  be« 

^s    +    a 

ing   fubftituted    Tor   r,    in   the   preceding   cqiiitlon,  we 
havei*  +  JITsy^-^-^-^—-  —  I.     r-iis;  i.avs(l,  gives 


is  read;"')'  found. 


:    whence  every   thing  elfe 


PROBLEM    LXXI. 

The  fum  [a)  and  the  fum  of  the  fquare-  [b)  cf  five  nurrt^ 
hers,  in  geometrical  progrefjmi^  being  givsn  ^  to  find  the 
numbers.  - 

Let   the  three  middle   numbers  be  denoted  by  x^  y^ 

and  z ':  then  the  two  extreme  ones  will  be  ^^  and  iL  | 

y        y 

and  therefore  we  fhall  have 

XX      ,  ,  ,  ,      22 

—  +  X  -i-  y  -i-   z   -i-    —  =tf) 

ll  +   ^^  +  j-^  +  2;-  +   -^    = 

/  y^ 

Put  X  ■\-  %^u\    then,  by  the  firft  equation, ~    -f  f^ 

y        y 

^  ^  —  u — y.     Wherefore^  feeing  the  fum    of  the  two 

extremes  is  exprefled  by  ^  —  u — y,  and   their  reftanoJe       ^    •   ♦^ 

byy^  [fee  Theor.  7.  Se^i-  io)>  the  fum  of  their  fquares  will 

[by  Problem  t%)hQ-=  a  —  u  -   y\'^  —  2y* :    and,  in  the 

very  fame   manner,  the  fum    of   the  fquares  of  the  two 

terms  [x  and  %)  adjacent  to  the  middle  one  (y)  will  be 

—  ^^  —  2y''.      Whence,    by  fubllituting   thefe   values, 

our  equations  become    +     «   +  y   =:    ^,   and 


4    •  • 
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my  -  Mf 


■^  7-^  •—.'?—  '^f  +  u"  —  2;^^  +  /  -  ^  J  which,  by 
reduction  .irc  changed  to 

aa  —  2i-;.v  —  lay  -if  Ittu  -f-  2  ?/;;  —  ^yy::^  by 
and  £?;   —  uu  —     uy  -f    j'j;  zz  o. 
To  the   former  of  which  add   the  'double  of  the  latter 

fo  fhall  aa  —  2au  -zz  b ;  and  therefore  u  —  1^ _A  . 

_J 2  2a 

From  whence,  and  yy  -f  «  --.^^  X  >•  =  z»7/,  the  value  of;' 

f  =  Y   ««  +  •  iE]±  _  lirif )  is  likevvife  given. 
4  2      '  ^ 

,...y,^.,  PROBLEM    LXXII. 

r%  /V^^,'  %  ^  The  fum  [a\  ihe  fum  of  the  fquares  (/>),  and  the  ju?n  if 

3^  '5_  ^^  /;^^  cubes  (c)^  of  any  four  amnbers  in  geometrical  proportion 
♦  hei}ig  given  ;  /^  find  the  nurnbers. 

Let  half  the  fum  of  the  two  means  be  x^  and  half  their 
(difference  y  ;  aifo  let  half  the  fum  of  the  two  extremes  be 
z,  and  half  their  diiFr-rcnCe  v^  and  then  the  numbers 
themfelves  will  be  exprefled  thus,  z  —  v^  x — >',  x  -f  y^ 
z  -f  V  :  whence,  by  the  conditions  of  the  problem,  wc 
have 

><-<  >  7  ^ — ■yXz+'z/zzA-— y    X    A- +  y  (Theor.  i,p.  72)1 

/  *  f  ,j    which,  contracl:ed,  arc, 

l^^-i^^Cj   -    i^  22:     +  2;^     ~  ^, 

^  2z3    -J-  6z7;^+  2a:^  +  bxy'^z=.c^ 


r  -^t 


#»'v  ^, 


%^  —^v"-      zz     x^'-^-y^ 


^      f     ,     ^  ^,  Let  jf*  —  z"-  -}-  v\  the  value  ofy%  in  the  laft  of  thcfe 

-  li-  H^  T         equations,  be  fubftituted  inflead  of  y",  in  the  two  preced- 
^-  liHX"  2^^*  ^  ing  ones,  and  we  fhall  have 
■^      '"~~Z~^'  '    O.'zr  +  2-j*    +  2x^  +  2^-^—  22;^     +  2t;^     =  by  and 


^  ' 


22?  +  62;^-  +  2;c3  +  6;«-3  —  6A-a^   4    6aV   —  c^ 


-  .    ^     ^    f"  which,  abbreviated,  become 
"  *    --^-       4;f*  +  41;^  =  /^,  and 


^^ .  22;'  +  8a:^  —  ^x%^  4-  6a-  -f  6a  X  i;^  3:  f. 


Let 
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j[^et  lb  —  >;%  the  value  of  ^;%  in  the  former  of  thefe 
Equations,  be  fabftituted,  for  its  equal,  in  the  latter, 
and  we  fhall  next  have  22;^  +  8^^  — -6^%^  +'  bx  -{-  6zX 
I />  —  x^-  =:  c;  moreover,  if  for  z,  in  the  laft  equation, 
its  cq"'il  1  a  —  X  be  fubftitutcd,  there  will  come  oat  2  X 

that  is,  bax"" .—  S^"";**  -^  —  +  -5^  ==  <: ;  therefore  x^-^ 

4  4 

r/j^  c  b  or  1         r  -.!  ^ 

_   zz  —  —  —  - ;    ana  conlequentiy  .v  zr ^ 

2       ,  6^         8  24  4 

i  ~   4.  — ,  whence,  2;,   v.  and   y,  are   likewife 

6^       8    +48  '     '     '         ^> 

known. 


4 


The  faine  otheruulfe. 

Let  th-e  furn  of  the  two  means  zi  r,  and  their  re<S«- 
fingle  ~  r  ;  fo  (hall  the  fum  of  the  two  extremes  —  a 
^-  J,  and  their  redangle  aifo  =:  r,  (by  the  quejiion)  : 
from  whence,  and  Pn/b.  68,  it  is  evident,  that  the  fain 
of  the  fquares  of  the  means  will  be  zz  \f^  —  2r,  and 
the  fum  of  the  fquares  of  the  extremes  z=:  a  —  s\ 
^^  2r;  alfo,  that  the  fum  of  the  cubes  of  the  means 
will  be  zz  5^  —  ys^  and  that  of  the  extremes  —  a^^s\  * 
—  5^-  X  ^  —  s  :  by  means  whereof,  and  the  condii 
tionsofthe  problem,  we  have  given  the  two  following 
equations, 

viz.  s^  -f  a — j]^--^4r=z^,  or,  2j^  — 2^j-^4r  zr  ^  —  aa\ 
and  s^  ■{■  a-^sY  ■—ya—c^  or,  ys^ —-la^s — yr  zz  c — a^i 
tlivide  the  former   by  2,  and  the  latter  by  3^,  and  then 

rubtrail  the  one  from  the  other,  fo  fliall  r  =.    —  —  A. 

6  2 

^   —  whence  the  value  of  i  f  rz   —  — 
3f 2 

— — -^  +   2r  -f   —  5    by  the  frji  equation)     is    alfo 
'^'  4 

given> 
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given,  being    (when  fubftltufrion    is    made)     =  ~  — 

• 2 

j  oa         b  2c 

PROBLEM    LXXIII. 

Having  given  the  fum  (a)y  and  the  fum  of  the  fquares 
(h)y  cf  any  number  ^if  quaniities  in  geometrical  progrefjion  j 
to  determine  the  pregrejjion. 

Let  the  f.rft  term  be  denoted  by  a-,  the  common  ratio 
by  z,  and  the  given  number  of  terms  by  n  :  then,  by 
the  conditions  of  the  problem,  we  fliall  have 

x"-  +  x^z"  +  A-^-J.^  -f  x'-z''  +  x^z^  .  .  .  +  x'^-z''"—"-  ~  b, 
.'^'Uihiply  the  firft  equation  by  i  —  z,  and  the  fecond 
by  I  —  z^  ;  fo  fhali 

X  —  xz"     ~  a  X   I  —  z,  and 

Jt-^— Ar^%^^''=  h   X   1  --z^ 
Divide  the  latter  cf  thefe  by  the  former  ;  whence    -will 

be  had  x  -\-  xz"  zz  ~^    x   i  +  a  :  let  this  equation  and 

the  firft  be  now  multiplied  crofs-wife,  into  each  other, 
in    order   to  exterminate   x,  fo  fhall    ax    i  -t-  z"   =z 


u 


X    I    +    Z    X     I    -f    2i    +    S^    +    Z^  .  .  .   Z"       '. 


If  n   be  an  even    number^  put  im  -=.  n\    then  our  lart: 
equation,    when  multiplication    by    i    +    z    is    actually 

made,  will  ftandth  us, -^   X   i  4-  2.""'  =  i  +  2z  +  2z^ 
b 

.  ,  .  .    +   2z^'"~'   +   2z^''^'    +    2.""';    which,  divid- 
.      cd  by  z^  becomes  _4-_^   +   z     =-5  +  -_^  + 

^  . .  .  .  +  i  +   1.  4.  2  +  2z+2s^'  .  .  .  .  +  2z'«— ' 
st**^*  z         z 

+  ^7r 
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-f  Sz'^-""'    +  z"'.     Let  J  be   now  put  (  =  J-  +  z)  :::: 

2; 

the  fiim  of  the  h^ilves  of  the  two  terms  of  the  ferles 
adjacent  to  (2)  the  miJoie  one  ;  then,  the  re^tang'c  of 
tiiefe  qj^naiics  being  »,  the  fum  of  their-  Iqunres  (or 
half  the  fum  of  the  two  ter;r,s  of  the  feries  next  to 
thofe)   will  be   =z  i' — 2  {hy  Problt7n  &8j  ;  and  tne    fura 

(   i.  -f  z^)  of  half  the  two  next  terms  to  thefe  hfl  ~ 
z^ 

Hence,    by  making  i  iz:   — —    and    putting   the 

value  of  _i    +  z'''    [as   exprcjpd  in   the  f aid  prohIe?n  68) 

n  Q_,  and  then  fubrtituLing  abov-,  ^c,  our  equa- 
tion becomes  ^/  Q^  :=  i  -f  s  -\-  s""  —'2  +5^  —  3^  + 
5^  —  43-  -I-  2,  &c.  continued  to  fn  terms,  whence  the 
value  of  J  may  be  determined. 

Thus,  let  «5  thg  number   of  terurs    given,  be    four ; 

then  m  being  zr  2,Q_  (=: }-  %*}     will   be   j^  — 2; 


and  our  equation  will,  ^  -^rr,  be  i  x    j^  —  2  =1    i  +  i. 
If  «  be  =  6,  Q,(  =  -i    +    2.')   will   be    :z:    ,3  _   3,  . 


and  we  (ball  have  ^  x  j'  —  3^  —  i  +  j  -f  ^^  —  2  n 
j^  -f  i  —  1 J  and  fo  in  other  cale'■^,  where  «  is  an  even 
number. 

If  71  be  an  odd  nu?nher,  put  2m  t^.  n  —  1  ;  and  let  both 
fides  of  the  equation- 


a  X   I  -j-  z""  zz  —    X    i4-2i>;i-fz-i- 
a 

be  divided  by  1  +  2:  i  ^^  fi^^^il 


<?xi    2  4-z^    z^ z"    ^4-z^'"~'  — -XI +^-^;^:^.-f-^' 


(becaufe  t   4-  x  X  1  —  z  +  z^ — z^-|-z+... — z"~'^-fz«'^ 


126  The  Application  of  Algebra 

^  r  j^z  4-  2^— ^3  -f  2*  . . .  — z'~^'  +  js"~" '         *  1 
^l  *H-z— z^  +  z^— 2-^.  .,  +  z«-^-.z^~'  42;^  I  =^ 
1  -fs^)  :  whence,  by  tranrpofition,   and   fubflituting  7w, 

a 1     X     l+z^+z+...+  2;-'«  =:  ^  +  »i  X 

^ :: ::^ aa  -\-  b  ,    , 

£  +   z^  H-  z^  .   .   .  z-''^    'i  put  r     —    c  and   let 

the  whole  equation  be  divided  by  ^— —   X  7^  \  then  vviU 
i.    1  _L^  -}-  -4;:  .  .  .  +    21'-*  +  -zT"-^  4-  z'"  =: 


Kow,  if  ;;^2  be  an  even  number,  the  powers  of  2  in 
the  forniei  part  of  the  equation  wiil  be  the  even  ones, 
jind  tiu)ie  in  the  latter  the  odd  ones :  but  if  ni  be  an  odtj 
liumbcr,  then,  vice  verjd. 

In  the    firft  cafe    our   equation    may   be  wrote  thus, 

Z*"  ^  Z"*      V  Z*  51'   .  .      ^ 

Z'\     ''        Z'^      ^  Z^         Z 

Where,  fincei  -f  z  =  J,  —  +  z'  — i"  — 2,  L  -f  z? 

2  z"-  z^ 

—  i^  -^  3.-,  i_   -f  2.*  =  ^-^  —  4i^  +  2,   &c,  we  (hall, 

by  fubftituting  thefe  values  in  each  fcrics  (proceeding 
from  the  middle  both  ways)  have  i  +  j"^  —  2  H- 
V —  41  -r  2  -h   ^V.  =z  c  into  5  -{-  j^  —  ^s  +  ^V. 

But,  in  the  f-cond   cafe,  where   m   is   an  odd  num- 
ber,   and   the  even   powers  of  z  come  into   the   fecond 
feries,  we  (hall)  by  the  very  fame  method,  have 
s  -f  5^  -^    .]s  -f.'js  —  5i^   -f   5T  -f  ^c.  =;:    «:  into  I  -f 
>  -^  2i  +  i-"  —  4i'  +  2  +  bV. 
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In  both  which  cafes  the   terms  are  to  be  fo  far  conti- 
tiued,    that  the  exponent  of   s,    In  ihe  higheft  of  thenij^ 

may  be  z=  — "^  „ .      Thus,   if  ??,    the  given   number  of 
2 

terms,  be  3,  then  ?nr.-Il — j  being  :=:  i,  the  equa- 
tion belongs  to  cofe  2>  and  will  be  5  =  r,  barely.  If 
?f  zr.  5,  then  m  zz  2;  rnd  therefore  i  -^  s'—^  i  zz  cs^ 
or  j""  —  I  =  cs^  by  cafe  I.  If  n  be  7,  m  will  be  3  j. 
2nd  fo  J  +  5^  —  3i  —  f  X  I  4-  J-  —  2,  or  s^  —  2^  = 
€  X  J^  —  '^t  h  <^^fi  2.  Ladly,  if  «  ~  9,  then;??  =:  4, 
and.  therefore  i  -f  i^  •—  2-fj^  —  4**+2i=r  xx+^^— 3^, 
or  j"*- —  3^^  +   I  =  c  X  5^  —  25,  by  cafe  i. 

PROBLEM     LXXTV. 

Having  given  thg  fum  [a)y  and  the  fum  of  the  cubes  [b\ 
ef  any  ninnber  of  terms  in  geometrical  prdgrefpon  j  io  deter-^ 
juinc  the  pr&grejfion. 

Py  retaining  the  notation  in  the  laft  problem,  and  pro- 
ceeding in  the  fame  manner,  we  here  have 

a  zzL  X  -{■  x-z  -\-    Az"" ...-}-  XT.""^  n    — ^— — ,  and 

Theorem  8.  Se^.  10). 

Divide  the  lail  of  thefe  equations  by  the  former,  {o  fhalt 

h  ^       2—  I'x  %-—  I        ,      s;^-"  -f  z^-fi 

-_  zz  A'^   X  ...r.^==- -r-r=r-  iZA-^  x  -7-^. ; —  (be- 

a  %^  —  I  X  z"  —  I  2.     r   z  -r   1 

eaufe  iZlLzz  %^  +  s  +  i,  and  JHZLL  zz     %^"    -f 
2;  —  I  %"  —  I 

2"  +  i).     Let  this  equation,  and  the  iquare  of  the  flrfl:, 

«"  zz  A-^  X    ^     -r-  2%    +  i^   be  now  multiplied,   crofs- 

i^^  — .  22;  +    I 
wife,  in  order  to   eKterminate  x ;    whence  will   be  had 

-  X  - — '- ■     3z  «    X    ..  ■  ,   ! :  which, 

a:      7^-  —  2z  +   I  s^  +  ^   -f  I 

the 


:a-3  -irx'^'z}^  xH^  .  .  .  +  a'V  ""^^-^-T-^ 1,    i^by 
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the  numerators  being   divided  by  s",   and  the  denomina* 
tors  by  .r,  will  ftand  thus, 

Z  2. 

k  X =  5'   X . Put  (a3 

z  z 

before)  the  fum  of  3  and —    —  j;   then,    their    redian- 

gle   being  I,  the  fam  of  their  «th  powers  (z»  +    — L  ) 

2. 

will  be   had   in    terms    of  5    (frofn   Problem  b%\  which 
fum  lei   be  denoted    by  S  ;  fo  ihaii  our  equation  become 

h  X    ^"""^  =:  a^  X    ^  "^  ^  :  whence  the   value  of  ^ 

S  2  S   +    I 

may,  in  any  cafe,  be  determined. 

"^I'hus    if  f«j  the  given  number  of  terms  be  3  ;   then 

S  (the  fum  of  the  cubes  of  z  and    --)  being  zz  s^ — .  31, 
we  have  i  x''-y--±  =  «'   X  ll=  3.1  ±i  ;  that 

is,  by  divifion,  b  x  i^  -h  2j  +  i  r:  ^^  X  !Lri3L±l. 

^  -f   I 
If  the    number  of  terms  be  4;   then  wiil  S  =z  s^  -^ 

45^  -f  2 }  and  therefore  b  x  .  ^      ^'  ■  =  a^  X-LZlli.i3^ 

J  —  2  J  ^-    1      > 

which,  by    an    actual  divifion   of  the  numrrntorg,  is  re- 
duced t(.  h    X    s'   -i    'z^  =  tf'  X  i^ — i^  —  3i   +  3. 

/•  ;»  lip,  taking  «  =:  5,   we  have  S  =  i^  —  5^^  +   5^; 

^id  therL'».)rc /O  X ~ =  ^   ^  =^ — . • 

i  —  2  J  -I-   I 


which,  by  divifion,  is  reduced  to  ^  x  y*4-  ^>^ — i^ — 2f  +  t 
^  ^3  ^  (+  —  ^3  —  ^f-  ^  ^s  -i-  J  :  and  fo  of  others  ; 
where  it  may  be  obi"  rved,  that  the  values  of  S — 2, 
and  S  +  I,  vvill  be  ,.iways  oivifible  by  their  refpedlive 
d  n<'>»^..narors ;  except  the  latter,  when  n  is  either  3,  or 
a  multiple  of  3. 

^  PRO, 


Put 


to  the  Resolution  of  Problems.  i2^ 

PROBLEM     LXXV. 

The  fum  of  any  rank  of  quantities  (a-\-b-\'C-\-d-\r 
e  +  &c.)  being  given  zz  P,  the  fum  of  all  their  rc^an- 
gles  (ab  -\-  ac  -{■  ad  he.  +  be  -\-  bd  he,  +  cd  he.) 
==.  Qj  the  fum  of  all  their  folids  fabc  +  ^bd  +  abe  he, 
+  acd  +  ace  he.  +  bed  he.  ±i  R  he.  he,  it  is  pro- 
pofed  to  determine  the  fum  of  the  fquares^  ciibes^  biqua- 
drates^  he.  of  thofe  quantities, 

' p  zz^  h  •\-  c  -^r  d  &c.  rr  fum   of  all  the   quan- 
tities after  the  firit  (a)^ 
q  zz  be  -{-  bd  A-  be  he.    +  cd  +  ce  kz,  zz  the 
■  fum  of  their  rectangles, 

r  z=.  bed  -^  bee  he.    +   cde  he,  i=    the  fum  of 
their  folids. 
L  ^e,  ^c. 

Then  will  F  zz  a     -^  p^ 
Q^-pa-\-q, 
K  —  qa  -\-  r, 
S   zzi  ra  -^  s, 
T  z=  sa  -\-  r,  he. 
By  fquaring   the   firft  of  which'  equations,  we    have 
P^  zz  a^  -^  2ap  +  p^ ;  from   whence   the  double  of  the 
fecond  being   fiibtracted    (in  order  to  exterminate  2ap)y 
there    refults   P^  —    2Q^  r:   ^^4-    />*  —  2^.       Where 
P^  —  2Q_  exprefies  the  true   fum    of  ail    the   propofed 
fquares  «*   +   ^^    4-    ^^    +    d^  he.\    becaufe,  all  the 
quantities  £7,  b.,  Cjd,  he.   being    concerned   exaClly  alike 
in   the  original,   or    given  equations^  they    muft  necef- 
farily  be  alike  concerned   in  the  conclufions  thence  de- 
rived ;  lo  that   if  fubftitution  for />  and  ^  were  to  be  ac- 
tually made  in  the  equation  P^  —  2Q^zz  a""  -i-  p"^ —  2^j 
here  ^brought  our,  it  is  evident   that  no  other  dimdnfions 
of  b,  Cy  dj  e^  he.  befides  the   fquares,  can  remain  there- 
in, as  no  dimenfions  of  tf,  befidcs  its  fquare,  has  place  in 
this  equation. 

In  order  to  find  the  fum  of  all  the  cubes, 
put  A(zi:P)  zz.  a  ^  pzi:  fum  of  the  rootSj 
and  B  (  zz  P^  ^  2Q^)  zzi  a''  -^  p-^  —  2?  =  Turn   of  the 
fquares  ;  then,  by  multiplying  the  tu^o  equations  together, 
we  have  PB  tz  a^  -^  pa^  -\  p~a  —  iqa  -\-  p^  —  ipq, 
K  From 
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From  whence  (to  exterminate  pa-  the  next  inferii^ 
power  of  a  after  the  higheft,  a^)  let  QA  ~  pa"  + 
p^a  '\-  qa  -^  pq  (the  produ(Sl  cf  the  equations  Q^and  A) 
be  fubducled ;    and   there   will  remain    PB  —  QA  =. 

^'  —  3?^  + /^^ — 3PP  ^^  ^^'^  ^^^  equation  (in  or- 
der to  take  away  ihe  next  inferior  power  of  «)  add 
three  times  the  equation  R  =  ^^  +  r,  fo  fhall  PB  — r 
QA  +  3R  z=  ^3  -I-  /)3  —  ^pq  +  3?%  From  whence 
it  is  evident  that  PB  —  Qi\  +  3R  muft  be  the  re- 
quired fum  of  all  the  cubes  a^  +  b^  +  ^^  +  d^  Sec, 
for  reafons  already  fpecified  with  refpe6l  to  the  preceding 
cafe. 

To  determine  the  fum  of  the  bi quadrates,  put 
C  =  a^  -{-  p^  —  3/)^  +  3r  =  the  fum  of  all  the  cubes  j 
then  multiplying  by  .the  equation  F  =.  a  -]-  p  (as  be- 
fore)y  we  get  PG  zz  a"^  +  pa^  -f  p^a  —  2>P^a  +  3rtf  + 
p^  —  T^p^q  +  3^r.  From  which  (to  exterminate  pa^) 
fubtraa  Q3  =  pa'^  -f  p'^a  —  2pqa  +  qa"-  +  p'^q  —  2y* 
(the  produ<^  of  the  equations  Q^  and  B)  ;  fo  fhalt 
PC  —  QB  —  a^—  qa'^-^pqa  +  ya  -j-  p^  —  ^p^q  + 
2pr  4-  2q^ :  to  this  add  RA  =  qa'"-  +  pqa  -^  ra  -\-  rp  ; 
then  will  PC  —  QB  4-  RA  =  ^+  +  ^ra  +  p^—^p-^q 
-f  4/)r  -f-  2y^ :  laftly,  fubtrad  4S  =  £^ra  +  45,  fo  fhall 
PC  —  QB  +  RA  — 4S  =  ^*  +  f  —  ^p'-q  +  ^pr  + 
2^^  —  45  rz  D,  the  fum  of  all  the  biquadrates. 

In  like  manner  (the  lafl:  equation  being,  again,  mul- 
tiplied by  P  —  ^  +  p^  the  preceding  one  by  Q^rz  pa 
-f  ^,  &:c.  $^c,)  the  fum  of  the  fifth  powers  will  be 
found  =z  PD  —  QC  +  RB  —  SA  +  5  T:  from 
whence,  and  the  preceding  cafes,  the  law  of  continua- 
tion is  manifeft  ;  the  fum  (F)  of-  the  fixth  powers  being 
PE  —  Qr3  4-  RC  —  SB  +  TA  —  6U  ;  and  the  fum 
(G)  of  the  feventh  powers  =  PF  —  QE  4-  RD — 
SC  +  TB  —  UA  4-  7  W,  ^c,  &c. 

Cut,   if  you   w'-uld  have  the  feveral  values  of  B,  C, 
D,  E,  ^'c.  independent  of  one  another,  in  terms  of  the 
given  quantities  P,  Q^,  R,  S,  T,  ifc.  then  will 
B  =  P^  —  2Q^, 
C  =  P^  -  3PCL  +  3R> 
D  =  P*  —  4P*Cl+  4P1<.  -f  2Q:  —  4S, 

E  = 
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E  =  P'  —  5P^Q-+  5P'R  +  5PQ!  -  5PS  —  ?QR. 

+  5T,  ^c,  &c.  which  values  may  be  continued  on, 
at  pleafure,  by  niultiplyins:  the  laft  by  P^  the  laft  but 
one  by — >  Q,,  the  laft  but  two  by  R,  the  hi\  but  three 
by — S,  &c.  and  then  adding  ail  the  orodu  -  t  ^- 
ther;  as  is  evident  from  the  equations  above  (Jm.  — • 
Thefe  concUifions  are  of  ule  m  finding  the  limits  of 
equations,  and  contain  a  demonftration  of  a  rule,  given 
for  that  purpofe,  by  Sir  Ifaac  Newton^  m  nis  llalv  rjul 
Jr'ithmetick. 


SECTION     XII. 

Of  the    Refohition  of    Equations  of  feveral 
Dimenfons. 

BEFORE  we  proceed  to  explain  the  methods  of  re- 
foiving  cubic,  biquadratic,  and  other  higher  equa- 
tions, it  will  be  requifite,  in  order  to  render  that  fubjedt 
more  clear  and  intelligible,  to  premife  ffjmething  con- 
cerning the  origin  and  compofition  of  equations. 

Mr.  Harriot  has  ihewn  how  equations  are  derived  by 
the  continued  multiplication  of  binomial  fadtors  into  each 
ether:  according  to  Vv'hich  method^  fuppofing  x  —  <7, 
X  —  b^  X  —  Cy  X  —  d^  &c.  to  denote  any  number  of  fuch 
factors,  the  value  of  x^  is  to  be  fo  taken  tiiat  fo.ne  one  of 
thofe  fadors  may  be  equal  to  nothing :  then,  if  they  be 
multiplied  continually  together,  their  product  muft  alfo 
be  equal  to  nothing,  that  is,  ^  —  a  K  x  —  b  x  .v —  r  x 
X  —  d  Sec,  n  o  :  in  which  equation  x  may,  it  is  plain,  be 
equal  to  any  one  of  the  quantities  a,  b^  Cy  d^  &c.  iince  a  ly 
one  of  thefe  being  fubftituted  inilead  of  at,  the  who'e  exl 
preiTion  vaniihes.  Hence  it  appears,  that  im  equatioa 
may  have  as  many  roots  as  it  has  dimeniions,  or  as  are 
expreffed  by  the  number  of  the  fadtors,  whereof  ir  is  fup- 
pofed    to  be  produced.      Thus  the   Quadratic  ca nation 

-^  a    1 

A-— .^  X  X' — b  =  o  or  ;^^ ^    y^    x  -^  ab   z=.  o,  has 

K  2  two 
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two  roots,  a  and  h  ;  the  Cubic  equation  x  —  a  x  ^  —  i 
X  X  —  t  3:  o,  or 

ct^x-^ohc  --1  c,  has   three   roots, 


r3  4-  _  ^  C  A  » 


3,  and  c  \    and  the   biquadratic    equation,  x  —  ay, 
b  X  X  -^  c  X  X  —  d^  o,  or 

1^4^  +  ^^^^-^' 

-  kd] 

has  four  roots,  a^  by  Cy  and  d.  From  thefe  equations  it  is 
obfervable,  that  the  coefficient  of  the  fecond  term  is  al- 
ways equal  to  the  fum  of  all  the  roots,  with  contrary 
figns  5  that  the  coefficient  of  the  third  term  is  always 
equal  to  the  fum  of  their  redangks,  or  of  all  the  pro- 
dudts  that  c^n  poffibly  arife  by  combining  ihcm,  twa 
and  two;  that  the  coefficient  of  tbe  fourth  is  equal  to 
the  fum  of  all  their  folids,  or  of  all  the  produ6^s  which 
can  poffibly  arife,  by  combining  them  three  and  three  ; 
and  that  t/ie  lait  term  of  all,  is  produced  by  multiply- 
ing all  the  roors  continually  together.  And  all  this, 
it  is  evident,  muii  hold  equally,  when  fome  of  the 
roots  are  pofitive  and  the  reft  negative,  due  regard 
being  had  to   the   figns.     Thus,    in  the  cubic  equation 

— .  —^7 

X  -^  a    X    X  —  d  X  X  -\-  c  =  0,  or  x^  -{-    —  b  ^  x""  -h 

+  abl 

—  ac  >  X  -^  abc  zz  0  (where  two  of  the  root?,  a^  by  are 

pofitive,  and  the  other^ — r,  is  negative,  the  coefficient  of 
the  fccond  term  appears  to  be — a  — b-\-Cy  and  M^// of  the 
third,  ab- — ac — b:^  or  ah-\-ax  —  c-\bx  —  Cy  conf6rm- 
able  to  the  preceding  obfcrvations.  Hence  it  follows, 
that,  if  one  of  the  roots  of  an  equation  be  given,  the  fum 
of  all  the  reft  will  likewife  begiC'en  j  and  that,  in  every 
equation  where  the  fecond  term  is  wanting,  the  fum  of  all 
the  negative  roots  is  exaclly  equal  to  that  of  all  the  pofi- 
tiveoues;  becaufe,   in  this   cafe,  they  mutually  deftroy 

each 


(x  —  a   X  Jc 
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each  other.  But  when  the  coefficient  of  the  fecond  term 
is  pofitive,  then  the  negative  roots,  taken  together,  ex- 
ceed the  poGtive  ones.  But  the  negative  roots,  in  any 
equation,  may  be  changed  to  pofitive  ones,  and  the  po- 
iitive  to  negative,  by  changing  the* figns  of  the  fecond, 
fourth,  and  fixth  terms,  and  fo  on  alternately.  Thus, 
the  foregoing  equation 

ah  zr  o^  by  changing  the  figns  of  the  fecond  and  fourth 

terms,  becomes  a^  +  +  ^  }  x^  — ac  C  x  —^abc  zz  o,  or 
~c\        -bcS 

X  -\-  a  X  X  -^  b  XX  —  r  —  o;  where  the  roots,  from 
-f  ^,  +  ^,  and  —  r,  are  now  become  *— -  ^,  —  b^  and  4-  c. 
Moreover  the  negative  roots  may  be  changed  to  pofitive 
ones,  or  the  poiitive  to  negative,  by  increafing  or  di- 
minishing each,  by  fome  known  quantity.  'I'hus  in  the 
quadratic  equation  x^  -^  Hx  -f  15  n:  o,  where. the  two 
roots  are  —  3  and  —  5  (and  therefore  both  negative) 
if  z  —  7  be  fubftituted  for  x^  or  which  is  the  fame,  if 
each  of  the  roots  be  increafed  by  7,  the  equation  will 
becomC'Z  —  7I  ^  -f  8  x  z  —  7  -j-  15=0;  that  i^,  2;*  — 
6z+8™o,  orz.  —  2  X2.  —  4— :o;  whc^re  the  roots 
are  2  and  4,  and  therefore  both  pofitive.  This  method 
of  augmenting,  or  diminifhing  the  roots  of  an  equation 
is  fometimes  of  ufe  in  preparing  //  for  a  folution,  by 
taking  away  its  fecond  term  ;  which  is  always  perform- 
ed by  adding,  or  fubtrading  i,  1,  or  |  part,^^f .  of,  the 
coefficient  of  the  faid  term,  according  as  the~  propofed 
equation  rifes  to  two,  three,  or  four,  c?V.  dimenlions. 
Thus,  in  the  quadratic  equation  x^ —  8a?  +  15  —  <^5  ^^t 
the  roots  be  diminiftied  by  4,  that  is,  let  x  —  4  be  put 
~  z,  or  A"  rz  4  +  z  ;  then,  this  value  being  fubftituted 
for  Xy  the  equation  will  become  2^+4]  * — •  8  x  2i  -f  4  4- 
15  n  O,  or  x'^— .  I  =:  O,  in  which  the  fecond  term  is 
w^anting. 

K  3  Likewifcj 
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Likewlfe,  the  cubic  equation  z^  —  ^2.^  +  i-z  — *f rro, 
by  writing  a*   —   —   —  +  z,  and  proceeding  as  above, 

Vv'ill  become  x^  *        ,  i}-  ^  -\ c       SzrO;    and   fo 

--"  ^      -,Ki 

of  others. 

Hence  it  appears,  how  any  afFefted  quadratic  may  be 
reduced  to  a  fimjjle  quadratic,  and  fo  refoived  without 
comp! -ting  the  fquare ;  but  this,  by  the  bye.  I  now 
proceed  to  •:h-:  matter  prtjpofed,  "^/z.  the  Refolution  of 
cubic,  biquadiatic,  and  other  higher  equations  ;  and 
fhall  begin  with  (hewing 

Hoiu  to  determine  whether  fame  y  or  all  the  roots  of  an  equa- 
tion be  rational^  andy  if.fo^  u.hat  they  are. 

Find  all  the  divifors  of  the  laft  term,  and  let  them  be 
fubftituted,  one ^  by  one,  for  jt  in  the  given  equation; 
and  then^  if  the  pofitive  and  negative  terms  oeflroy  each 
othv^r,  the  clivifor  fo  fublfitutedis  manifeftly  a  root  of  the 
equation  j  but  if  none  of  the  divifors  fucceed,  then  the 
roots,  for  rhe  i^en^Tal  part,  are  either  irrational  or  impof- 
jlble  :  for  the  lal}  term,  as  is  (hev/n  above,  being  always 
a  multiple  of  all  the  roots,  thofe  roots,  v/hen  rational,  muif, 
neceflarily,  be  \n  the  number  of  its  divifors. 

Examp.  I.  Let  the  equation  x^  —  \x^  —  1x  -^  lO 
~  O,  be  propofcd ;  then,  the  divifors  of  (lo)  the  laft 
term    being    +  i,  —  i,  +  2,  —  2,    +  5,  —  5,  +   lO, 

—  10,  let  thefe  quantities  be,  fucceflively,  fubftituted  in- 
Itead  of  A'»and  we  fhall  h?ive, 

I  —    4  —    7+10—-    c,  therefore  i  is  a  root; 

—  I  —    4.-f     7+ior:i2,  therefore—  i  is  no  root; 
8  —  16  —  14  -f  10  —  —  12,  therefore  2  is  no  root ; 

—  8  —  16  -I-  14  +  10  =  o,therefore — 2  is  another  root; 
125 — 100  —  35  +   10  r:  o,  therefore  5  is  the  third  root. 

it  fometimes  happens  that  the  divifors  of  the  laft 
term  are  very  numerous  ;  in  which  cafe,  to  avoid  trou- 
ble, it  will  be  convenient  to  transform  the  equation  to 
another,  wherein  the  divifors  are  fewer;  and  this  \%  beft 

effected 
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cffe^led  by   increafing  or  diminifhing  the  roots  by  an  ' 

unit,  or  fome  other  known  quantity. 

Examp  2.  Let  the  equation  propounded  be  ji* — ^y"^ — 
%y  -f.  32  =  o ;  and,  in  order  to  change  it  to  another 
whofe  laft  term  admits  of  fewer  divifors,  let  ^  +  I  be 
fubftituted  therein  for;',  and  it  will  become  x'^  —  bx"^^ 
ibx  +  21  zz  o\  where  the  divifors  of  the4aft  term  are, 
I,  --  1?  3^  —  3^  h  —  7»  21,  and  —21  ;  which  being, 
fucceflively,  fubftituted  for  a-,  as  before,  we  have, 

I  —  6 —  16  4-  21  =0,  therefore  I  is  one  of  the  roots; 

I  —  6  +  16  +  21  =32,  therefore  —  i  is  not  a  root  j 
81  —  ^^^48  +  21  =0,  therefore  3  is  another  root. 
But  the  otiier  two  roots,  without  proceeding  further, 
will  appear  to  be  impoffible  ;  for,  their  fum  being  equal 
to  —  4,  the  fum  of  the  two  pofitive  roots  (already  found), 
with  a  contrary  fign  (as  the  fecond  term  of  the  equation 
is  here  wanting),  their  product,  therefore,  cannot  be 
equal  to  (7)  -the  laft  term  divided  by  the  produ61:  of  the 
other  roots,  as  it  v^^ould.  If  all  the  roots  were  poftible. 
However,  to  get  an  exprellion  for  thefe  imaginary  roots, 
Jet  either  of  them  be  denoted  by  v^  and  the  other 
will  be  denoted  by  —  4 — v,  which,  multiplied  toge- 
ther, give  —  \v  —  -iy*  z=  7  ;  whence  v  zz  —  2  +  \/ — 3, 
and  confequently  —  4'— 'y  =  — 2 —  V  —  3.  Now 
let  each  of  the  four  roots  found  above,  be  increafed  by 
unity,  and  you  will  have  all  the  roots  of  the  equation 
propofed. 

When  the    equation   given  is  ?i  literal  one^  you  may 
flill  proceed  in  tne  fame  manner,  negleiling  the  known       If     ? 
•quantity  and   its  powers,   till  you  find  what  divifors  fuc-       1^ 
ceed  ;  for  each  of  thefe^  multiplied  by  the  faid  quantity,    -v       .    2 
will    be  a  root  of  the    equation.     Thus,  In   the  literal     #^^^i^(P^  |€| 
equation  x^  +  3^^^ — /^a^x, —  I2a^  zz  o,   the  numeral 
divifors  of  the  laft  term  being  i,  —  i,  2,  —  2,  3,  —  3, 
Cfff.  I  write  thefe   quantities,   one  by  one,  inftead  of  Xy  '^****^^ 
not  regarding  ai  and  (o  have 

1+     3— 4— -12  =  —  12,  therefore  ^  is  not  a  root; 

—I  +     3  +  4  —  12=:  —    6,  therefore  —  /?  is  no  root; 

8+  12— 8— -I2u=  o,  therefore  2a  is  one  of  the  roots ; 

K  4  —  8 
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•^  8  +  12  +   8 — 1»2=  o,  therefore — 2a  is  another  root, 

27+27 — 12 — i2  =  30,theiefore  3^  is  not  a  root ; 
.^27  +  27+  12 — 12=  o,  therefore— 3^  is  the  third  root. 
The  reafon  of  thefe  operations  is  too  obvious  to  need  a 
further  explanation.  I  (hall  here  fubjoin  a  different  way, 
whereby  the  fame  conclufions  may  be  derived,  from  Sir 
Jjaac  NewtqrC%  Method  of  Divifors  \  Vv'hich  is  thus  ; 

Jnftead  of  the  unknozun  qtiantity  fuhftiiute^  fuccejftvely^ 
three  or  more  adjacent  terms  of  the  arithmetical  "progref- 
fion  2,  T,  ©,  —  I,  —  2  \  and,  having  colle5led  all.  the 
terms  of  the  equation  into  one  fumy  let  the  quantities  thus 
refulting^  together  with  cdl  their  divifors^  be  placed  in  a 
llne^  right  againjl  the  correfponding  terms  of  the  progrejfon 
2,  I,  o,  —  I,  —  2  ;  thenfeek  among  the  divifors  an  arith^ 
metical  progrclfton^  whofe  terms  correfpcnd  ijuith^  orjland 
according  to  the  order  of  the  terms  ?,  i,  o,  —  i,  —  2, 
cf  the  firji  progrejfton,  and  whofe  C9?nmon  difference  is 
either  an  unit^  or  fome  divifr  of  the  coefficient  of  the  higheji 
power  of  the  unknown  quantity  (xj  in  the  given  equation^ 
Jf  any  fuch  progrejfton  can  be  dijcovered.,  let  that  term  of  it 
Tuhichjjands  agavjl  the  term  C,  in  the  fir  J}  progreffion^  be 
divided  by  the  common  differ etice^  and  let  the  quotient^  with 
the  fign  -\-  or  —  prefixed^  accofding  as  the  progreffion  is 
increcfng  or  decrsafng^  be  tried  (as  above)  by Juhjiituting 
it  for  X  in  the  propojed  equation. 

ThuSj  let  ihe  propofed  equation  be  x^  -—  x"^  —  10  x 
4-  6  :::  o  5  then,  by  fublfituting  fucceflively  the  terms 
cf  the  progreiHon  2,  I,  O,  —  i,  inftead  of  a-,  there  will 
^rife—  lOj  —  4,  6,  and  14,  rcfpedlively  ;  uhich,  toge- 
ther with  their  divifors,  being  placed  ri^ht  again!!:  th^ 
correfponding  tcrir.s  of  the  progrcfiion  2,  i,  o,  —  1,  the: 
Vi'orjc  will  Hand  thus  : 


2 

— 

JO 

I 

.   2 

5 

I 

~ 

4 

I 

.  2 

4 

0 

+ 

6 

I 

.    2 

3 

I 

+ 

14 

I 

.    2 

7 

10 


14 


Now,  fu.ce  the  cocfFucient  of  the  higheft  power  (x^) 
(S,  here,  only  divifible  by  an  unit,  I  fttk,  among  the  di- 
Viiojs,  a  coiiatcral  progrc/licn  whofe  common  difFerence 

is 
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is  an  unit ;  and  find  the  only  one  of  this  kind  to  be  5,  4, 
3,  2  ;  whofe  third  term  ftanding  againfl  the  term  o  in 
the  firft  progreflion,  I  therefore  take  and  divide  by  unity, 
and  then  fubilitute  the  quotient,  with  a  negative  fign,  in-* 
itead  of  Jt?,  and  there  refuks  —  27  —  9+  30+  6  r=:o; 
therefore  —  3  is,  manifeftly,  a  root  of  the  equation. 

Again,  if  the  propofed  equation  v^ere  to  be  2x^  — 
5;r^  +  /^x —  10  :i:  o,  vi^efhall,  by  proceeding  in  the  fame 
manner,  have 


2 

—  6 

1.2.3. 

6 

I 

1 

0 

-^  9 

—  10 

1.3.9 
1.2.5. 

10 

3 
5 

1 

—  21 

I  .  3  •  7  • 

21 

7 

2 

—  54 

1.2.3. 

6  . 

9&C. 

9 

In  which  cafe,  I  difcover,  among  the  divifors,  the 
increafmgarithmetical  progreiiion,  i,  3,5,  7,  9  ;  whofe 
third  term,  5,  Handing  againft  the  term  o  in  the  firfl: 
progreflion,  being  divided  by  2,  the  common  difference, 
and  the  quotient  (f)  fubftituted  for  a-,  the  bufinefs  fuc- 
ceeds,  the  pofitive  and  negative  terms  deftroying  each 
other. 

Moreover,  if  the  equation  x*-\-x^  —  29;^^ —  gj^-H- 180 
—  0  were  propofed,  the  work  will  ftand  as  follows: 


2 

70 

1.2.5.7. 

10  .  14  .  35  .  70 

I 

2 

5 

7 

I. 
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1.2.3.4. 

6  .  8  .  9  .  12&C. 

2 

3 

4 

6 

0 

r8o 

1.2.3.4. 

5.6.  9  .  10  &c. 

3 

4 

3 

5* 

I 

160 

1.2.4.5. 

8  .  10  .  16  .  20  &c. 

4 

5 

2 

4 

2 

90 

1.2.3.5. 

6  .  9  .  10  .  15  &c. 

5 

6 

I 

3 

Here  are  difcovered  no  lefs  than  four  progreffions, 
whofe  terms  diiTer  by  unity  ;  whereof  the  terms  corre- 
fponding  to  the  term  o,  in  the  nrft  progre/Tion,  are  3,4, 
3,  and  5  :  therefore  the  two  former  progreflions  being 
afcending  ones,  and  the  two  latter  defcending,  I  try  the 
quantities  -f  3,  +  4,  —  3,  —  5,  one  by  one,  and  find 
that  they  all  fucceed. 

And  after  the  fame  manner  we  may  proceed  in  other 
cafes  ;  but,  in  order  to  try  whether  any  quantity  thus 
found  is  a  true  root,  we  may,  inftead  of  fubftituting 
for  Xy  divide  the  v/hole  equation  by  that  quantity  con- 

nedleJ 
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nested  to  x^  with  a  contrary  fign  ;  for,  if  the  divifion 
terminates  without  a  remainder,  the  faid  quantity  is 
manifeftly  a  root  of  the  equation. 

i  hus,  in  the  laft  example,  v/here  the  equation  is 
;f+  _l_  ;f3  —  29^^  —  9AC  -f  180  zr  O,  thc  numbcrs  to  be 
tried  being  -f  3,  +  4,  —  3  and  —  5,  I  firft  talce  —  3 
and  join  it  to  x^  and  then  divide  the  whole  equation,  a-* 
-\-x^  —  iQ^x^ — 9*"  -f-  180  (zz  o)  by  A- —  3,  the  quan- 
tity thence  arillng,  and  find  the  quotient  to  come  out 
x^  +  4a:" —  17;^  —  60,  exaiily.  Therefore  +  3  is  one 
of  the  roots. 

Again,  in  order  to  try  -f  4,  the  fecond  number,  I 
divide  the  quotient,  thus  found,  by  x  —  4,  and  there 
comes  out  ;c'  -J-  Sat  +  j  5  ;  therefore  -f-  4  is  another 
root :  lartly,  I  try  —  3,  by  dividing  the  laft  quotient  by 
A-  +  3,  and  find  it  alfo  to  fucceed,  the  quotient  being- 
X  -{■  S*     S^^  ^^^^  operation  at  large. 

x  —  3)*"*+  a:^— 29A?*— gA'+iSo  {x^-{-\x^ — iix^tt^ 


A-*— 3>r3 

-29J»?^ 
-I2Ar* 

-17^^- 

-I7Ar^ 

-  9^ 
+  51^ 

— 60;^ +180 

—$OAr+l8o 

0          0 

.4)  A'^  +  4^*— 17^—60  (A-^  +  S.v-f  15 

x^ — 4^;* 

4-8;^*— 17;^ 

-f  8a-^ '^2X 


+ i$x — 60 
■^-iSx — 60 


^+3) 
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+  3)  ^^  +  8;.  +  15  (^  +  5 


+  5A  +  '5 
+  5-y  +  J5 


As  ?.nother  inftance  hereof,  let  there  be  propofed  the 
equation  ix^  —  ^x^  +  16;^  —  24  zz  o;  then  expound- 
ing at  by  2,  I,  O,  and  —  ,1,  fucceffively,  and  proceeding  as 
in  the  foregoing  examples,  v/e  have 


4-12I1.2.3.4.  b.i2 

—  91.3.9 

—  24   I  .  2  .   3  .  4  .  6  .  8  &c. 

—  4511  •  3  •  5  .  9  •  ^5  •  45 


+  2 

+  3 

+  4 
■f5 


—  I 
+  I 
+  3* 
+  5 


Therefore,  the  quantities  to  be  tried  being  4  and  |, 
I  firft  attempt  the  divifion  by  x  —  4 ;  which  does  not 
anfvver  :  but  trying  x  —  |,  or  lits  double)  2x  —  3. 
I  find  it  to  fucceed,  the  quotient  being  x"^  H-  8,  ex^ 
aclly. 

The  reafon  why  the  divifors,  thus  found,  do  not  al- 
ways fucceed,  i'^,  becaufc  the  firft  progiellion  2,  1,0, 
—  I  is  not  coniinued  far  enough,  to  know  whether  the 
corre(]j)ondiiag  progrefTion  may  not  break  off,  after  a 
certiiin  number  of  terms;  which  it  never  can  do  when 
the  bufinefs  fucceeds.  Thus,  in  the.  laft  example,  \vhere 
we  had  two  different  progreffions  refulting,  had  the  ope- 
•  ration,  or  feries,  2,  i,  O,  —  i,  been  continued  only  two 
terms  farther,  you  uould  have  found  the  firrt  of  thofe 
progreffions  to  fail ;  whereas,  on  the  contrary,  the  laft 
(by  which  the  bufmefs  fucceeds)  will  hold,  carry  on  the 
progreftion,  2,  1,0,  —  i  as  tar  as  you  vv^ill.  The  grounds 
of  which,  as  well  as  of  the  whole  method,  upon  which 
the  foregoing  obfervations  are  founded,  may  be  explained 
in  the  following  manner. 

Let  there  be  aliumed  any  equation,  as  ax"^  +  hx"^  -f- 
cx'^  -^  dx  -\-  e  ■=!  c,  vi^herein  a^  b^  c^  d^  and  ^,  reprefent 
any  whole  numbers,  politive  or  negative,  and  letpv  -f  q 
denote  any  binomial  divifor  by  whica   the  faid  expreii.on 

GX^ 
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ax^  -f  bx^  +  ^.T*  -{-  dx  -^  e\s  divifible,  and  let  the  quo- 
tient thence  arifing  be  reprefented  by  rx^  +  ja'*  -{-  ix  -^  Vy 
or,  which  is  the  fame  in  efFe<5t,  let  ax"*^  +  bx^  +  ex-  + 
Jx  -{-  e  zz  px  -{-  q  X  rx^  +  i^^  -\-  tx  •}-  v.  This  being 
premifed,  fuppofe  x  to  be  now,  fucceffively,  expounded 
by  the  terms  of  the  arithmetical  progreilion  2,  I,  o, —  i, 
—  1  (as  above)  ;  and  then  the  correfponding  values  of 
our  divifor  px  -f-  f?  will,  it  is  manifeft,  be  expounded 
by  2/>  -f  q^p  -h  q^q-^—p  -f  ?,  and  —  2/'  -f  ?  refpec- 
lively;  which  aifo  conftitute  an  arithmetical  progrefiion, 
whcfe  common  difference  is^;  which  common  difference 
(p)  muft  be  fomc  divilor  of  the  coefticient  (a)  of  the  hril 
term,  othei-wife  the  diviiion  could  not  fucceed,  thiit  is, 
p  could  not  be  had  in  a\  without  a  remainder* 

Hence  it  appt-ars  that  the  binomial  divifor,  by  which 
an  expreiHon  of  fevcral  dinsenfions  is  divifible,  muft  al- 
ways vary  as  x  varies,  fo  as  to  be,  fucceifively,  expreffed 
by  the  terms  of  an  arithmetical  progreflion,  whofe  com- 
nicn  difference  is  fome  divifor  of  the  firii,  or  higheft  tertn 
of  that  expre/Iion. 

It  alfo  j'ppears,  that  the  (aid  common  difference  is 
always  the  coetScicnt  of  the  firft  term  of  the  general  di- 
vifor y  and  that  the  term  (q)  of  the  progreffion,  which 
aiifes  by  taking  x  z=.  o,  is  vwc  fecond  term.  Therefore, 
whomever,  by  proceeding  according  to  the  method  above 
prefcribedja  progreilion  is  found,  anfwering  to  the  con- 
ditions here  fpecihed,  the  terms  of  that  prcgreffion  arc  to 
be  confidered  only  as  fo  many  fucctHive  values  of  fome 
general  divifor,  as/; at  +  q*  Whence  the  reafon  of  the 
whole  procefs  is  manifefl. 

After  the  fame  manirer  we  may  proceed  to  the  in- 
vention of  trinomial  divifors,  or  divifors  of  two  dimcn^ 
fions  ;  for,  let  mx"^  -{•  px  -\-  q,  be  any  quantity  of  this 
kind,  wherein  m^  />,  and  q  reprefeju  whole  numbers, 
pofitive  or  negative,  and  let  the  terms  of  the  progief- 
iion  3,  2,  I,  o,  —  I,  —  2,  —  3,  be  wrote  therein,  one 
by  one,  inftead  of  x -,  whence  it  will  become  ()m  +  3/> 
-h  g,  /^m  -j-  7p  +  q,  m  -\-  p  +  q^  q^  m  —  />  -f  q^  ^m  — 
ap  +  q^  and  9^  —  ip  +  y>  refpedfively  ;  where  m  muft 
be  j(bme  divifor  of  the  coefficient  of  the  fyft  term  of  the 

given 
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given  exprefiion  ;  otherv^'lfe,  the  divifion  could  not  fuc- 
ceed.     Hence  it  appears, 

i«,  That  the  coeRicient  (m)  of  the  firrt:  term  of  the 
dlvilbr  muft  always  be  foiiie  numeral  divifur  of  the  co- 
efficient of  the  tirll  tei  m  of  the  propofed  exprefiion. 

2%  That  the  produ6l  of  that  coefficient  by  the  fquare 
of  each  of  the  terms  of  the  adumcd  progreifion,  3,  2,  I, 
O,  —  I,  —  2,  —  3,  being  fubtradted  fro-n  the  corre- 
fpondtng  value  of  the  general  divifor,  the  remainders 
(3P  +  ^5  2p  +  ^,  />  +  f,  ^,  —  />  +  p  —  -^p  +  q,  —  3/^ 
-f  q)  will  be  a  leries  of  quantities  in  arithmetical  pro- 
greffion,  whofe  common  difference  is  the  coefficient  of  the 
fecond  term  of  the  divifor. 

3%  And  that  the  term  (q)  of  tbys  progreffiorr,  which 
arifes  by  taking  ;p  =  o,   will  always  be  the  third,  or  laft 
term   of   the    (aid  divifor.     From    whence  we  have  the 
following    rule.       In/had  of  x  in   the   quantity  propofed^ 
fubjiitute^  fuccejfwcly^  four  or  more  adjacent  terms  of  the 
progrejfion   3,  2,    I,    o, — ►  I, — 2,, —  3;  arid  from  all 
the  fever al  divifor s  of  each    of  the  numbers  thus  refultingy 
fubtra£l  the  fquare  5  of  the  correfpondiny  terms  rf  that  pro- 
grejfion  midtipUed  by  feme  numeral  divifor  of  the  highefi 
term  of  the  quantity  propofed,  andfet  down  the  remainders 
right  againfi  the  correfponding  terms  of  the  progrefjion  3, 
2,    I,  O,  -^  I,   —  2,  —  3;  ayid   then  feek   out  a  colla^ 
teral  progreffion    which  runs  through  thefe  remainders ; 
which  being  founds  let  a  trinomial  be  affumed^  whereof  the 
coefficient  of  the  fir jl   term  is  the  for  ej aid  numeral  divijor  ; 
that  of  the  fecond   tcnn.    ihe  common  difference   of  this  col- 
lateral pr  ogre  ffion  ;    and  zvhereof  the  third  term  is  equal  to 
that  term  of  the  faid  progreff^on  winch  arifes   by  taking 
X  -zz:  o\  anU  the  £xpreffion  fo  affumed  will  be  the  divifor  to 
be  tried.      But    it    is  to   he    obferved  that  the  fecond  term 
muft  have  a  negative  or  pcfitive  fign-t  according  as  the  pro- 
greffion^  found  among  the  divifors^  is  an  increofing  or  a  de- 
creofing  one, 

'1  hus,  let  the  quantity  propofed  be  a-*  —  x"^  —  5a-^4- 
I2.V — 6;  and  then,  by  fubllituting  3,  2,  i,  o, —  r, 
—  2,  fucceffively,  inftead  of  x^  tne  numbers  refulting 
will  be  39,  6,  I,  —  6, —  21,  and —  26  refpe6tively  ; 
vhich,  together  with  all  their  divifors,  both  pofuive  and 
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negative,  I  place  right  againft  the  correfponding  terms  of 


the   progreilion    3,  2,  1,  o. 


2,  in  the  following 


manner  : 
3 


—  I  .  -^-  3.  — 13.  —  39 

—  I  .  —  2  .— -    3  .  —    6 


39-      13-3  •  I 
6  .        3-2.1 
II.  —  I 

0  6.        3.2.1.  —  I,  —  2.-3.  —    6 

1  21.        7-3.  I.  —  I.  —  3'"~"   7*  —  21 
—  2  26.      13. 2.  I  .  —  I  .  —  2.  —  13.  —  26 

Then,  from  each  of  thefe  divifors  I  fubtra6t  the  fquare 
of  the  correfponding  term  of  the  firft  progreflion  multi- 
plied by  unity  (as  being  the  only  numeral  divifor  of  the 
iirft  term),  and  the  work  ftands  thus  : 


3 

30.    4. — 6. — 8. — 10. — 12. — 22. — 48 

+  4 

-6 

2 
I 

0 

2. — I. — 2. — 3. —  5. —  6. —  7.  — 10 

+  2 

+  0 
—  2 

—3 

+  0 

+  3* 

6.     3.     2.     I. —  I. —  2. —  3.—  6 

•I 

20.     6.     2.     0. —  2. —  4. —  8. — 22 

—•4 

+  6 

•2 

22.     9.^2.-3.—  5.^.  6.— 17.— 30 

—  6 

+  9 

Here  I  difcover,  among  the  remainders,  two  colla- 
teral  progreffions,  viz,  4,  2,    O,   —  2,  —  4,  —  6,  and 

—  6,  —  3»  O,  -f-  3,  +  6,  -f-  9 ;  therefore  the  quantity 
to  be  tried  is  either  x'""  -{-  2x  —  2,  or  ;f^  —  3^"  -f  3  :  by 
both  of  which  the  bufinefs  fucceeds. 

This  invention  of  trinomial  divifors  is  fometimes  of 
ufe  in  finding  out  the  roots  of  an  equation  when  they 
are  irrational,  or  imaginary.  Thus,  let  the  equation 
given  be  x"^ — J^x^  +  Sx'^  —  /\.x  —  i  =z  o ;  and  let  x  be 
fuccelTiVely  expoundea  by  the  terms  of  the  progreilion 
3,  2,  I,  o,  and  the   numbers    refulting  will  be   7,  —  3, 

—  I  and  I  ;  whiclj,  together  with  their  divifors,  being 
ordered  according  to  the  preceding  direilions,  the  ope- 
ration will  ftand  as  follows  : 

-2    -8 
-5 


7  .     1   .— 1 

3  •  I  -—I 
I  .—I  * 
I  .—  I       * 


— 2  . — 8.— 10 — 16 
—I  .—3.—  5--  7 

o.— 2         *       * 
I  .—1         *       * 


Here  we  have  tv/o  progreffions,  — -2,  —  ij  o,  i 


—  2 

+  I* 
;    and 


-—8,  —  5, —  2,  I;  therefore  the  quantity  to   be    tried 


is  either  x^ —  x  -\- 


or  X 


3^  + 


but  I 


take  the 
firft, 
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firft,  and  having  divided  x^  —  4^-^  +  5-^*  —  4-V  +  i 
thereby,    find    it  to    fucceed,  the   quotient   coming  out 

;<.* 3^  +  I,  exa£ily.     Therefore  x\  —  4^^  +  5-^"^—* 

^^;^  -j-  I  being  univerfally  equal  to  x^  —  a-  +  I  X 
^ —  3;<.  -I-  ij  let  A-*  —  X  +  I  be  taken  =  o,  and  alfa 
x'^  —  3;^  +  1  =  0;  from  the  former  of  which  equations 
w^e  have  a-  =  |  ±  V ^\\  and  from  the  latter  x  ■=z\±i 
s/  |.     Therefore   the  four  roots  qf  the  given  equation 

5,rp  i  jL.  \/ i   i v^  — •  -^,  3.  _i-   V^T"  and  ^  —  y^TT 

are  ^  -r   V  —  4?  2  "^         45  2.  t^    '    4   ''"^  z         "^    4:> 

whereof  the  two  laft  are   irrational  and   the   two   firft 

Imaginary.     And   in  the  fame  manner,  the  roots  of  a  //- 

teral equation^  as  z*  —  4<2Z^  +  5^^2,*  -—  4«^2;  +  ^"^  =  O,. 

where  the  terms  are  homogeneous,  may  be  derived  :'  for, 

let  the  roots  be  divided  by  «,  that  is,  let  x  be  put  z;: 

— ,  or  ^A^  =  z;  and  then,  this  value  being  fubftituted  for 
a 

55,  the  equation  will  become  x'' —  4^'  +  5v^ —  4v  +  r 
=  o  ;  from  which  x  will  be  found,  as  above  ;  whence  z 
(  ~  ax)  is  alfo  known. 

Having  treated  largely  of  the  manner  of  managing 
fuch  equations  as  can  be  refolved  into  rational  taclors, 
whether  binomials,  or  trinomials,  I  come  now  to  ex- 
plain the  more  general  methods,  by  which  the  roots  of 
equations,  of  feveral  dimenfions,  are  determined ;  and 
{hall  begin  with 

The  Refohiticn  of  cubic  Equations^  according  to  Cardan. 

If  the  given  equation  has  all-  its  terms,  the  fecond 
term  muft  be  taken  away,  as  has  been  taught  at  the  be- 
ginning of  this  feciion  ;  and  then  the  equation  will  be 
reduced  to  this  forcn  ;  viz.  x^  -{■  ax  zz  b ',  v^here  a  and  ^ 
rcprefent  given  quantities.  Put  x  :i=.  y  +  z;  and  then, 
this  value  being  fubftituted  for  a-,  our  equation  becomes 

y^  +  Zy^^  +  ly'^'^  -f  ^'^  -f  ^  x  y  +  %  =  ^,  or  ^'^  -i-  z^ 

-f-  3;'Z  y.  y  -\z  ■\-  a  X  y  +  z  —  b.  Afrume,now,  372 
=1  —  « ;  fo  fliall  the  terms  3yz  X  y  -f  z  and  a  X  y  -{■  z 
deftroy  each  other,  and  our  equation  will  be  reduced  to 
y^  +  z'  =:  b.  From  the  fquare  of  which,  let  four  times 
the  cube  of  the  equation  yz  =  —  |  ^  be  fubtraded,  and 

we 
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we  fhall  have/—  ly'^-z,'^  +  z^  =  ^*  +  if..;   and  there- 

27 
lore,  by  extrading  the  fquare  root,  on  both  fides,  y'^  — 

z'zzV^^-f^-     which    added     to,     and     fubtraded 
27  '  

from>*  +  K^  =  ^,  gives  2/  =  ^  +   J b"  -j-ifl,  and 
'  27  ^ 

2z^  =  ^  -  y^^  ^.  .If!:  hence^  =-  +  >j^l^f^\ 
^7^^  ^  4       271 

i  and  confequently  a*  (  ~  ^ 


and  z  =  _^         /  A^.    -    x,3 
2 


4  2/ 


^  4       27/  2  ^       271 

Which  is  Cardan^s  Theorem  '.  but  the  fame  thing  may 
be  exhibited  in  a  manner  rather  more  commodious  for* 
prad^ice,  by  fubftituting  for   the   fecond  term  its  equal 

—  If^; , 

^==^  •    (  =^  _ll  =    z,  becaufe  yz  -  ^ 


^  4^271 


|«J.     And  this  being  done,  our  Theorem  ftands  thu^ 


'  ■  ^JL^\ "-  ^' 


2    ^4+27! 


Example  i.  Let  the  equation  >^  +  3^*  +  9;^  =  13  be 
propounded  i  and,  in    order   to  deftroy  the  fecord  term 

thereof,    let   x  —  1   be  put  ^z  y ;  Xo   ihall    x jl^  ^ 

3    X  A-—  l]^  +   9    X    Jf  —  I   =  13,  or;^^  +  6  A-  =  20; 
therefore,   in    this   cafe,  a  being  zi  6,  and  b  z=.  20    we 

have  ^( ±77/^^1  ^_  ^^  ',  _ 

4        27I 
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% 

—  2.732  —  .732  zz  2;  and  confequently 


20,392:3  1 
y  (  =  A-  —  l)  =  I. 

Exam.  2.  If  the  equation  given  be  /  —  3>*  —  2/ 
—  8  z:  o ;  then,  by  writing  a-  +  I  for  y\  it  will  be- 
come "Tl^V  — ^  3  X  ^  +  1 1^—2  x^+  1—8  1=0, 
or  ;c3  —  5;<'  =:  12:  therefore,  a  being  ~  —  5,  and 
b  =z  12,  ;f  will  here  be  equal  to  6  +  v^  36  -IT^^^  — 

^_  5  T : nx      .       1,6666' &C. 


T 


6  +  5,6009 1 1  + 


6  +  v/l6^r^  T  ^  +  5,6009]  ^ 

z=.  2,26376  H-  ,73624  ==  3;  and  confequently  y'^ 
(  m  X  +  I )  ~  4  :  which  is  the  only  poffible  value  of 
y~  in  the  given  equation.  And  it  will  be  proper  to  take 
notice  here^  ihat  this  method  is  only  of  ufe  in  cafes 
where  two,  of  the  three  roots,  are  impofTible  (except  when 

they  are  equal)  5  for j being,   in   all  other  cafes, 

.     4         27 
a  negative   quantity,  its  fquare   root  is  manifeflly   im- 
pofTible. 

I  (hall  now  give  the  inveftigation  of  the  fame  ge- 
neral theorem,  for  the  folution  of  cubics,  by  a  difFdrent 
method  ;  which  is  alfo  applicable  to  other,  higher  equa- 
tions. 

Suppofing,  then,  the  fum  of  two  numbers,  z  and  y^ 
to  be  denoted  by  j,  and  their  produdt  (xy)  by  /»,  it 
will  appear  (from  Prob.  68.  p,  IJ9.)  that  the  fum  of 
their  cubes   (%^  -\-  y'*)  will  be  truly  exprefTed  by  j3  — 

^,       If,  therefore,  %^   +  y^  be   afTumed  rr  b^  we  (hall   a!fo 
have  i'  —  3/)j  =:  b  :  but,  %y  being  zr  />,  or  ^  —  ^ ,  our 


3 


^  firft  equation  z^  -{■  y^  •=.  by  will  become  z^  -{■  L^    rr  ^  ; 

from  which,  by  completing  the  fquare,   ^c,  z  is  found 

L  =  H 


I 


i 
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z=:lb  +  Vi  bb^pA  7  .    whence  y  {  z=:L.)is  given  - 

z 

-  -  -^-  — ;  and  confequently   s  {  z=.  z  ■\-  y) 

-Ib+V  I  bb-^pA^  4-  ^-^=--:  which  is, 

evidently,  the  true  root  of  the  equation  s^  —  3pJ  =  b. 
From  whence  the  root  of  the  equation  x^  -{•  ax  rz  by 
wherein  the  fecond  term  is  pofitive,  will  be  given,  by 
writing  x  for   j,   and  ^a  for  —  /> ;  whence  x  is  found 

ihe  fame  as  before* 

Tn  like  manner,  if  things  be  fuppofed  as  above,  and  there 
be,  now,  given  z'  +  >''  n  ^  ;  then,  by  the  problem  there 
referred  io^   we    Hkewife   have  j'  —  ^ps,^  +  SP^s  rz  h. 

But  the  firft  equation,  by  fubftituting  _l_  for  its  equal 
7,  becomes  z'  -f   ^  =  hi  whence z'°  —  bz^  =  — ^% 


z^,  =  J3  -f  ^/Ub—pS  and  z  =  j^  -{.  V  I  ^^  — />'l^; 
and   confequently    j    (i=z  +  ^    =:z    +    Z_)    :^ 


i  ^  +  s/ibb^p^y^  +  -/^  n  the  true 

root  bf  the   equation  s^  —  5/)^^  H-  5/)-^  =  ^.     Which 
by  fubftituting  x  for  5,  and  — -  —  for  /»,  gives    x  zzz 


true  root  of  uhe  equation  a-s  4-  ^j^^^  _^  1.  ^*J^;  ~  ^, 


f  5  for  the 
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Generally^  fuppofing  z"  +  /  =  ^>  or  z"  +    /  ^-  =  ^ 
(becaufe  ;-  =   iL  },  we    have   %*«   —  ^z"   zr  —  />" ; 

whence  z"  =  f  ^  +  */  |  Z'Z'  —  ^",  and  z  = 

f  ^  +  Vim— /;"]^:   therefore  j  fz  +  J^')=^  -f  A.  == 


^  +  /'i^^--.^"]"    +  -^- 


— ; 7—', ,   — ^1 A  ;     which 

is  the  true  root  of  the   equation  i»  —  Tips'-    ^  +    «  • 


«  —  5    «_6  ^  «--j7  ^  ^,^.-3  _  ^v.  (=  z''  +  /) 


2 


This  equation,   by  writing  x  for  j,  and for  — •  py 

n 

becomes  ;c"   +  ^^"~''  +  ^ZlJ  .    a^a-'^*''*   +  fJILl. 

2«  '  2/2 

"-5 .  «3..--«  + 1=5  .  !!=^ .  !!^Z .  «*;.'-=  fev. 

3«  2«         3«  4« 

=   ^  5    and   its  root    x  ■=.  "T"  "•"  V  —  +  — r- 1      — 

4  n     \ 

a 

I  I*   Wherein  the  tv/o  preceding: 

2         ^4        n-\ 

Theorems  are  included,  vt^ith  innumerable  others  of  the 
fame  kind  ;  but  as  every  one  of  them,  except  the  firft, 
requires  a  particular  relation  of  the  coefficients,  feldoni 

L2 


I 
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occurring  in  the  Refolution  of  problems,  I  (hall  take  no 
further  notice  of  them  here,  but  proceed  to 

7he  Refolution  of  biquadratic  equations^  according  to 
Des  Cartes. 

Here  the  fecond  term  is  to  be  deftroyed  as  in  the  fo- 
lution  of  cubics  ;  which  being  done,  the  given  equation 
will  be  reduced  to  this  form,  at*  -f  ax"-  -\-  Hx  i-  c  =:  o  ; 
wherein  a,  h,  and  c  may  reprefentany  quantities  whatever, 
pofitive,  or  negative.  Afllime  x"^  +  px-l-q  x  x''-\'rx-\'S 
zz:  x"^  -^  ax'^  -\-  hx  -^  c  ',  or^  which  is  the  fame,  let 
the  biquadratic  be  confidered,  as  produced  by  the  mul- 
tiplication of  the  two  quadratics  x"  -\-  px  -{■  q  zz  c^  and 
A"  -i-  rx  -{-  s  zz  o :  then,  thefe  laft  being  adtually  muU 
tiplied  into   each  other,  we  fhall   have  a:*  +  ax"^  4-  bx 

-h  czzx'^'^H  x'    -h  qix^  +  P]  -^  +  ?^5  -whence, 

by  equating  ihe  homologous  terms  (in  order  to  deter- 
mine the  value  of  the  afiumed  coefficientSt />,  q,  r,  and  s) 
Avc  have  p  -i-  r  zz  O^  s  -^  q  -\-  pr  zz  a^  ps  -{-  qr  zz  b^ 
and  qs  zz  c' ';  from  the  firft  of  which  r  zz  — p  ;  from 
the  fecond  s  -\-  q  {zz  a  "- pr)  zz  a  -{-  p'^  \  and  from  the 

third  5  —  q  zz  — .     Now,  by  fubtradfing  the  fquare  of 

f 
the  laft  of  thele   from  that  of  the  precedent,  we  have 

,\qs  ZZ  a"-  +  2^>*  +/)+  —  _,  that  is,  ^c  zz  a"-  -\-  lap'- 

pp 

■{■  p"^  —  (becaufe  qs    zz   c)  -,  and   therefore  p^    -\-    ^ 

pp 

2ap*  "^^.  {  P^  ^  ^^y  ^^o^  which  p  will  be  determined, 
as   in  example  the    fecojid,  of  the  fulution  of   cubics. 

Whence  s  {zz  ^a  -^  ip^  +  A  )j ui.d  q{zz^a  -i-  Ip"- ^ 

2p 

)  are  alfo  known.     And,  by  extra«^ing   the  roots  of 

2p 

the  two  afiumed  quadratics  x"^   -i-   px   l-   q  zz  o,  and 
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A  •  -f-  r;r  +  X  rr  0,  we  have  a-,  in  the  one,  =:  — _^  ± 
2 

VjLL —  ^;  and,  in  the  other,  r= ±    V  !Z1  . 

4 ^  4 

^  P     ^   J  PP 

2"    ~        A '^'  ^^^^"^^  ^  —  —  P-     Therefore  the 

four  roots   of  the  biquadratic,    x'^    -f   ax^   -{■   bx   J^  c 

=  0,  are  L   +   ^J1L~~ L  ^^M~ 

2 ^  4         ^'  2    -         4  ' 

2    +V-^-.y,and~^^V^~-^. 

EXAMPLE. 

Let  the  equation  propounded  be  y'^  — 4j;3 gy  ^  «2 

=  o  ;  then,  to  take  away  the   fecond  term    thereof,   Jet 

X  -^    I    —  y-i  whence,    by  fubHitution,  at**  —  6a-'^ . 

i6a7  +  21  =0;  which  being  compared  with  the  ge- 
neral equation,  x^*  +  -ax^  -\-  bx  +  c  r:  o,  we  here 
have  a  —  —  6,  ^  =z  —  16,  and  ^  zz  21  j  and  confe- 
quently  />*'— - 12/)*  —  48/  (zz/)^  -f  2^/)+^  "^^  I  p^)    -, 

256  (=1  /'M.  Now,  to  deftroy  the  fecond  term  of  this 
laft  equation  alfo,    make  z  +  4  =  />^ ;   and  then,  this 

value   "being   fubltituted,    you     will    have    z^    q6z 

zz  576  ;  whence,  by  the  method  above  explained,  z 
will  be  found  ( =  288  +/238"1'^— ^pl  r   + 

)  =:  12.    Therefore/)  (  =: 
^^~    "Y+   "^  —  JT^   ~7;    confequently  £_  + 

4  24  >      2  + 

L3  >//>^ 


32 


^^8^  +  V'ir8T^-^^^^ 


ISO         The  Resolution  of  Equations 


4  24^ 

—  —  2  — 'V  —  3  ;  which  are  the  four  roots  of  the 
equation  x* —  6^^ —  i6j^  +  2i  ;  to  each  of  which  let 
unity  be  added,  and  you  will  have  4,  2,  —  i  +  l/ —  3 
and  —  I  —  V  —  3,  for  the  four  roots  of  the  equation 
propofed  ;  whereof  the  two  laft  are  impofiible. 

And  that  thefe  roots  are  truly  aOigned,  may  be  ea* 
fily  proved  by  multiplying  the  equations,  y  —  4  zz  o, 
y—'2=:0,y+  I  — V  —  3  zr  O,  and  >;  +  i  4.  y'lZ^ 
=  O,  thus  arifing,  continually  together;  for,  from 
thence,  the  very-equation  given  will  be  produced. 

The  refolution  of  biquadratics  by  another  method. 

In  the  method  of  Des  Cartes^  above  explained,  all 
biquadratic  equations  are  fuppofed  to  be  generated  from 
the  multiplication  of  two  quadratic  ones  :  but,  accord- 
ing to  the  way  which  I  am  now  going  to  lay  down, 
every  fuch  equation  is  conceived  to  arife  by  taking  the 
difference  of  two  complete  fquares. 

Here,  the  general  equation  x^  -{-  ax'^  +  bx^ 
-\-  ex  -\-  d  :=z  o  being  propofed,  we  are  to  afTume 
x"-  +  lax  +  AI^-^Ba-  -f  C]^=z  ;f*  4-  ax^  +  bx"-  -\- 
cx  -{-  d  ',  in  which  A,  B,  and  C,  reprefent  unknown 
quantities,  to  be  determined. 

Then,  ;^^  +  f  ax  4-  A,  and  B;^  4-  C  being  a£lually 
involved,  we  fhall  have  - 


'  *   4-  I^V  4-  a\x  4-  A^-  \ 


*  *   4-  I^V  4-  a\x  4-  An=  ^*  +  ax''   4-   bx' 

*  '^ 

-I-  ex  -\-  d :  from  whence,  by  equating  the  homologous 
terms,  will  be  given, 

1.2A  4-  \  «^-  — B^zi:^,  or,  2  A  4-  Id'  —  bzzi     B^j 

2.  ak  —  2BC  =  c,  or,  aA  —  c  zz  2BCi 

3.  A^-—      C^         zi^,or,  A*  — ^  =C*. 
Ivet  now  the  firft  and  laft  of  thefe  equations  be  multi- 
plied   together,    and   the    produdl     will,   evidently,  be 

8  equal 
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f^qual  to  I  *of  the  fquare  of  the  fecond,  that  is  2A^  4- 
%aa^b  X  A^  — 2^A  -^  d  X  l^a-^0  (=  B^C*)  r= 
"i  X  ^'-A^  —  2acA  +  c^  (=  B^C^).  Whence,  Henot- 
ing  the  given  quantities  ^ae  —  ^,  and  \c'^-^d^  X  J  aa — h 
by  k  and  /,  refpe6tively,  there  arifes  this  cubic  equation, 
A^  —  f  ^A*  +  >^A  — -  i/  zz  o  :  by  means  whereof  the 
value  of  A  may  be  determined  (as  hath  been  already 
taught)  ;  from  which,  and  the  preceding  equations,  both 
B  and  C  will  be  known,  B  being  given  from  thence  = 

V  2A-\-laa^by  and  C  =  - — ^ • 

The  feveral  values  of  A,  B,  and  C,  being  thus  found, 
that  of  A-  will  be  readily  obtained  :  for  x'^  -^  \  ax  -\-  A]  * 
—  Ba-  +  C]^  being  univerfally,  in  ail  circumftances  of 
A-,  equal  to  x^  -f-  ax^  +  bx"-  •{•  ex  +  d^  it  is  evident, 
that  when  the  value  of  x  is  taken  fuch,  that  the  latter 
ofthefe  expreflions  becomes  equal  to  nothing,  the  for- 
mer muft  likewife  be  =r  o  ;  and  confequently 
x"^  +  ^  ax  -{■  AY  :=:  B^'-f-Cp:  whence,  by  extra£ling 
the  fquare  root  on  both  fides,  x^-i-^ax -\-Azz±: Ba-±C  ; 

which,folved,gives;f:z:±fB— i^±v/|^"^rBl''  — ^ — A 

=:  ±  I  B  —  |^±  /;^^=p|^B  +  iB^±C  — A  5  ex- 
bibiting  all  the  four  different  roots  of  the  given  equation, 
according  to  the  variation  of  the  figns. 

This  method  will  be  found  to  have  fome  advantages 
over  that  explained  above.  In  the  lirft  place,  there  is 
no  neceffity  here  of  being  at  the  trouble  of  exterminat- 
ing the  fecond  term  of  the  equation,  in  order  to  prepare 
it  for  a  folution  :  fecondly,  the  equation  A^-^f/'A* 
-f  kA  —  I  /  =  0,  here  brought  out,  is  of  a  more  fimple 
kind  than  that  derived  by  the  former  method  ;  and, 
thirdly  (which  advantage  is  the  moft  confideiable)  the 
value  of  A,  in  this  equation,  will  be  commenf urate  and 
rational  (and  therefore  the  eafier  to  be  difcovered),  not 
only  when  all  the  roots  of  the  given  equation  are  com- 
menfurate^  but  when  they  are  irrational  and  even  impof^ 
fible  \  as  will  appear  from  the  examples  fabjoined, 

L  4  Exam* 


15^  The  Resolution  of  Equations 

Exam,  I.  Let  there  be  given  the  equation  x*  -V  IIa- 
17  =  0. 


Which  being  compared  with  the  general  equation 
A-*  +  ax^  +  bx"-  +  TA?  4-  ^  ==  O,  we  have  ^  zz  O, 
/^  =  o,  /:  =  12,  and  d  z=i  —  17  .-  therefore  k  {\ac —- d) 
,=  iT^l{lc^  -\-  d  X  laa  —  /^)  =z  36  ;  and  confequently 
A3— fM^  +  M— 1/=  A3  +  17A  — i8=3  0i  where 
it  is  evidein,   by  bare   iiifpecStion,  that  A  rz  i.     Hence 

B  ( =  /2  A  +  i«^  -  ^)  zr  V/^C  (  =  ^-^^  )    = 

— 12 


2/2 


=  — 3/2i  and*-  =  ±  {/  2  ±V^q:3/2— i 
2 

rz±f^/2zp   Vt3/2  — i-.  Therefore  the  four 

2      ' 

roots  of  the  equation  z.rt  {  V  i  -\-  \  —  3^  2  —  —  > 

2 

and  —  }/2 —  V  3^  2  —  i-j    whereof  the   firft  and 
fecond  are  impolTible. 

Exam.  2.  Let  the  equation  given  be  x^  —  6^;^  —  58a* 

—  Il4;c- —  II  :z:  o. 

Here  a  :=:  —  6,  ^  =  —  58,  c-=i  — 114,  and  d— — ii ; 
whence  k  {lac — ^d)  =  182,  /  {{cc  +  //  x  laa  —  ^)  = 
2512  ;  and  therefore  A^  +  29A*  +  182A — 1256  z=  o. 
Where,  trying  the  divifors  1,2,  4,  157,  ^c.  of  the  laft 
term  (according  to  the  method  dehvered  on  p.  134)  the 
third  is  found  to  fucceed;  the  value  of  A  being,  therefore, 

—  4.     Whence   there   is   given    B  znV^j^   :=  5  v^  3, 

C  =  -^  =3-^7,   and  .V    (  =  ±   IB-ic  ± 
10/  3 
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^ T^  =F  I^B  -f  jB2  ±  C-.A}  =  ±1/3  +|d: 

V 

Exam.  3.>  Z^/  /^^r^  ^^  «^w  propofedthe  literal  equation 
z+  +  2«2;3  —  37^^2^  —  38«3z  +  ^2^  ~  O. 

This  equation,    by  dividing   the    whole  by  a\  and 

writing  a*  in  — ,   Is   reduced  to  the  following  numeral 

a 
one,  A-*  4-  ix"^  —  37^^  —  38^  +  I  z=  o.  If,  therefore, 
ay  by  Cy  and  d^  be  now  expounded  by  2,  —  37, — 38, 
and  I,  refpe^tively,  we  (hall  here  have  ^  {\  ac  —  d)  z= 
—  20,  /  (|t-^  +  ^  X  i«^  —  b)  :=i  399;  and  therefore, 
by  fubftituting  thefe  values, 

A3  +  ^-^  A^  —  20  A  — .^  =  o, 
or,  2  A^  +  37  A^  —  40  A  —  399  :=  o. 
Which  equation,  by  the  preceding  methods,  will  be 
found  to  have  three  commenfurable  roots,  ^,  — 3 
and  —  19  :  and  any  one  of  thefe  may  be  ufed,  the  re- 
fult,  take  which  you  will,  coming  out  exadtly  the  fame. 
Thus,  by  taking  —  3,  foi:  A,  we  fhall  have  ^^  +  a?  — 
3tz±  V  ^  X  ^x  +  2'.  but^  if  A  be  taken  ■=.  |,  then 
will  x"-  +  X  -{■  ^=:±  /y  X  V^TT'  laftly^if  A 
betaken  =:  —  19,  thenA-""  4-  ;^  —  19  zr  4-  6/  10.  AU 
which  are,  in  efFeft,  but  one  and  the  fame  equation, 
as  will  readily  appear  by  fquaring  both  fides  of  each, 
and  properly  tranfpofing  ;  whence  the  given  equation 
x'^  +  2x^  —  '^'Jx'^  —  38jk?  -f-  I  n:  o,  will,  in  every 
cafe,  emerge.  And  the  fame  obfervaticn  extends  to  all 
other  cafes,  where  there  are  more  roots  than  one  ;  it 
being  indifferent  which  value  we  ufe  ;  unlefs,  that  fome 
are  to  be  preferred,  as  being  the  moft  fimple  and  com- 
modious. 

Having  given  the  general  folution  of  biquadratic 
equations,  by  the  means  of  cubic  ones,  I  fhall  now 
point  out  two  or  three  particular  cafes,  where  every 
thing  may  be  performed  by  the  refolutlon  of  a  quadratic 
pnly, 

Thefe 
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i 

Thefe  are  difcovered  from  the   preceding  equations,  I 

2A  +  |fl^—  ^  =:  B^  i 

t^A—  c  =.  2BC  i 

and  A^—  d  =    C".                  /  | 

wherein,  if  A  be  fuppofed  zz  o,   it  is  plain  that  |fl*  — •  j 

^  ~  B%  —  <:  n:  2BC,   and  —  d  zzz.  C* :  whence  B  =  ^ 

A/i^^  — ^,  C  =   Tl^        ^s/'-d,    and    confe-  j 

iVlaa  —  b  I 

quently  d  =  — -  ;  by  making/—  h  —  \aa,  \ 

4  \ 

Therefore,  in  this  cafe,  ( wherein  d  =z  ~)  the  general  | 

4/    .  j 

equation   x^  +  i^x  +  A  =  ±  Ba;  ±  C,  will  become  ^ 

x'-  ■^{ax~±  x'^  -^f  q:  v"  — .  ^.  ] 

But,  /B  be  fuppofed  =  o  ;  then  v/iil   2  A   +  \a^  —  h 
~  Ojandalfo^A— ^  zz  o  j  whence  A  =:  f^  —  ^  ^* 

=  !/=  -^>  and  therefore  C  (  =  V  A^ -^  d)  =  "^  ^ff-d  : 
fothat  in  this  cafe  (where  c  =  >Z)   the  general  equation 


becomes  A-^  +  \ax^\f—±:  '^\ff^d\  which,  folv- 
cd,givesA'=  — J^±  Vi^'— i/±  '^'W-^^' 
^  Laftly,  ifCbe  fuppofed  zz  o,  then  will  a  A  —  ^  =  o, 
and  A^  —  d  zz  0 ;  confequently  A  =:   —  —  V'  dy  and 

B  (  =  v^  2  A  +  i^^  —  b)  =  V  if.  — /;  therefore,  in 

a 

this  cafe  (where  ^  =    — )  we  fhall  have  x^  +  {  a>-'  +  — 


aa 


■/■ 


From  the  whole  of  which  it  appears,   that,    U  c  be 

r=  -2l,  or  d^  either,  equal  to  if-  ,or  to  —  (/beingr: 
2  4f  aa 


I 
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I,  —  laa)  ;  then  the  roots  of  the  given  equation, 
x^  +  ax^  -{-  hx'^  -\-  ex  -h  d  ^  Oy  may  be  obtained,  by 
the  refolution  of  a  quadratic,  only. 


Exam,  I.     Let  there  be  given  a?**  —  25^"*  +  6ox  — 
36  =  0. 

Here  a  =  o,  ^  =  —  25,  <:  =  60,  and  ^  =  —  36; 

therefore,  /  (  =  —  25  )  being  =_££(=—  25   ), 

4^ 

we  have,  by  cafe  i,  x'^  +  f  ^-x"  =  i  x\/ — f  z^  V  —  di 
that  is,  *•*  =  ±  5;^  q:  6 :  v^^hich,  folved,  gives  x  zz 
±  I-  ±  V2-J  qi  5,  that  is,  A-  =:  I  ±  f ,  or,  a:  =  —  s. 
±  1^:  fo  that  3,  2,  I,  and  — 6,  are  the  four  roots  of 
the  equation  propounded. 


Exam,  2,  Let  there  be  now  given  x"^  -{-  2qx^  +  3^V 
-f  2q^x  —  r*  =  o. 

Then,   a  being    =   2qy  b  :=z  3^%  <:  rz  2^',  and  ^/  =: 

—  r%  thence  will  f{  =  b—  laa)  =  2f ,  and  ^  /  == 

2 

2^^)   zz  c.,  and   fo,   the  example  belonging   to  cafe  2, 
we  have  x  (  =:  — -  j^  +  Vl^V  —  If  ±V~lff^^) 

=  —  i'^  ^  yl—lqq  ±  VYT^- 


Exam.  3.  Lajily^  fuppofe  there  to  be  given  the  equation 
x'^  —  ()x^  +   15^;*— .27^-  -I-  9  ::=:  O, 


Here,  a  being  =  —  9,  ^  =z  15,  <:  ==  ^  27,  andizzg, 
it  is  evident  that  ii  (=  9)  -  ^  (  rz  9)  :    therefore    by 

^afe  3,  we  have  ^*  +  |^^  +  1  =  ±  *•  ^11+7^^17; 

that 
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that  is,  x"-  —  4f AT  +  3  ( =  ±  a-/  6  4-  —  —  ik)   z=: 

—  I"*"^  5  •  which,  folved,  gives 

X  ^  9  ±  3^T±  ^'78  ±  54V^T. 

■     '4 

77/^  Refolntion  o/Literal  Equations,  zvherein 
the  given,  and  the  imknoivn  quantity,  are  alike 
affeEted, 

Equations  of  this  kind,  in  which  the  given  and  the 
unknown  quantities  can  be  fubftituted,  alternately,  for 
each  other,  without  producing  a  new  equation,  are 
always  capable  of  being  reduced  to  others  of  lower 
dimenfions.  In  order  to  fuch  a  reduSiion  let  the  equation, 
if  it  be  of  an  even  dimenfwn,  be  firjl  divided  hy  the  equal 
pwers  of  its  two  quantities  in  the  middle  term  :  then  affume 
a  new  equation^  hy  putting  fome  quantity  (or  letter)  equal 
to  thefum  of  the  tzvo  quotients  that  artfe  by  dividing  thofe 
quantities  one  by  the  other,  alternately  ;  by  means  of  which 
equation,  let  the  fa  id  quantities  be  exterminated ;  whence  a 
numeral  equation  will  emerge,  of  half  the  dimenfions  with 
the  given  literal  one. 

But,  if  the  equation  propounded  be  of  an  odd  dimenfton, 
let  it  be,  firfl,  divided  by  the  fum  of  its  two  quantities,  fo 
will  it  become  of  an  even  dimenfion,  and  its  refolution  will 
therefore  depend  upon  the  preceding  rule. 

Exam,  I.  Let  there  he  given  the  equation  x^ — 4^a-^  + 
^a^x'^  —  d^a'^x  +  a^  •=.  0, 

Here,  dividing  by  d^x^,  we  have H-  +5  — 


aa 


if 

X 

aa 

0 

(or 

XX 

aa 

aa 

+  77- 

X 

-4X-  + 

a 

X 

+  5 

zz 

0,  by  joining 

the 

correfpondi  ng 

terms)  5   and 

by 

mak- 

ing 

z  =Jl 
id 

+ 

a 
— > 

X 

and 

fquarrng 

both  fides, 

we 

have 

alio 
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alfo  z^  =  _  +   2    +  —  5  or  z*  —  7.—  +  — 

aa  XX  aa  xx 

Therefore,    by    fubflituting     thefe    valaes,    our    equa- 
tion becomes  z^  —  2  —  42:  +  5  =:  o,  or  z""  —  42  =:: 

—  3 ;  whence  z  =  3.      But  4-4-  —  being  =    z,  we 

a        X 

have  x^  —  %ax  z=l  —  a"" ;  and  confequently  x  n  I  %a  ±: 

V  la^z^  —  aa  =:  |^  X  z  ±  V^  zz — ^4  —  \a>i  3±/"5", 
in  the  prefent  cafe. 

Exam.  2.  Let  there  he  given  x^  -f-  A-ax^  —  i2a'^x'^  — 
l2a^x^  +  ^a'^x  +^5  =  0. 

In  this  cafe  we  muft  firft  divide  by  ;f  4-  ^,  and  the 
quotient  will  come  oat  a:*  4-  '^ax'^  —^  i^a^x^  4-  '^a'^x  4- 
«*  zi:  O  :  whence,  by   proceeding  as    in  the  former  ex- 

1  ,         XX     ,     aa    ,    ^    ,    X   ,    a 

ample,  we  have —  4-    — 4-3X— 4-  —  —  15=20, 
aa         XX  ax 

or   z^   —   2    4-    32  —   15    =    0,     and  from   thence 

z  =  ^~77  —  3 

2         * 
Eieam.  3.  Suppofe   there  to  be  given  'jx^  •—  26ax^  -^ 
2ba^x  4-   y^*^  =  o.  - 

'~x^    r^ 

Which   divided  by  a^x"^^  becomes  7  x     -__4-  —  — 

a^         x^ 


X  a.  '  X        /I 

26  X  —  4- no.  Now,  making,  as  before,  z  z:  -,  4-  _« 

a^       x"^  ax"* 


a^ 


We  have  z^  —  2   =z    1-    4 — — ;   and  multiplying  again 
a  X 

by  z  =  ii  4-  f-,  we  likewife  have  z^  —  2z  =  f —  4- 
a   ^     X  a^ 

—  4-— 4-  —  —  —    4-   z-f   ;     and    therefore, 

jc         a         x^         a^  x^ 

z^  —  32  =   —    4 :     which  values  being  fubfti- . 

a^         x^ 

tuted  above,  our   equation  becomes   7  x  z^  —  3Z  — 

^6  X  a""  —  2  ==  o,  or  jz^ '—  26^^  —  21Z  4-  52  =  o. 

Where, 
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Where,  trying  the  divifors  of  the  laft  term,  which  arc 
1,2,  4,  13,  i^c,  the  third  is  found  to  anfwer^  z,  con- 
fequently,  being  =:  4. 

Exam.  4.  Wherein  let  there  he  given  Ix^  —  13^*^:'*  — 
l3a^Ar^  -J-  id'  =:  O. 

Here  dividing,  firft,  by  x  4-  ^,  the  quotient  will  be 
lx^  —  lax'^  —  ll^V*  -I-  11^3^^  —  ila'^x'^  —  la^x 
+  ia^  m  o;  which,  divided  again  by  d^x^^  gives 
x^        a^  x^        d  X  a 


x^  a"- 


X 


11  =  0,  that  is,  2  X  z^  —  32  —  2  X  2.^  —  2  —  112 
+  II  =  0,or22;^  —  ^^'' — 172;  +  15  iz  o(vid,p.  119) : 
whence  2  =  3. 

A  literal  equation  may  be  made  to  correspond  with 
a  numeral  one^  h^  fubftituting.  an  unit  in  the  room 
of  the  given  quantity  {or  letter)  :  and  equations  that 
do  not  feem,  at  firft,  to  belong  to  the  preceding  clafsy 
may  fometimes  be  reduced  to  fuch,  by  a  proper  fubfti- 
tution ;  that  is,  by  putting  the  quotient  of  the  firft 
term  divided  by  the  laft,  equal  to  Tome  new  unknown 
quantity  (or  letter)  raifed  to  the  power  exprefiing  the  di- 
menfion  of  the  equation.  Thus,  if  the  equation  given 
be  2x*  +  24;^^  —  S^S^''  +  ^^^^  +  ^^^  r:  0  ;   by  put- 

tmg  -T-  =  y\  we  haye  x  —  2y>   whence,   after  fubfti- 

tution,  the  given  equation  becomes  i62j;*  -|-  648^3  — 
2835;''^  +  648;'  +  162  =z  o  :  which  nowanfwers  to  the 
rule,  and  may  be  reduced  down  to  2y*  +  Sy^  — •  35>'*  -^ 
8y  +  2  =:  O. 

0/  the  Refolution  of   Equations  by  opproximation 
and  converging  feries^ s» 

The  methods  hitherto  given,  for  finding  the  roots  of 
equations,  are  either  very  troublefome  and  labo- 
rious, or  elfe  confined  to  particular  cafes  j  but  that  by 
converging  feries's,  which  we  are  here  going  to  explain, 
is  univerfal,  extending  to  alJ  kinds  of  equations ;  and, 

though 
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tbouo-h  not  accurately  true,  gives  the  value  fought,  v/Ith 
iittle^trouble,  to  a  very  great  degree  of  exa6i:nefs.  When 
an  equation  is  propofed  to  be  folved  by  this  method,  the 
root  thereof  mufl",  firftof  all,  be  nearly  eiiimated  (which, 
from  the  nature  of  the  problem  and  a  few  trials,  may, 
in  moft  cafeF,  be  very  eafily  done)  ;  and  feme  letter, 
or  unknown  quantity  (as  z)  muft  beafTumed,  to  expreis 
the  difference  between  that  value,  which  we  v/iil  call  7\ 
and  the  true  value  (x)  ;  then,  inftead  of  a-,  in  the  given 
equation,  you  are  to  fubftitute  its  equal  r  ±  2:,  and 
there  will  emerge  a  new  equation,  affected  only  with 
z  and  known  quantities ;  wherein  all  the  terms  having 
two,  or  more  dimennons  of  s,  may  be  rejeiled,  as  in- 
confiderable  in  refpe6t  of  the  refi: ;  which  being  done, 
the  value  of  z  will  be  found,  by  the  refolution  of  a  fimple 
equation  j  from  whence  that  of  a-  ( =  r  ±  z)  will  alfo 
be  known.  But,  if  this  value  fhould  not  be  thought 
fufRciently  near  the  truth,  the  operation  may  be  repeated, 
by  fubftituting  the  faid  value  inftead  of  r,  in  the  equation 
exhibiting  the  value  of  z  ;  which  will  give  a  fecond  cor- 
rection for  the  value  of  x. 

As  an  example  hereof,  let  the  equation  x^  +  lO;^* 
-f  ^ox  —  2600,  be  propofed :  thence,  fince  it  appears 
that  X  muft,  in  this  cafe,'  be  fomewhat  greater  than 
10,  let  r  be  put  zn  10,  and  r  -f  z  =z  x ,  which  value 
being  fubftituted  for  x^  in  the  given  equation,  we  have 
^3  ^  y^z  -f-  3r2;*  +  z^  +  lor^  +  20rz  -f-  los*  +  50r 
-f  50Z  =:  2600  :  this,  by  rejeding  all  the  terms  where- 
in two  or  more  dimenfions  of  z  are  concerned,  is  re- 
duced to  r^  4-  2^^z  -t  lor^  -f  20rz   -f  ^Or  -j-  50Z  :=: 

c  1  .        2600 — r^ — I  Or* — cor 

2000  ;  whence  z  comes  out  =: ~^ ^^ 

3r^  +  20r  -f  50 
=  0.18,  nearly:  which,  added  to  10  (=  r),  gives 
10,18  for  the  value  of  x.  But,  in  order  to  repeat  the 
operation,  let  this  value  be  fubftituted  for  r,  in  the  laft 
equation,  and  you  will  have  z  =  — ,0005347  ;  which, 
added  to  10,18,  gives  10,1794653,  for  the  value  of  x^ 
a  fecond  time  corre£ted.  And,  if  this  laft  value  be, 
again,  fubftituted  for  r,  you  will  have  a  third  correction 
Qf  X  i  from  whence  a  fourth  may,  in  like  manner,  be 

found  3 


I 
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found ;  and   (o   on,  until  you  arrive  to  what  degree  of 
exadlnefs  you  pleafe. 

But,  in  order  to  get  the  general  equation  from  whence 
ihefe  fuccelBve  corredions  are  derived,  with  as  little 
trouble  as  poflible,  you  may  negled  all  thefe  terms,  which, 
in  fubftituting  for  x  and  its  powers,  would  rife  to  two  or 
more  dimeniions  of  the  converging  quantity  :  for,  they 
being,  by  the  rule,  to  be  omitted,-  it  is  better  entirely  to 
exclude  them,  than  to  take  them  in,  and  afterwards 
reje6l  them. 

Thus,  in  the  equation  a;^  +  ^*  +  a-  =  90,  let  r  +  z 
be  put  =1  ^i"  ;  and  then,  by  omitting  all  the  powers  of 
z  above  the  firft,  we  (hall  have  r^  +  2rz  —  x\  and 
r^  4-  3^""^  =  ^^  nearly  ;  which,  fubftituted  above,  give 
r^  +  3r'z  +  r^  +  2rz  +  r  +  zzz9o  s  whence  z  is  found  • 

go — r^ — r^ — r 

oj-^  -L  2r  +  I  *     -  herefore,  if  r  be  now  taken  equal 

to  4  (which,  it  is  eafy  to  perceive,  is  nearly  the  true  value 
of;.)  we  {hall  have  z  (-90-64—16-4  ^  _6     x    _ 

48  +  8  4-  1  57 

O.io  &c,  which,  added  to  4,  gives  4.1,  for  the  value  of  x, 
once  corrected  :  and,  if  this  value  of;,  be  now  fubftituted 

for  r,  we  fhall  have  z  (  =   ^       ^      ^  ~^   )  =,00282; 
.  3r^  +  2r  -f  I    '  ^ 

which,   added  to  4.1,  gives  4.10283,  for  the  value  of  .v, 
a  fecond  time  corredled. 

In  the  fame  manner,  a  general  theorem  may  be  de- 
rived, for  equations  of  any  number  of  dimenfions.  Let 
ax^  +  bx"^^  -f  ^AT"—^  +  ^a'— ^  -f  ^A'—^  ^c.  = 
Q^,  be  fuch  an  equation,  where  ^7,  a^  b^  <:,  d  Sec.  repre- 
fent  any  given  quantities,  pofitive,  or  negative;  then, 
putting  r  -\-  z  —  XyWG  have,  by  the  Theorem  in  p,  41. 

x''       =  r"        -f  wr^~'z  &:c. 

^«— I   ...  ^n—i  ^  ^/  ~-i   X  r""~'z&c. 

;t^'~'*    =  ?-"""=^   4.    M .2    X  r  '""^Z  &C. 

&C. 

Which  values  being  fubftituted  in  the  propofcd  equations, 

it 
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//  becomes  ar^  +  nar'''''z  +  hr""^  -f  n-^i  X  ^'''"'z 
&c.  =  Q^.     From  which  z  is  found  = 

As  an  inftance  of  the  ufe  of  this  Theorem,  let  the 
equation  « — a*^  +  300^-  =  1000  be  propounded.  Here 
n  being  =3,  «  ==  —  i,  ^  =  o,  r  ==  300,  and  Q^  rz 
1000,  we  fhall,  by  fubftituting  thefe  values  above,  have 

z  =.  —- ^ :    m   which  (as  it  appears,  by 

—  2r^  +  300  '^^  ^ 

infpe£tion,  that  one  of  the   values  of  x  muft  be  greater 

than  3,  but  lefs  than   4)  let  r   be  taken  =  3  ;    and  z 

127 
will  become  =    — 1  zz.  0.  5,  and  confequently  x  {  zz  r 

4-  zj  =  3.5,  nearly.  Therefore,  to  repeat  the  opera- 
tion,  let   3.5   be  now  wrote   iiiflead  of  r,  and   z  will 

come  out  =  ZlZl—  =:  —  0,027;   which,  added  to 
263.25 

3-55  gives  3.473)  for  the  value  of  *•,  twice  corre£ied. 
And,  by  repeating  the  operation  once  more,  x  will  be 
found  =  3,47296351  ;  which  is  true  to  the  laft  fi- 
gure. 

If  the  root  of  a  pure  power  be  to  be  extracted,  or, 
which  is  the  fame,  if  the  propofed  equation  be  x^  =z  Q^; 
then,  a  being  =  I,  and   h^  r,  ^,  &c.  each  =  o  ;    z,  in 

Q  —  r" 
this  cafe,  will  be  barely  =  ^_-_-. ;    which  may    ferve 

nr 

as  a  general  Theorem  for  extraffing  the  roots  of  pure 

powers.     Thus,  if  it  were   required  to  extradt  the  cube 

root  of  10;   then,   ;z  being  =   3,  and  Q^z:  10,   z  will 

be  =:  — m — ;   in  which,  let  r  be  taken  z=  2,   and  // 


will  become  z  = —  =;  0, 16  :  therefore  at  =  2,  16;  from 
12 

M  whence. 
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whence,  by  repeating  the  operation,  the  next  value  o( x 
will  be  found  ~  2,1544.. 

The  manner  of  approximating  hitherto  explained,  as 
all  the  powers  of  the  converging  quantity  after  the  firft 
are  rejedted,  only  doubles  the  number  of  figures  at  every 
operation.  But  I  (hall  now  give  the  inveftigation  of 
other  rules,  or  formulae,  whereby  the  number  of  places 
may  be  tripled,  quadrupled,  or  even  quintupled,  at  every 
operation. 

Let  there  be  afTumed  the  general  equation  az  +  hx"^ 
+  cz^  4-  ^z"*-  &c.  —  p  ;  z,  as  above,  being  the  converg- 
ing quantity,  and  a,  b,  Cy  d^  Sic.  fuch  known  numbers 
as  arife  by  fubfthuting  in  the  original  equation,  after  the 
value  of  the  required  root  is  nearly  eftimated. 

Then,   by  tranfpofition   and  divifion,  we   fhall  have 

z=z   :^  —  ^  —  £^  _  ^  dfiV.    from    whence,  by 
a  a  a  a 

rejefting  all  the  terms  after  the  firfl-,  and  writing  q  — 


a 


there  will  be  given  %  •=:  q  :  v/hich  value,  taking  in  only 
one  term  of  the  given  feries,  I  call  an  approximation  of  the 
firft  degree,  or  order. 

To  obtain  an  approximation  of  the  fecond  degree^ 
or  fuch  a  one  as  (hall  include  two  terms  of  the  feries, 
let  the  value  of  z   found  above,  be  now  fubflituted  in 

the  fecond  term ,  rejeding  all   the   following  ones  > 

a 

fo  (hall  %=l_^--._iil,   which  triples  the 

a  a  ^  a 

number  of  figures  at  every  operation. 

For  an  apprqximaticn  of  the  third  degree,  let  this 
kft  value  of  z  be  now  fubftituted  in  the  fecond  and 
third  terms,  negleding  every  where  all  fuch  quantities 
as  have  more  than  three  dimenfions   of  q  :  whence  z 

will   be  had  (  zzq^ML    .   ^-i£l  )    zz^.-^ 

a  aa  a 

h     ,    ,    2bb  -^  ac  , 
-  f  + q\ 

a  aa 

The 
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The  manner  of  continuing  thefe  approximations  is 
fufficiently  evident :  but  there  are  others,  of  the  fame 
degrees,  differing  in  form,  which  are  rather  more  com- 
modious ;  and  whereof  the  inveftigation  is  alfo  fome- 
what  diiFerent. 

It  is  evident  from  the  given  equation,  that 

2  =  -- — ; ^  ^   .    ^  ,  g If,  therefore,  the  firft 

a  +  bz  +  cz"-  -\-  dz^  &c. 

value  of  z,  found  above,  be  fiibftituted  in   the  denomi- 
nator, and  all   the   terms  after  the  fecond  be  i:eje6ted, 

we  fhall  have  z  ::=  — L__-  =  — fL-  ;    which  is  an 

a  ^  bq         aa  '\-  bp 
approximation  of  the  fecond  degree. 

But,  if,  for  z  you  write  its  fecond  value,  q  —  *-L, 

a 

you  will  then  have  z  ( = f;n. )  = 

a  -{■  bq  -^ i_   +   cq^  ' 

a 

=:- — ;  being  an  approximation  of 


a^    bq^tL^c.q-^ 

I  "^ 

I  the  third  degree. 

Again,  by  writing  ^  —  A  ^^  +   ^^^"^^^  .  q^  in  the 
a  aa 

I  room  of  z,  and  neglecSling  every  where  all   fuch  terms 
as  have  more  than  3  dimenfions  of  ^,  you   will  have 

2(= 1 — -^ ) 

a^h<i^t  ^lil=±..  f^c^t-  "-Lf+dt 
a  aa  a  ^ 


,    L          bb                <,     ,    lb^       %bc     ,  J      , 
^4-^^— _-  — c  ,  q"  -^    — .^ — -\rd,q^ 


:  which 


a  aa         a 


;is  an  approximation  of  the  fourth  degree. 

It  is  obfervable,  that  the  powers  of  the  converging 
quantity  ^,  in  the  former  approximations,  ftand,  all  of 
them,  in  the  numerator  5  but  here^  in  the  denominator  : 

M  2  but 
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but   there   is  an   artifice  for  bringing  them,  alike,  into 
both,  and   thereby  leflening  the  number  of  dimenfions, 
without  taking  away  from  the  rate  of  convergency. 
To  begin  with  the  approximation  z  = 

— T  ,  which  is  of  the  third  degree, 

c^bq^tL^  c   ,    q- 
a 

put  J  =:    _  —  _-  rz  the  coefficient  of  the  laft  term  of  the 
a        b 

denominator  divided  by  that  of  the  laft  but  one  ;  fo  fhall 

~              P 
^  "~  a  +  ba bsa'^   '    whereof  the   numerator    and  the 

denominator  being,   equally,   multiplied   by   i  +   jy,  it 

becomes  z  =  P  X  1  +  sj 

a  -{-  bq  -^  bsq^  +  asq  +  bsq"^  —  bs'^q^ ' 
but,  the  approximation  being  only  of  the  third  degree, 
bs'^q'^  may  be  rejeded,  and  fo  we  have 

^-         />+jy^       -        a  +_spjjp 
a  +  b  -\-  as  .  q       aa  +  b  -\-  as  .  p 
In  the  fame  manner,  in  order  to  exterminate  the  third 
dimenfion  of  q  out  of  the  equation 

z= =_= f 

a  aa  a 

put  w  =  —  4-  — "^ —  =  the  coefficient  of  the  laft  term 

a       'bb — ac 
of  the  denominator  divided  by  that  of  the  laft  but  one ; 


then  will  z  = 


P 


a^bq-^tL^c.q^-i-     ^1  -- c  ,  wq^ 
a  a 

(becaufe  j  =  —  —   -—  )  i 


a  +  bq  —  bsf  +  bsiuq^  «  b 

whereof  the  terms  being  equally  multiplied  by   i  +  wq^ 

&c.  we  thence  have  %  zz  ——. — ^  .    .    . — —7 — ^ 

*^  a'\-  bq  —  bsq^  +  awq  +  bwq^ 
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/>  X   I  +  wq 
a  -{-  b  -\-  aw  .  q  -{■  w  —  s  .  bq^ 

ap  X  a  -{-  wp 


.^         :  which  is  an  ap- 
tf  X  tffl  +  ^  +  aw  .  p  -i-^w  — s  .  pp 
proximation   of  the  fourth    degree,  and  quintuples  the 
number  of  figures  at  every  operation. 

By  purfuing  the  fame  method,  other  equations  might 
be  determined  to  include  5  or  more  terms  of  the  given 
feries  ;  but,  then,  they  would  be  found  more  tedious,  and 
perplexed  in  proportion  ;  fo  that  no  real  advantage,  in 
pra6lice,  could  be  reaped  therefrom.  I  (hall,  therefore, 
proceed  now  to  illuftrate  what  is  laid  down  above  by  a 
{qw  examples. 

Exam.  I,   Let  the  equation  given  be  x^  +  20x  zz  100. 

Here,  x  appearing,  by  infpedtion,  to  be  fomething 
greater  than  4,  make  4  +  z  zz  x  -,  then  the  given  equa- 
tion, by  fubftitution,  becomes  282;  +  2;*  =:  4.  There- 
fore, in   this  cafe,   «  =  28,  ^    =1,   c  =  o,  &c.   and 

^  rz  4 ;  and  confequently  — ^^  (  =  -rr^  = )  = 

^         ^  aa  -\-  bp  y^S       197  ' 

0.142 1 3  ;  which  is  one  approximation  of  the  value  of  z. 
But,  if  greater  exa£lnefs  be  required,  then  s  {--  —  ~  j 

fing  here   _,  and  u;  (   ^     +    -7 )  =  r: '    ^^ 

°  28  a  bb-^ac  14 

lall,  according  to  our  two  h&jfarmulie^  have 
/  -3  a  +  sp  ,  p        A  __.         28  4-  T  X  4-         -- 

aa^T-rds~,p    ^  -"  28   X    28    +    2  X  4 

.  _  ap  X  a  -\-  wp  _  28X  4  X  z8  +1^ 

aX^^+T+^.p  +  iJ^.pp         28x784+12  +  ? 
28  X  28  +  7  _        28  X  198         _     5544. 
7  X  796  +  i  ~    49  X  796  +  I    -    39005 

M  3  0.14Z 
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0.1421 356236,  more  nearly;  which  value  is  true  to  the 
laft  figure. 

Exam.  2.  Suppofe  the  given  equation^  when  prepared  for 
afolutlon^  to  he  7682;  +  4^^^  +  z^  =  —  96. 

In  this  cafe  a  zz  768,  ^  =  48,  c  zz  i,  ^  =  O,  />  = 

-96,,(=^)=-g-,.(=--_)__,-^-3 
=  _.,  and  «;  C  -  -  ;  +  _-_„___—_ 

==i__JL-.=l.    Therefore  %=: tllil 

8      48—16      32  ^  -f   /»  +  ^^ .  ^ 

^  ^96--96x— ix,-:,  _  --96  +  I    _  —191    _ 
768  +  48  +  32X  — S  ""  768—6—4  1516 

,1259894,  nearly ;  or  z  ~  ^ — ^^ 


=    —96  —  9^    X  — l^x  /^  _        —  96  -F  I 
768  +  48  +  72  X—i-f  ^^5X11        768—6-9  +  tIt 

__ — 96x128  +  9x16  12144  .00 

=  — ^ 5-^ =:  —  --_ZZ=z  — 051259894802, 

753  X  128  +  5  96389  '    ^y  y^      » 

more  nearly. 

In  the  fame  manner  the  roots  of  other  equations  may 
be  approached  :  but,  to  avoid  trouble  in  preparing  the 
equation  for  a  folution,  you  may  every  where  neglect 
all  fuch  powers  of  the  converging  quantity  z  as  would 
rife  higher  than  the  degree  or  order  of  the  approxima- 
tion you  intend  to  work  by.  And  further  to  facilitate 
the  labour  of  fuch  a  transformation,  the  following  ge» 
neral  equations  for  the  values  of  p,  a^  b,  Cy  dy  &c.  may  be 
ufed. 

pzzk  —  ar  —      iS/-^  —      -y^-'  —    ^r*  ^c. 

^  =  a  +  2/3r  +     3yr"  +     ^h-^  ^c» 

/»  =z  /3  +  37r  +    65r^  +  lOsr^  ^c. 

f  z=  y  +  45^r  +  lOer*  +  ^c, 

d  =  ^  -^  ^sr  +  &c. 

The  original  equation  being  ax  +  /3a:^  +  yx"^  +  ^x* 

+  zx^  ^c.  —  k  :  from  whence,  by  making  r  +  z  =  a*, 
the  above  values  are  deduced, 

3  The 
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The  better  to  illuftrate  the  ufe  of  what  is  here  laid 
down,  I  {hall  ful^fjoin  another  example ;  wherein  let 
there  be  given  x^  +  2x'^  +  3^^  +  4.x''  ^x  (or  5^  -f 
4-^^  +  3^^  +  2X''  +  x')  =  54321 ;  to  find  X,  by  an 
approximation  of  the  fecond  degree. 

In  this  cafe,  k  being  =z  54321,  a  =  5,  /3  =  4,  y  zz  3, 
^  =z  2,  and  e  z=  1,  we  have 

P=    54321    —   5r   ~  4r*  —   3r3  —    2r*    —    r^, 

a=:s    +    8^+    9^""  +    8r^    H-    5r%  and 

^  =  4   +    9r  +  I2r*  +  lor^.  " 

Which   values,   by  afluming  r  =  8,  will  become  p  =: 
1 1529,  a    zz.    25221,  and  h   =z  5964  :  whence  q  (  =: 

t  =  0,45,  and  z  (  =       P       =  ) ,^^^^9 ^ 

a  a  -\-  bq  25221     +    2683 

0,41 ;   and  therefore  x  [  z=.  r  +  z)  zn  8,41,  nearly. 
To  repeat   the  operation,  let   8,41  be  now  fubitituted 

for  r;  fo  ftiall  p  =    135,92,  a  =  30479,  /?  —  6876, 

f  (=  ^  )  =0.00445,  and  z  (  =  — ^— )  =     '^^^^^ 

=  0,004455  :  which,  added  to  8,41,    gives   8,414455, 
for  the  next  value  of  x. 

The  formulce^  or  approximations  determined  m  the 
preceding  pages,  are  general,  anfwering  to  equations  of 
ail  degrees  howfoever  afFe6led  -,  but  in  the  extraction  ot 
the  roots  o^ pure  powers  the  procefs  will  be  more  fimple, 
and  the  theorems  themfelves  very  much  abbreviated. 

For  let  x"'  zz  k  be  the  equation   whereof  the  root  x  is 
to  be  extracted;   then,  by  affuming  r  nearly  equal    to   x^ 
I  and  making    r  x  i  -f  z  n:  a",  our  equation  will  become 

r"  X  I  -f  z]     zz  /',  or  1  -^  %\    zz  —^5  that  is,  1  +  nz 


n  . 

n 

2 

I 

z^- 

n  — 

2 

n 

— 

-3 

+  n  . 


3  4 

l^ofition  and  divifion,  %  -f 


Y 
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2  3.  4  wr". 

Here,  by  a  comparifon  with  the  general  equation, 
az  +  hz^  +  cz^  +  ^z*  ^c.  =z  />,  we  have  a  zz  i^ 
J    ___    w — I        _    «  — I        «— 2       7__   «— -  I       M  —  2 


2  23  23 

!LZILJ^c,  zndp  =  ^  ..  :  whence  q  {^)    =    />  ;  f 

4  Kr  a 

(£  —  -)  =  ^""^  —  lUf  =:  «  +  I  •  and  «;  r  -3i 
a       b  2  3  6  ^ 

^i 

~   .  "— ^      .    Ta  ■  »— 2.«— 3-— ^.W--I  .«— 2 

+  731''^  "^  J.M  1    —  j.W  2 


_« — I         n  —  2   .    n  —  3  —  in — 2   .    n  —  2  _^ 

I  2  .«  4-  I 

;7 —  r   .      n  —  2  '      n — I 

+ x«  —  3  —  2«H-2=:  + 

I            2  .  «  +  I  I 

n  —  2  n —  I       n — 2        n        rr^, 

2.  «+i ^        "^^  I  22 

fore,  for  an  approximation  of  the  third  degree,  we  have 
a  -\-  sp  ,  p  l+J/). «+!./> 


z 


aa  -\-  0  -^  as  ,  p        i  _j_  n — I    ,    w+i 


+  -i-'P 


/>  +  «  +  I  ■  -g  ^    .   aj^j  for  an  approximation  of  the 

I  +  2«  —  I  .  I  />  

p  y   I  +  wq 
fourth  degree  z  =  —  "~ 


a  -\-  b  +  aw  ,  q  -Y  W  —  s 
P±±'P^ 


I    +    +__./>+     — .    -— ./> 

2  2  262 
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p  +  -^np __    Hence  it  is  evi- 


,  +  ^Jizi.^  +  i^."-^.^' 


dent  that  the  root  x  (r  X  i  +  z)  (^^  the  given  equation 
1    x^  =  k,  will  be  equal  to  r  +    rp>^i+n+i4^p 

\.  ^  I-f2«~-I.i./)  ^' 

rp  X    J    -i-  k  np 
and  equal  to  r  + 


2« — I  2«  —  I  .  77 — I  .  p^ 

2  12 

^    jw^r^  nearly. 

But  both  thefe  theorems  will  be  rendered  a  little  more 


commodious,   by   putting   v  n    ,    and   fubftitut- 

^ — r"- 

ing   — ,  in  the  place  of  its   equal,  /,   whence,    after 


proper  redudion,  x  will  be  had  z=  r  +  ^  ^  ^^  +  ^  H- Jt 

_^0<6^;  +  4« — 2' 

1  1  r  X  2v  -^n 

nearly ;  and  equal  to  r  +  —  = =:^~==:- 

^/xa-y+aw— 1+|.«— .I.2ZZ—I' 
m^r^  nearly, 

1  fhall  now  put  down  an  example,  or  two,  to  (hew  the 
ufe  and  great  exaitnefs  of  thefe  lait  expreffions. 

I.  Let  the  equation  given  be  ;»r^  z=  2,  or,  which  is  the 
fame,  let  the  fquare  root  of  2  be  required. 

Then,  afiuming  r  =    1.4,  wx   have  «  =z  2, /^  =  2, 

V  (    -^^,    =       ^  ^^  •    =   98  j    and    therefore    r 
i — r  2  —  1.96 

^rx6v  4-     «  +1  _  1,4   X    591     _ 

vx6v  4.4«  — 2"^  9^    X   594    ~  ^'"^   "^ 

IQ7  To7 

7-F7V8  =  ''+  +  Tii-o  =  ''^'^''356  ;    which  i. 

the  value  of  x  according  to  the  former  approximation ; 

but, 
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but,  according  to  the  latter,  the   anfwer  will  come  out 

1-4  +  ^^^  =  1.414213562365  which  is  true  to  the 

Jaft  figure  :  and,  if  with  this  number  the  operation  be 
repeated,  you  will  have  the  anfwer  true  to  nearly  60 
places  of  decimals. 

2.  Let   it  be  required  to   extract   the  cube   root  of 

1728.     Here,  taking  r  =  11,  we  (hall  have  v  iJUL^  ) 

k — r" 

—  1221  =  10.05793;  and  therefore  r .  + 
397 


r  X  21;  +  « 

=  11,99998; 


2'y+2«  —  I  y.  V  -^^  x«  —  I  X2«  —  I 

which  differs   from  truth  by   only  part   of    an 

50000 
unit. 

3.  Let  it  be  propofed  to  extradt  the  cube  root  of 
500.  Here,  the  required  root  appearing  to  be  lefs  than 
8,   but  nearer  to  8  than  7,  let   r  be   taken  =   8,   and 

we  fhall  have  v  (  =  ^^^^^  )    =  —  128  ;    and  there- 
—  12   - 


r  X  21;  +  « 

fore  r  +  ==^  ~;  ■  ... 

iv  ■\'  ^n  —  I  X-y  +  i  X  n  —  i   x  2w  —  i 

60*^2 

--8 ^=7-937005259936;    which   number  is 

96389 
true  to  the  laft  place. 

4.  Laftly,  let  it  be  propofed  to  extra£l  the  firft  fur- 
folid  root  of  125000.  In  which  cafe  k  beii^g  =  125000, 
«  =  5,  r  =  10,  and  v  =  20,  the  required  root  will  be 
found  =  10,456389. 

Befides  the  different  approximations  hitherto  deli- 
vered, there  are  various  other  ways  whereby  the  roots 
of  equations  may  be  approached  ;  but,  of  thefe,  none 
more  general,   and   eafy  in  practice,  than  the    follow- 

'°^-  Let 
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Let  the   general  equation,  a%  -f  ^"^^  +  ^z'  -r  ^'^\  ■\- 
ez^  ^c,    =^"/>5   be  here   refumed ;  which,    by   diviilon, 

becomes  2;  n — % ; ^h 

p        P  P  P  P' 

therefore,  we  malce  A  =    -^ -,  and  negled  all  the  terms 

P 
after  the  firft,  we  (hall  have  z  zz  ;  being  an  approxi- 

mation  of  the  firfl  degree. 

And  if  this  value  of  z  be  now  fubftituted  in  the  fe- 
cond   term,   and  all  the  following    ones    be  rejeded,  we 

(hall  then  have  z  —   1 =: — -iz  —, 

p        p       A       p  p 

(by  making  B  ~, .;    which  is  an  approximation 

of  the  fecond  degree.  ^ 

In  order  now  to  get  an  approximation  of  the  third  de- 
gree, let  this  laft  value  be  fubftituted  in  the  fecond  term, 
neglecting  all  the  terms  after  the  third  ;  fo  fball 

z  = ; 7 :   but  here,  in  the  room  of 

a         b  A         c 

p        p         B        p 
2%   either  of  the  fquares  of  the  two  preceding  values 
ofz,  or  their  rectangle  maybe  fubftituted,  that  is,  either 

L  ^  1,   ^   X  ~,  or  I   V  ~;  but  the  laft  of  thefe 
A  ^  A     B        B'       A   ^  B  ' 

=:  /"  ^  Hs  the  moft  commodious  ;  whence  we  have  2  ir 
'  B'^ 

—j-^ =  ^  i  fuppofing  C  = —L-^ 

p        p        p 

Again,  for  an  approximation  of  the  fourth  degree,  we 

p  pep  p      C      B       p       Ci 

md  £z^-Lx^X^xJL=:lxli  which  va- 
p  p      Q      B      A      p       Q 

lues 
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lues  being  fubftituted  in  the  general  equation  and  all  the 
terms  after  the  four  fir-ft  rejeded,  there  now  comes  out 
z- '  C 

p       pL      pC      pL      p  p  p  p 

=  i. ;  by  maklngD  z=  ^^  -f  ^B  -f  rA  +  ^ 
D  p 

In  like  manner,  for  an  approximation  of  the  fifth  de- 

D'p  p     D     C 

=  l?,l.^r:^x^X?X^  =  ^,andl.*   = 
pD'  p  p       D     C      B     pD'         p 

—    X    — -  X    —    X  --     =  -_.  ;  and  confequently  z 

n  — .;  fuppofing 


gree,  we  (hall  have   1  z  = -1  x -r,iz»  =lx  ^  x 


±D^±C+±B  +i  A  +  I.      ^ 
P    ^     P  P  P  P 

t.  =z Z Z L—  .    Whence  the  law  of  con. 

P 
tinuation  is  manifeft;   whereby  it  appears,  that  if  there  be 

taken  A  =  -i,   B  zzliilf,  C  =    ^^    -^  ^^  -f  . 

P  P  p  ^ 

D  z=f^5±i?-ifAi:^    E  =  ^D  H- ^C  -I-  <rB  -f  dA^e 

p  '  ~p  > 

e^     ,        .„  I     A     B    C     D    E     F      , .     I,     . 
es-.thenwill-,   g.    c'    D'  T   F    G'    ^"  ^'  ^" 
many  fucceffive  approximations  to  the  value  of  25,  amend- 
ing gradually  from  the  loweft  to  the  fuperior  orders. 

An  example  will  help  to  explain  the  ufe  of  what  is 
above  delivered  ;  wherein  we  will  fuppofe  the  equation 
given  to  be  I2z  +  bz^  +  z^  =  2. 

Here  ^  =  12,  ^=6,  f  =  i,  ^=0,  ^=0,  &c.  and />=:2  j 

whence  A  (  =  ^)  =  6,B  (  =  "±±1 )  =iiiii±6 

P                             f             ,       '^ 
_,„  r-/^  -  "B  +  ^A  +  c  _  12x39+6x6  +  I    _ 
_  39,  C  ( ^ ^ 
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_505  T\  f^aC+bB+cA-^-d  .  _6x5o54-6x39+6 

=  1635,  &c. 

Therefore,    --  =  — .^  =  z,  nearly. 
B         13 

-;-  r=    7q  —  z,  ^or^  nearly, 

^       505 

r_=ioi_  ::^  zyjiill  nearer. 

D        654 
From  the  fame  equations  the  general  values  of  B,  C, 
D,  ^c.  may  be  eafily  found,  in  known  terms,  indepen- 
dent of  each  other. 

ThusB(  =  ^+i-  )  =-fl  +-^  (becaufe  A  =j1)  ; 
P        P  P        P  P 

^         P       P        P  P'  P'        P 

AT^f      aC    ,    bB    ,    cA        d  .  _  a*       ^^^b    , 

and  D  ( = +  —  +  J.  — )  =  -T  +  -^ ^ 

P    _      P  P     ^  P  P*         P' 

Therefore 


7.ac 

+  bb        d 

P'     ^        P 

^c. 

A 

^      ^P      . 

B 

a^  -^bpl 

B 

—      />X^* 

+  /^/> 

C         a^+  2abp  +  <:/>' 


D"  ""  fl*  +  3fl"^^/>  +  2^<:  -{■  bb  ,  p'^  -i-  dp^  ' 

5.  —  ^  ^  a'^-^'^a'-bp  +  2^7+7^".  />""  +  4^ 

E    ~~  <2'  +  4^3^/)  H-  3^^  H-  -^bb  .  ^/)^  +  ^c  +  ^^  .  2^3  ^ ^^4^ 

^f.  which  are  fo  many  different  approximations  to  the 

value  of  z. 

Thus  far  regard  has  been  had  to  equations  which 
confift  of  the  fimple  powers  of  one  unknown  quantity, 
and  are  no  ways  alf^ed,  either  by  furds  or  fra£tions. 
If  either  of  thefe  kinds  of  quantities  be  concerned  in 
an  equation,  the  ufual  way  is  to  exterminate  them  by 
multiplication,  or  involution    (as  has  been  taught  in 

Sea. 
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Se£l.  IX.)  But  as  this  method  is,  in  many  cafes,  very 
laborious,  and  in  others  altogether  impracticable,  efpe- 
cially,  where  feveral  furds  are  concerned  in  the  fame 
equation,  it  may  not  be  amifs  to  fhew  how  the  method 
of  converging  feries's  may  be  alfo  extended  to  thefe 
cafes,  without  any  fuch  previous  redudion.  In  order 
to  which  it  will  be  neceilary  to  premife,  that  if  A  -f  B 
reprefents  a  compound  quantity,  confifting  of  two  terms, 
and  the  latter  (B)  be  but  fmall  in  comparifon  of  the 
former  ;  then  will,  

I  I  B  I         ,  B^ 

i<».  ___! —  — -  —  — -  or  -^   X  I  —    — 


A  +  B 


A 


2^  A  +  Bl^n  A^  + 


A^ 

B 


A 


A  +  B 


A^ 


or  A^ 

A2* 

B           I 
or 

2A^      A  '- 
B 


4-  A^B 

2A 


4^A4-Bl^  =  A^  +  — -or  A3 

3A^ 
r o. z r::  ^ — • or  — — 


2A  X  A'^ 
+    A^B 

.       3A 
B 


A-fBp 

^"•aTb 


A^ 
I  I 

*=:  A^ 


r. 


A  +  Bl 


3A^ 
B 

'  4A^ 

B 
or 

4AI 


A^       3AxA^ 
or  A^    +  BA^ 


4A 


B 


4AxA' 


,  nearly- 


All  which  will  appear  evident  from  the  general  theo- 
rem at  p.  41:  from  whence  thefe'^particular  equations^ 
or  theorem?,  may  be 'continued  at  pleafure  ;  the  values 
here  exhibited  being  nothing  more  than  the  two  firft 
terms  of  the  feries  there  given.  But  now,  to  apply 
them  to  the  purpofe  above  mentioned,  let  there  be  given 
V  I  -^  x"-  +  >/x  +  A'*  +  V'^^*  =  10,  as  an  exam- 
ple, where,  x  being  about  3,  let  3  +  ^  be  therefore  fub- 
ftituced  for  a*,  rejecting  all  the  pov^ers  of  e  above  the 

firft. 
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firft,  as  inconfiderable,  and  then  the  given  equation 
will  ftand  thus,  v/  10  +  6^  +  V  n  -|.  6(f  +  ^12  +6? 
=z  10:  but,  by  Theorem  2,  'v/  10  -|-  6^  will  be  ir  v^io 

,    J- LLi5_^>  nearly  J    for,     in   this  cafe,   A    z=    10, 
10 

and  B  =  6^,  and  therefore  A^    -f     «     -  =  -/  yj     , 

3  \/  10  X  ^    .     ,. 
^ :  in   '• 


like  manner   isl/  ii  +  6^z=  V n   ^ 

3^"^^   fcf..  and  confequently  Vl^  +  3}^J°j^. 
u  10 

^  v/u  +  3j^ILiLl+  ^72  +   3^"^^  =  105  which, 

i  I  12 

contra<5ted,  gives  9.044  +  2718^  =  10 ;  whence  2.7 18<? 
=  .056  and  e  zz  .0205 ;  confequently  x  rr  3.0205, 
nearly.      Wherefore,  to  repeat  the  operation,  let  3.0205 

+  ^  be  now  fubftitutjd  for  x',  then  will 

V 10. 1 2342    4-    6.04ig   +    '/ii.i2342    +    6.041^  -f 
'/12. 12342     +    6041^    =:    10;  whence,  hy  Theorermy 
,_>- 6041^  . 

V  10.1234^    +    "77 ~    +    '^11.12342    4- 

2V  10.12342 

6.04.^^  / 6.041^ 

-.- +  V  12.12342  +  ~7=:r=r   =:     10,    or 

2V  11. 12342  2V  12.12342 

9,9987814  4-  2.7224^  zz:  10  :   from  which   ^  comes  out 
=:  .000447,  and  therefore  x  ~  3.020947  ;  which  is  true 
.  to  the  laft  place. 

Again,  let  it  be  propofed  to  find  the  root  of  the  equa- 
20y  Vs^-f  A?^ 

^'°"  "/-"a  .  r  y-^^-^ — ::7 —  =  34-    Put  20  + 

v/i6  +  5.v4-^  25  '^ 

^  =  .V,   then,  by   proceeding  as  before,   we  fhall  have 
J.00  +  20^       20  4-  •--  X  ^7405    +  40^ 
/IS+I?^  ^^  -    34  :    but 


I 


(hy  Theorem  3)    -====-  is  nearly  z=        ^ 

V^5i6  +  45^  V516    *"" 

45^ 
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— =,   and  (by  Theorem  2)  \/  405   +  40^  =: 

1032    X  /516 

V  405  +   — _f —  :  which  values  being  fubftituted  above> 

.  ^405 
our  equation  becomes 

«     .  ««  V      I  4S^  20  +  ^  .  / 20^ 

40O  +  20^X -__ J?.  ,4. JI-XV/405  +  — =. 

v'sib     io^2xV5i6        25 V405 

=r  3.4,  that  is,  400  4-  20g  X  .044022  < —  .00192^  4- 
20  4-  f  X  .804984  4-  .0398^  z=  34;  whence  reje6l- 
ing  ^%  ^f.  we  have  1.713^  =^  '^Q^Si  ^^^  confe- 
quently  ^  =  .1118. 

Thirdly,  let  there  be  given  V*  i  —  x  -\-  \/ 1  —  2a:*  4- 
5/1  —  ^x^  zz  2.  Then,  if  0.54-^  be  fubftituted  there- 
in for  A-,  it  wiH  become  v^O.S  —  e  -\-    V  0.5  —  2^  4- 

V^o.625 — 2.25^  =  2  i  or  V'0.5  —  -i/o.s  X  ^  4-  v/'a5 
—  - —  2,25^ 

— /0.5X  2e  +  V.625 7==^    =:    2;     whence 

2^^.625 

3.545^  =  .204,  e  =:  .057,  and  x  =  0,557,  with  which 
the  operation  being  repeated,  the  next  value  of  x  will 
come  out  z:  .5516, 

Laftly,  let  there  be  given  i  4-  a-]  2  4- 1  4-  .v^  |  t  +  14-P]  i 
=:  6,5.  Here,  by  writing  3  4-  ^  for  ^,  and  pro- 
ceeding  as  above,   we    fhall   have  2  4-  JL  +  10]  V  4- 

To]t  X2^       -TTii    i_,28]|  X  27^  ,     .■ 

^_,  +  28  U  +  -^-^/-  =  6.5,that  IS,  6.455 

4-  1.23*?  =1  6.5  ;   whence  e  zn  .  036,  and  x  r=  3.036. 

It  may  be  obferved  that  this  method,  as  all  the  powers 
of  ^  above  the  firft  are  rejected,  only  doubles  the  num- 
ber of  places,  at  each  operation  :  but,  from  what  is 
therein  fliewn,  it  is  eafy  to  fee  how  it  may  be  extended, 
fo  as  to  triple,  or  even  quadruple,  that  number ;  but 
then  the  trouble,  in  every  operation,  would  be  increafed 
in  proportion,  fo  that  little  or  no  advantage  could  be 
reaped  therefrom. 

Hitherto 
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Hithet-b  we  have  treated  of  equations  which  include 
one  unknown  quantity,  only.  If  there  be  two  equa- 
tions given,  and  as  many  quantities  (x  and  y)  to  be  de- 
termined, one  of  thofe  quantities  muft  firft  be  extermi- 
nated, and  the  two  equations  reduced  to  one,  according 
to  what  is  fhewn  in  Se6l.  9.  But,  if  this  cannot  be 
readily  done  (which  is  fometimes  the  cafe)  and  the  un- 
known quantities  be  fo  entangled  as  to  render  that 
way  impracticable,  the  following  method  may  be  of 
life.        • 

Let  the  values  of  x  and  y  be  afTumed  pretty  near  the 
truth  (which  from  the  nature  of  the  problem,  may 
always  be  done)  :  and  let  the  values  fo  afl'uuK^d  be  de- 
noted by  f^  and  g^  and  what  they  want  of  truth  by  x, 
and  t  refpedively  ;  that  is,  let/  -\-  s  —  Xt  and  g-\-t  =  y  r 
.fubftitute  thefe  values  in  both  equations,  rejecting  (by 
reafon  of  their  fmallnefs)  all  the  terms  wherein  more 
than  one  fingle  dimenfion  of  the  quantities  s  and  t  are 
Concerned  :  let  all  the  terms  in  the  firft  equation,  which 
are  affecSted  by  /,  be  collected  under  their  proper  figns, 
and  denoted  by  As  \  in  like  manner,,  let  thofe  afFe6ted 
by  /,  be  denoted  by  B/ ;  and  thofe  aiTeded  neither  by 
j  nor /,  by  Q_:  moreover,  let  the  terms  of  the  fecond 
equation^  wherein  x  and  /  are  concerned,  be  denoted  by 
ttj,  and  bt^  refpeCtively ;  and  let  the  known  terhis,  on 
the  right-hand  fide  of  this  equation,  or  thofe  in  whichi 
neither  x,  nor  /  enters,  be  reprefented  by  q.  Then  the 
equations  (be  they  of  what  kind  they  will)  will  (tand 
thus,  As  -{-  ^t  zz.  Q^,  and  as  -\-  bt  z±.  q.  ^y  multi- 
plying the  former  of  which  by  ^,  and  the  latter  by  B^ 
and  then  fubtracSting  the  one  from  the  other,  we  fhall 
have   bAs  —  Bas   =  /;Q.— ;  B^ ;    and  therefore  s    =:; 

.S'"Z t ;  whence  x  (-=:  f  4-  s)  \s  giverii 

A3  — «B  ^    y  T   ;     o 

Again,  by  multiplying  the  former  equation  by  ^,  ancl 
the  latter  by  A,  ^c.  we  Ihall  have  aBt  -^  Abt  zz  ^Q^— * 

Aq,  and  therefore  /  =f,    ~"  '  5=  . !  "~  ^tv*-    whence 
Ba  —bAAb-^(fB 

^  (=  g  -i-  t)is  Ukewife  given. 

N  It 
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It  is  eafy  to  fee  that  this  method  is  alfo  applicable,) 
in  cafe  of  three,  or  four  equations,  and  as  mariv  unbioWn 
quantities;  but  as  thefe  arc  cafes  that  feldom  occur  in  the 
refolution  of  problems,  and,  when  they  do,  are  reducible 
to  thofe  already  confidered,  it  will  be  needlefs  to  take 
further  notice  of  them  here :  I  fhall,  therefore,,  content 
myfelf  with  giving  an  example,  or  two,  of  the  life- e£ 
ivhat  is  above  laid  down. 

I.  Let  there  be  given  x*  -\-  j*  =  lOOOOj  and  x^  '^^j^' 
=  25000;  to  find  jf  and  ^.  Then,  by  writing /  + '5 
^  -^j  ^  +  ^  =^5  ^^^  proceeding  accordi tig  to  the  afore- 
going dlredtions,  WQ  I'hall  have/*  -f  ±ps  -f  ^  +  4-g^t 
r=  10000,  and  f^  -f  Sf-^s  —  g^  —  5^*/  zz  25000,  or 
4/'^'  +  4g'i  =  loooo  ^p^g\  and  ^f'^s^sft  =■ 
25000  +  g^ —^/^ '  therefoie,  in  this  cafe,  A  —  ^/V 
^  -=  4g\  Q.  =  lOooo  —/*— ^%  a  =r.  sf\b-  *- 
5^*,  and  q  —  250CO  +  g^—-/^:  But  it  appears,  frorti 
the  iirft  of  the  two  given  equations,  that  x  muft  be 
fomcthing  lefs  than  10,  and  from  the  fecond  that  y 
muft  be  lefs  than  x  :  I  tfierefore  take/"  =  9,  and  ^  ==  8 > 
and  then  A  becomes  =  2916,  B  =  2048,  Q.=  —  6575. 
a  zz.  32805,  h  :=.  —  20480,  q  z=.  —  1281  ;    and  there- 

fore  .(^a=l|l)  =  _o.,3,and*(  ^^l:^ 

t}A  —  Ba  i/A  —   B^     - 

—  0.14;  hence^  =  8.87,  andj  =  7.80,  nearly. 

Therefore,  in  order  to  repeat  the  operation,  let  /  be 
now  taken  zz  8.87,  apd^  —  7.86  ;  then  will  A  zz  2791^ 
E  =  1942,  Q_=:  —  6.76,  a  —  3095:0,  ^  zz  —  19083, 

and  ^  zz  94  ;  confequently  s  (  zz  _^III— i    zz    .OCO47, 

Ao — -  ali 

and  t  r  zz  _l^JI^I_f-)  zz    —  .CO415  ;  Whence   a:    r: 

Ab  '—  aii 
8.87047,  and)  =  7''^SS^5  »  both  which  val lies  are  true 
to  -.the  laft  figure. 

Example^2,  Let  there  be  given  20Ar  -i-^xy'^Ys  +  ^^1 

rz  I2>and  v^a*  -|-/+  — -^^ — -'  ^  '  13-     Here  the 

gi-zen   equations,   by  writing /+  s   for  ^,  and  ^  -f  t 
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tory  will  bemrne  20/+  20i  j^  Jt  -i  •f^t  +  ^-j|y 
+    /8/  +    «i    ==    12,  and /y^   +y   +  2// +    2^i 

20/  +  y^"^  +  20J  +  2^/  +  ^^5^]  J,  by  what  Is  (hewn  in 

p.  '  74,  will  be  transformed  to  ^of-\■  Jg^^  ^  ^ :=::.  -=~.^ 

.   3  X  20/+/^^ 

X  20^  4-  2/^^  -j-  ^S  (fuppofing  all  the  terms  that  have 
more  than  one  dimenfion  of  x  and /,  to  be  rejected,  as 
inconfiderablc)  ;    alfo   v'/^  -{-  ^^  ^  2/f  -f  2o-^,  is  tranf- 


formed  to  '< 


/•? /^    4-    ^^        1  I 


I  fs gt 

to     ,.  —  ~        -  .      '77;       -  - ;    therefore   our 

equations  wil*  itand  thus, 


20/  +  //-"1t    X  20X    +   2/^^  +  g'-s  ^ 

lOf-^rfn^    ^  3   X  20/  +  /^^- 

v^87+  -^  =  12,  and   V'f  ^  n-  +  -4.±JL  + 


/^  +P  +  ^^    X 


=  13:  which  equatioas,  if/  be  afl'umed  zz  5,  and  g 
z=  A,  will  be  reduced  to  5.6462  +  .01045  x  36^  4-  40? 
4-  6.3245  -f.6324x  —  12,  and6.403i>4-  78i.y-f  ^625^ 
+  20  +  5/  -f  4^  X  .3333  — .1852^  -i-  .1482  -  19; 
whence  i.ooSi  4-  .418^  =,0293,  and  i.Sqj-  —  5.255^ 
;=  .0698  :  therefore,  in  this  cafe,  A  zr  i.ooS.  B  zr 
0.418,   0,=  .0293,   a  =  1.59,  /  =—5.255,  and^ 

-z  .0698  :  confcquently  5  (  rz  ->Cl_l|  —  0-305,  and 

Kb  —  wB 

^  ( —  TT--— l")  ~  "•  •°°40  >  therefore  ;^  i=  5.0305 
and  y  =  3-99^o- 

N2  SEG- 
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SECTION     XIII. 

Of  indeterminate^  or  unlimited  Problems, 

^  A  Problem  is  faid  to  be  indeterminate,  or  unlimiteiJ^ 
Jr\.  Vv^hen  the  equations,  expreffing  the  conditionsr 
thereof,  are  fciver  in  number  than  the  unknown  quan- 
tities to  be  determined  ;  fuch  kinds  of  Problems,  flri6^1y 
fpeaking,  being  capable  of  innumerable  anfwers  :  but 
the  anfwers  in  whole  numbers,  to  which  the  queftion  is 
commonly  reftrained,  are,  for  the  general  part,  limited 
to  a  determinate  number  ;  for  the  more  ready  difcover- 
ing  of  which,  I  fliall  premife  the  following 

LEMMA. 
Suppofing — ^^^—  to  be  an   algebraic  fra6lion,  in  .it& 

loweft  terms,  x  being  indeterminate,  and  ^,  hj  and  c 
given  whole  numbers  j  then,  I  fay,  that  the  leaft  inte- 
ger, for  the  value  of  a-,  that  will  alfo  give  the  value  of 

. — 1^1—  an  integer,  will  be  found  by  the  following  me- 
thod of  calculation. 

Divide  the  denominatcr  (c)  by  the  co-efficient  (a)  of  the 
indeterminate  quantity  ;  alfo  divide  the  divifor  by  the  re- 
mainder^ and  the  laft.  divifor^  again^  by  the  laji  remainder  ; 
andfo  Q.n^  till  an  unit  only  remains. 

JVrite  doiJun  all  the  quotients  in  a  line^  as  they  follow  ; 
under  the  firji  of  which  write  an  unit^  and  under  the  Jecond 
write  thefirfl  ;  then  multiply  thefe  two  together^  and  hav^ 
ing  added  the  firft  term  of  the  lower  line  (or  an  unit) 
to  the  product^  place  the  fum  under  the  third  term  of  the 
upper  line :  ?nuliiplyy  in  like  manner^  the  next  two  corref- 
ponding  terms  of  the  tV)o  lines  together^  and^  ha-oing  added 
the  jecond  term  of  the  lower  to  the  product  ^  put  aown  the 
refult  unaer  the  fourth  term  of  the  upper  fine  :  proceed  any 
in  this  way^  till  you  havs  multiplied  by  every  number  in  the 
upper  ling. 

Ibcn 
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Then  multiply  the  laft  number  thus  found  by  the  abfolute 
^antity  (b)  in  the  numerator  of  the  given  fra^iion^  and 
divide  the  produSl  by  the  denominator  j  jo  Jhall  the  re- 
mainder be  the  true  value  of  x^  required -,  provided  the 
number  of  terms  in  the  upper  line  be  even^  and  thcfign  of  b 
negative^  or^^  if  that  number  be  odd  and  the  fign  of  b  af- 
firmative J  biity  if  the  number  of  terms  be  even^  and  theftgn. 
of  b  affirmative^  ^tV  vice  verfa,  then  the  difference  between 
the  faid  remainder  and  the  denominator  of  the  fraQion  will 
he  the  true  anfwer. 

la  the  general  method  here  laid  down  a  is  fuppofed 
lefs'than  c,  and  that  thefe  two  numbers  are  prime  to  each 
,other  :  for,  were  they  to  admit  of  a  common  meafure, 
whereby  b  is  not  divifible,  the  thing  would  be  impolli- 
|:)le,  that  is,  no  integer  could   be  aligned   for  a;,  fo  as 

sto  give  the  value  of  ^^  ~"      an  integer:   the  reafon  of 
c 

which,  as  well  as  of  the  lemma  itfelf,  will  be  explained 

a  little  farther  on  :  here  it  will  be  proper  to  put  down  an 

example  or   two,  to  illuftrate   the  ufe  of  what  has  beea 

already  delivered. 

Examp.  I.     Let  the  given  quantity  he  _-2_~L^^ 

256 

Then  the  operation  will  ftand  as  follows,^ 
§7(256(2 

82)87(1  2,  I,  16,     2 

5)82(16         I,  2,     3,  50,     103 
2)5(2  50 

I  ^5^) 5 I 50(20 

30  =  A-. 
Examp,  2.      Given  liUl-IS. 
71)89(1 

^7)^8(1  I,  I,  4,    5 

1  10 

5<-»  •^.v 
N3  Examp. 
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£aw*.3.     Ghen  ^IZlZrJ:^, 
450 

377)451(1  I,  5,  6 

73)377<^5  I,  I,  6,    37 

i:^  73(6  250 

I  1850 

74 


450)9250(20 
250 
450 

200    Z=  A-v 


c      ^       ^.  .     qSjx  +  651 

1235 
987)1235^1       I,  3,  I,  48,   I,   I 

248)987(3   I,  I,  4,  5,  :^44,  249,493 

243 )  248  f  I     •  _65i 

5;243(48  493 

V   3)_5^i  2465 

2)3(1 
1 


2958 
1235)320943(259 

7^94 


12193 
1078 
1235 

157  =A-, 

Thefe  four  examples  comprehend  all  the  different  cafes 
that  can  happen  with  regard  to  the  reftri6lions  fpecified 
in  the  latter  part  of  the  rule:  I  ftiall  now  fhew  the  ufe 
thereof  in  the  refolution  of  problems. 

PROBLEM     I. 

To  find  the  Uajl  whole  number^  which  divided  by  ijy 
fi)all  leave  a  remainder  of  7  ;  but  being  divided  by  iJo^  the 
remainder  Jhail  be  17^, 

Let  X  be  the  quotient,  by  17,  when  7  remains,   or, 

\^hich  is  the  fame,  let  17;*?  +  7  exprefs  the  number 

"^  fought  4 
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fe'jght;  then,  fmce  this  number,  when  13   is  fubtracled 
from  it,  is  divifible  by  26,  it  is  manifeft  that 

1^  -T  I  -^    s  ^  Qj.       /•^"TZ muft  be  a  whole   num- 

26  26 

ber :  whence,  by  proceeding  according  to  the  lemma-t  x 
will  be  found  zz  8;  and  confequently   \']x  +   7  z±  143, 
the  number  required.     See  the  operation. 
17)26(1 


17 

Jj  I,  I, 

-    9 

i>  i>  2,  3 

6 

8M1 

18 
26 

PROBLEM    IL 

Zuvpofing^  ;<•  +  i3y  n:  2000,   It  is  required  io  find  all 
^he  pojjible  values  of  x  and  y  in  whole  pcfitive  numbers. 

By  tranfpofing  13;',  and   dividing  the  whole  equatiori 

by  9,  we  nave  x  z= ^  =  222—- y  + 2L.. 

9.  9 .     "^ 

which,  as  ;«•  is  a  whole  .pofitive  number,  by  the  queftion, 
muft   alfo  be  a  whole  pofitive  number,   and  fo  likewife 

;  from  which  the  leaft  value  oi  yAi\  whole  num'- 

9 
bers,  will  come  out  =  5;    and    confequently  the  corref- 

ponding  value  of  a*  =  21-5.  From  whence  the  reft  of 
the  anfvvers,  which  are  16  in  number,  v/ill  be  found, 
by  adtiing  9,  continually  to  the  laft  value  of  y,  and 
fubtra6ting  13  from  that  of  .r,  as  in  the  annexed  table, 
which  exhibits  all  the  poflible  anfwers  in  whole  num- 
bers, 

;«=2is;202|i89li76]i63|i5o|i37M4(iriI<)8j85J  7if  59!  461  33I  2o|  7 
y=z  5:  14I  231  32I  41I  50I  591  oSj  77|86!95!io4iii3|i22li3ili4oli49 
In  the  fame  manner,  the  leait  value  of  y,  and  the 
greateft  of  x  being  found,  in  any  other  cafe,  the  reft  of 
the  anfwers  will  be  obtained,  by  only  adding  the  co- 
efficient of  A",  in  the  given  equation,  to  the  laft  value  of/, 
^antinually^  and  fubtra(5ting  the  co-efficient  of  y  from  the 

N  4  coiref- 
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cor  re  ponding  value  of  x.  Hence  it  follows,  that,  if 
the  greateft  value  of  x  be  divided  by  the  co-efficient  of  j, 
the  remainder  will  be  the  kaji  value  of  x^  and  that  the 
quotient  -f  i  will  give  the  number  of  all  the  anfwers, 
But  it  is  to  be  obferved,  that  the  equations  here  Ipo!  en 
off  are  fuch,  v.  herein  the  faid  co-ei^cients  are  prime  to 
each  other  ;  if  this  fhould  not  be  the  cafe,  let  the  equa- 
tion given  be,  firft  of  all,  reduced  to  one  of  this  form, 
by  dividing  by  the  greateft  common  mcafure, 

PROBLEM    III. 

To  find  hoTJU  fnany  different  wrrys  it  is  pojjible  to  pay  lool. 
in  guineas  and  pijloles^  only;  reckoning  guineas  at  21  Jhil- 
lings  each,  and  piftoles  at  ly. 

Let  X  repreient  the  number  of  guineas,  and  y  that 
of  the  piftoles;  then  the  number  of  (hillings  in  the 
guineas  being  2i\",  and  in  the  piftoles,  1 7J^', *  we  ihall 
therefore  have  2IA--J-  Jjy  =  2000,  and  confequently  x  zz 

^^^--,^7y  ^     5  ^  i:z272  .    which  being  a  whole 

"21  21 

number,  by  the  quefticn,  it  is  manifeft    that  --i2_L? 
^  21 

mud  aifc  be  an  integer:  now  the  leaft  value  of  j/,  in 
whole  numbers,  to  anfwer  this  condition,  will  be  found 
~  4,  and  the  exprefTion  itfelf  ~  3  ;  the  correfpond- 
ing,  or  greatc{t  vjlue  of  x  being  =:  92  ;  which  bein^ 
divided  by  17,  the  co-efficient  of  y  (according  to  the 
preceding  note)  the  quotient  comes  out  5,  and  the  re- 
mainder 7  :  therefore  the  leaft  value  of  x  is  7,  and  the 
number  of  anfwers  (=  5  +  i)  zz  6  :  and  thefe  arc  a^ 
follow, 

•^  =  92  i  75  I  5S  I  41  I  U]      7- 
y-     4  I  25  I  46  I  67  I  88  I  109. 

PROBLEM    IV. 

To  determine  whether  it  be  pojfihle  to  pay  lOoL  in  guineas: 
and  moidores  only  ;  the  former  being  reckoned  at  7.1  /hillings 
iach^  and  the  latter  at  27. 

Here,  by  proceeding  as  in  th;^  laft  queftion,  we  havq 
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^lA*  -f  2']y  =:  2000;  and  conlequently  a*  — '-^ 

•zzQ^ y l—A:   where,    the    fraflion    being  in 

its  leaft  terms,  and  the  numbers  6  and  21,  at  the  fame 
Itime,  admitting  of  .a  common  meafurc,  a  folution  in 
whole  numbers  (by  the  note  to  ths  preceding  lemma)  is  im- 
poffiblrr.  '\\\^  rcafon  oi"  vhich  depends  on  thefe  two 
confideratioas  ;  that,  '.i-ifbever  number  is  divillble  by 
a  given  number,  mull  be  divifible  alfi)  by  all  the  divi- 
fors  of  //;  and  that  any  quantity  vvirich  exa6lly  mea- 
ilires  the  whole  and  one  part  of  another,  muii;  do  the 
]ike  by  th.e  remaining  psrt.  Thus,  in  the  prefent  cafe, 
the  quantity  by  — -5,  to  have  t\\^  refult  a  whole  num- 
ber, ought  to  be  divifible  by  21,  and  therefore  divifible  by 
3,  like-vvife  ( which  is,  here,  a  common  meafure  of  ^  and  c)  ; 
but  6y,  the  former  part  of  6y  —  5,  is  divifible  by  3,  there- 
fore' the  latter  part  — ■  5  ought  alfo  to  be  divifible  by  3  ; 
which  is  not  the  cafe,  and  lliews  the  thing  propofed  to  be 
impoffible. 

P  R  O  B  L  E  M    V.' 

A  butcher  bought  a  certain  number  of  JJoeep  and  oxen^for 
which  he  paid  iQoL\for  the  Jheep  he  paid  I"]  jhijlings  apiece^ 
and  for  the  oxcn^  one  zvith  another^  he  paid  7  pounds  apiece  ; 

is  required  to  find  how  many  he  had  of  each  fort. 

Let  X  be  the  number  of  fheep,  and  y  that  of  the 
joxen  ;  then,  the  conditions  of  the  queftion  being  ex^ 
prefTed  in  algebraic  terms,  we  fhall  have  this  equation, 
viz.  17^  +  I40y  =:  2C00;  and  confequently  x 'zz 
aooo-_KO,'  ^  „y  _  8^  _  4J-XI  ^^ich  being 
17  '^     ^  17      ' 

a  whole  number,  ^IZl—^  muft  therefore   be    a  whole 

lumber  likewife  :  whence,  by  proceeding  as  above,  we 
find  >'  =  7,  and  a;  =  60 ;  and  this  is  the  only  aufwer 
the  queihoii  will  admit  of;  for  the  greatefl:  value  of  x 
icannot  in  this  cafe  be  divided  by  the  co-eiTicient  of  y, 
jhat  is   149  cannot  be  had  in  60  j  and  therefore,   ac- 
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cording  to  the  preceding  note,  the  queftion  can  have 
only  one  anfwer,  in  whole  numbers. 

PROBLEM    VL 

J  certain  number  of  men  and  women  being  merrymaking 
together^  the  reckoning  came  f^  33  Jhillings^  towards  the 
difcharging  of  which^  each  man  paid  3s.  6d.  and  each 
woman  is.  4d.  :  the  quejiion  is^  to  find  how  many  perfns 
of  both  f exes  the  company  confifted  of 

Let  X  reprefent  the  number  of  men,  and  v  that  of 
the  women i  fo  fhall  42*-    -\-  i^y  ^=l  396,  or  2i;f  +  8y 

rz  198 ;  and  confequently  y  z=.     ^         ^  1   z=  24  —  2x 

8 


5,v-6 


:  whence, ;'  being  a  whole  number,  — 


8  '"         °  '         8 

muft  likewife  be  a  whole  number.;  and  the  value  of 
Xy  anfwering  this  condition,  will  be  found  =  6,  and 
confequently  that  of  y  (  —  24  —  12  —  3)  =  9  ;  which 
two  will  appear  to  be  the  only  numbers  that  can  an- 
fwer the  conditions  of  the  queftion  ;  becaufe  21,  the  co- 
efficient of  A->  is  here  greater  than  9,  the  greateft  value 
ofy. 

PROBLEM    VII. 

One  bought  1 2  loaves  for  1 2  pence^  whereof  f  me  zuere 
two-peTiny  onesy  others  penny  ones,  and  the  reft  farthing 
cues :   what  number  were  there  of  each  fort  ? 

Put  X  zz  the  number  of  the  firft  fort,  y  =z  that  of 
the  fecond,  and  z  —  that  of  the  thirds  and  then,  by 
the  conditions  of  the  queftion,  we  have  thefe  two  equa- 
tions, viz, 

A-  +    y  +  z  =z  12,  and 
8^  +  4y  +  2;  =  48. 

Whereof  the  former  being  fubtra6ted  from  the  latter, 
in  order  to  exterminate  z,  we  thence  get  7^  -f  3y  =  36, 

and  therefore  y  r:5_-ZIlZf  —  12  —  2x ;  whence 

3  3 

it  is  evident  that  the  value  of  ;c  =  3,  and  confequently 
that  y  =  5,  and  a  =;  4  i  which  are  the  numbers  that 
were  to  be  found, 

PHO- 
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PROBLEM    VIII. 

To  find  the  haft  integer^  pojfihle^  which  being  divided  by 
I^^Jhall  leave  a  remainder  ofi()  ;  buty  being  divided  by  I9, 
the  remainder  Jhall  be  15  j  and^  being  divided  by  15,  the 
r£mainder Jhall  be  ill 

FirH-,  to  find  the  lead  whole  number   that  can  an- 
fwer  the   two  fi'ft  conditions,  let  the  quotient  by  28, 
the  firft  of  the  given  divifors,  be  denoted  by  x^  or,  which   . 
is  the  fame,  let  the  faid  number  be  expreffed  by  28^  + 
19;  then  this  number,  when   15  is  fubtra6»ed  from  it, 

beino;  divifible  by  19,  it  is  manifeft  that 1-,  or  its 

equal  x  +    ^^       ^  muH:  be  an  integer ;  from  whence 

the  leaft  value  of  x  will  be  found  =  8  :  and  corife- 
quently  28;^  -j-  19  =  243  ;  which  is  the  leaft  whole- 
number  that  can  poflibly  fatisfy  the  two  lirft  condi- 
tions. This  being  found,  let  the  leaft  number  that  is 
exactly  divifible  by  both  the  faid  divifors  28  and  19;  be 
now  aftumed ;  which,  becaufe  28  and  19,  are  prime  to 
each  ether,  will  be  equal  to  28  x  19,  or  532:  then, 
fmce  the  number  required,  by  the  nature  of  thS  pro- 
blem, muft  be  fome  multiple  of  532,  increafed  by  243, 
jt  is  plain  that  the  faid  number  may  be  reprefented  by 
532if  +  243;   from  which,  if  11  be  fubtra£ted,  and  the 

remamder  be  diviaed  oy  15,  the  quotient  (  ^^^ ^^— 

rz  3';^  +  15  +  2^  "^  '  )  will  be  a  whole  number  by 

the  queftion,  and  confequently  ^"^       ^  a  whole  number 

aifo ;  from  whence  the  leaft  value  of  x  will  be  found  z=. 
14,  and  confequently  that  ot  532;^  +  243  iz  7691  ; 
which  is  the  number  that  was  to  be  found,  in  the  fame 
manner  the  leaft  number,  porfiLJie,  may  be  found,  which 
being  fucceffively  divided  by  four  or  more  given  di- 
vilbrs,  {hall  leave  given  remainders. 

PRO- 
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PROBLEM    IX. 

Suppoftng  Z'jX  -\-  2^6y  ~  15410  ;  /<?  (httrmh.e  the  le^jf 
*vdue  of  X,  and  the'  greuiejl  of  y\  in  who/e^pofuivt;  members. 
By  tranrpofition  and  divifioii  we  have 

_  15410 — %Tx        .  ^nx — CO        ,  ,      . 

y  rz  -^il ^_  zn  60  —  J. 2-. :   where  the  frac- 

2^6  256 

tion  beings  the  fame  with  that  in  Exanip.  i.  to  the  pre* 
mifed  lemma^  the  required  value  of  x  will  be  given  from 
thence  =:  30 ;  from  thence  that  of  j  will  likewife  be 
known.  But  1  ihall  in  this  place  Ihew  the  manner  of 
deducing  thefe  values,  independent  of  all  previous  con- 
iJderations,  by  a  method  on  which  the  dernonftration  of 
the  tew(2  itfelf  depends. 

In  order  to  this^  it  is  evident,  as  the  quantity  87A: — h 
(fuppofmg  h  —  50)  is  divifible  by  256,  that  its  double 
I74A-— 2/*  muft  be  likewife  divifible  by  256,  But 
256^-  is  plainly  divifible  by  256 ;  and  if  from  th'n  the 
quantity  in  the  preceding  line  be  fubtra£ted,  the  re- 
mainder, %3.x  +  ih  will  be  likewife  divifible  by  the 
fame  number  \  nnce  whatfaever  nu7jiher  zneafures  the 
whore^  and  one  p.art  of  another^  miifi  d-:  the  like  by  the  re- 
maining pari :  for  which  reafon,  if  the  quantity  laft 
found  be  fubira<5ted  from  the  firlt,  the  remainder  S^'^Z^ 
will  alfo  be  divifible  by  256  :  and,  if  this  ntw  remain^ 
dcr  multiplied  by  i6>  be  fubtracSted  from  the  precfeding 
one  (in  order  to  farther  diminiih  the  co- efficient  of  ^k-), 
the  difference  2x  -\-  50^  muft  be  ft  ill  divifible  by  the 
fame  number.  In  like  manner,  the  double  of  the  laft 
line,  or  remainder,  being  fubtra^led  from  the  preceding 
one,  we  have  at—  lO^/?,  a   quantity,  fiilly    divifible  by 

255  :  but  12A^  zz  20  +  -2?-  ;  therefore  x  —  30   muft 

256  256 

be  divifible  by  256  ;  and  consequently  x  be  either  equal 
to  30,  or  to  30  jncreafcd  by  fome  multiple  of  256  5  but 
30,  being  the  leaft  value,  is  that  required. 

Jt  may  not  be  amifs  to  sJd  here  another  Example,  to 
il.uftrate  the    wav  of  proceeding  by  this   laft  method; 

ftvherein  let  us  fuppofe  the  quantity  given  to  be  i-i^ ^ 

Then^ 


243^ 

+  4^ 

5^ 

240^ 

-5^ 

—  2403 

3^ 

+  244^ 

IX 

—  249^ 
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Then,  making  ^  =  651,  the  whole  proccfs  will  ftami 
as  follows. 

From  -    -     -     -     1235^ 

.     fub.      -     -     -     - 9^7^_+ A 

I.  rem.      -     -     -       248^  —  b 

1.  rem,  X  3    -     -       744^  —  3^ 

2.  rem.       _     -     - 

3.  rem. .      -     -     - 

3.  rem.  X  48  -     - 

4.  rem.       -     -     - 

5.  rem.       -     -     « 

6.  rem.  -  -  -  a:  +  493^5 
where,  x  being  without  a  co,-efficient,  let  493^  or  Its 
equal  320943  be  now  divided  by  123S?  ^he  common 
meafure  to  all  thofe  quantities,  and  the  remainder  v/ill 
be  found  1078;  therefore  x  4-1078  is  likewife  divi- 
fible  by  1235  ;  and  confequently  the  lead:  value  of  a' 
(=:  1235  —  1078)  —  IS7'  The  manner  of  working, 
according  to  this  method,  may  be  a  little  varied;  it 
being  to  the  fame  efFe6l:,  whether  the  lail:  remainder,  or 
a  multiple  of  zV,  be  fubtraded  from  the  preceding  one, 
or  the  preceding  one,  from  fome  greater  multiple  of  the 
lad:.  Thus,  in  the  example  before  us,  the  quantity 
248^"  —  ^,  in  the  third  line,  might  have  been  multi- 
plied by  4,  and  the  preceding  one  fubtra£ted  from  the 
product;  which  would  have  given  5;^ — 5^  (as  in  the 
fixth  line)  by  one  ftep  lefs. — If  the  manner  of  proceed- 
ing in  thefe  two  examples  be  compared  with  the  procefs 
for  finding  the  fame  values,  according  to  the  lerrmia^  the 
grounds  of  this  will  appear  obvious. 

PROBLEM    X. 

Suppofing  e^f,  and  g  to  denote  given  integers;  to  deter-' 

mint  the  value  of  x-,  fuch  that  the  quantities — 1^  > 

•^      -^  28        19 

^nd  i.      ^.u  5  fnay  alio/ them  he  integers » 

'^  By 
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By  making  ^z^.>.,wehave;.=:28;;  +  ,  ^  which 
value  be^ng  fubftituted  in  our  fecond  expreflion,  it 
becomes  g^+^M::/.    ^Hich,   as   well  as  y,  is  to  b(^ 

a  whole  number  :    but  l^UjzI,  by  makin:^  b  z=:  e 

— /,willba  =  j  +  2LLf  ;    and    therefore     inv    and 

18;;  +  2^  being  both  divifible  by  19,  their  difFerence 
y---lh  muft  be  alfo  di^vifible  by  the  fame  number  ; 
whence  it  is  evident,  that  one  Value  of  ;/ is  2^ ;  and 
that  ^h  4  192  (fuppofing  %  a  whole  number)  will  be  a 
general  value  of  y;  and  confeqnently  that  x  {—  28y 
-^  '\~  SZ'^'^  +  56^  -F-  ^  is  a  general  value  of  x,  an- 
Iwering  the  two    fird  conditions.     Let   this,  therefore 

be  fub/lituted  in  the  remainino-  exprefiion  IZlLj  which 

15  ' 

by  that  means,  becomes  5322:  -f  56^  -f  ^—^  z=  9c- 

15  ^^^ 

-f  3^  +    Z2-i-f  (fuppofing  ^  —  \\b  -\-  e  — g  zn  x2e 

—  11^— ^J  ^ere  15Z  and  14%  +  2^  b.:.^  Loth  di- 
vifible by  15,  their  difttrence  %  —  2|3  muft  iikewife  be 
liivifible  by  the  fame  number ;  and  therefore  one  value 
of  z  will  be  2|3,  and  the  general  value  of  z  —  2/3  -{- 
15^;:  from  whence  the  general  value  oi x  (=  5322  + 
S^h  i-  f)  is  given  =  79802^;  +  1064^3  +  56^  +  ^; 
which,  by  reftoring  the  values  of  ^,  and  ^,  becomes 
798oif  +  12825^—  11760/ —  1064^. 

Now  to  have  all  the  terms  affirmative,  and  their  co- 
efficients the  leail  poffible,  let  zu  be  taken  rz  —  e  -{■  zf 
+  g;  whence  there  rcfults  4845^  -f-  4200/"  4-  6916^, 
for  a  new  value  of  ;«• ;  from  which,  by  expounding  ^,y^ 
and  g,  by  iheir  given  values,  and  dividing  the  whole  by 
7980,  the  leaft  value  of  a*,  which  is  the  remainder  of 
the  divifion,  will  be  known. 

PRO- 
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PROBLEM   XI. 

If  ^x  4-  7>'  -f   ilz  r=  224;    It  is  required  to  find  all 
jhe  "pofftble  values  of  x^y^  and  z,  in  whole  numbers. 

In  this,  and  other  queftiofis  of  the  fame  kind,  where 

tyoa  have  three    cr  more   indeterminate   quantities    and 

only  one    equation,   it  will  be   proper,  iirft  of  all,  ta 

find  the  limits   of  thofe  quantities.     Thus,  in  the  pre- 

■leritcafe,  becaufe  x  is  =:  ZZ^S^—UJUL — 5,  and  becauf© 

the  leaft  values  of  y  and  z  cannot  (by  the  queilion)    be 
lefs  than  unity,  it  is  plain  that  x  cannot  be  greater  than' 

—         ^— — •,  or  41  :  and,  in  the  fame  manner  it  will 

I  'appear  that  y  cannot  be  greater  than  29,   nor  z  greater 
than  19  \  which  therefore  are  the  required  limits  in  this 

■.     __  _  .     •      224  —  "ly — iiz  _ 

'€afe.     Moreover,  nnce  .v  is  ~ — ■  —    45 

k  '  5  .  ■      ■ 

ly^.y  —  2z  —  J  ^  ^^  "T  ^  ~   a   v/hole  number,  it  is 

•manifeft  that    -^  ,;,  ^  T —  muft  alto  be  a  whole  num- 

■  5 
ter  :    let   z  4-  i    be   therefore   confidered  as  a  known 
quantity,  and  let  the  fame  be  reprefented  by  ^,  and  then 

the  laft  exprelfion  will  become  — ;   from  w)iich, 

by  proceeding  as   above,    we   {hall   get  _y  :-:  23  zz  22; 

-f  2  ;   whence  the  correfponding  value  of  x  comes  out 
.=  42—52:. 

Let  z   be   now  taken  =  i,  then  will  x  •=.  yj   and;^ 

=  4;  from  the  former  of  which  values,  let  the  co-eiE- 
cient  of  y  be,  continually,  fubtra6led,  and  to  the  latter 
let  that  of,y  be  continually  added,  and  we  fliall  thence 
have  37,  30,  23,  16,  9,  and  2,  for  the  fucceffive  values 
of  x;  and  4,  9,  14,  19,  24,  and  29,  for  the  correfpond- 
ing values  of  y  :  which  are  all  the  polTible  anfwers  when 
»  =  I. 

Let 
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Let  z  be,  now,  taken  =  2,  then  x  zz  32,  and  y  =  6 ; 
let  the  former  of  thefe  values  he  incrcafed  or  decreafed 
by  the  multiples  of  7^  and  the  latter  by  fhofe  of  5,  a5 
far  as  poflible,  till  they  become  negative  ;  fo  {hall  we 
have  39,  32,  25,  18,  II,  aiid  4,  for  the  fucceflive  values 
of  A-,  in  ihis  cafe,  and  I,  6,  11,  16,  2i,  and  26,  for  the 
iefpe£live  values  of  y :  which   are  all  the  anfwers  when 

52=2. 

Again,  let  i^  be  taken  =  3 ;  then,  by  proceeding  aS' 
above,  the  correfponding  values  of  x,  and  y  will  be  found 
equal  to  34,  27,  20^  13,  6  j  and  3,  8,  13,  ]  8,  23,  refpec- 
lively.  And  lo  of  the  reft  :  whence  we  have  the  follow- 
ing anfwers,  being  60  in  number,- 


z 
I 

;' 

;? 

4  .  9.  14  .  IQ  .  24.29. 

37.30.23.16. 

9.2. 

2 

I  .  6.  II  . 16 .  21  . 26  . 

39.32.25.18. 

II  .4. 

3 

3.  8.  13.18.23. 

34.27.  20.13. 

6. 

4 

5.  10.15.20.25 . 

29.22.15.  8. 

I . 

5 

2.  7 . 12, 17 . 22. 

31  .24.  17.  10. 

3- 

6 

4.  9-I4- 39- 

26  .  19.  12  .  5. 

7 

1 .  6.  II  .  16 . 

28  .  21  .  14  .  7  . 

8 

3.  8. 13. 18.  • 

23. 16.  9  .  2. 

9 

5-10.15. 

18.  II .  4. 

10 

2.  7.12. 

20.  13.  6. 

II 

4.  9.14. 

15.  8.  I. 

12 

I  .  6 .  II . 

I7-I0-  3- 

13 

3.  8. 

12.  5. 

14 

5.10. 

14.  7- 

15 

2.  7. 

9.  2. 

16 

4- 

4- 

17 

I . 

6. 

18 

h       ■    « 

I  . 
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PROBLEM    XII. 

//^  ly^f  +  ig)?  +  21Z  =  400  ;  it  is  propofcd  to  find- 
all  the  pojfible  values  of  x^  y^  and  z,  in  whole  pofitive 
numbers. 

When  the  coefiicients  of  the  indeterminate  quanti- 
ties x^  yy  and  z,  are  nearly  equal,  as  in  this  equation,  it 
will  be  convenient  to  fubftitute  for  the  fum  of  thofe 
quantities.  Thus,  let  x  +  y  +  z  be  put  ~  m;  then 
by  fubtradting  17  times  this  laft  equation  from  the  pre- 
ceding one,  we  (hall  have  2y  +  ^z  —  400  -^  I'jm;  and 
iy  fubtrading  the  given  equation  from  21  times  the 
alRimed  on^  x  -i-^y  +  z  =  w,  there  u^ill  remain 
j^x  +  2y  :=z  2im — -400.  Therefore,  fmce  ;?  and  z  can 
have  no  values  lefs  than  unity,  it  is  plain,  from  the  firft 
of  thefe  two  equations,  that  400  —  ipn  cannot  be  lefs 

than  6,  and  therefore  m  not  greater  than ,    or 

23 :  alfo,  becaufe  by  the  fecond  of  the  two  laft  equa- 
tions, 2im — 400  cannot   be  lefs  than  6,  it  is  obvious 

that  m  cannot  be  lefs  than  Z it — ,    or    19  :    therefore 

21 
19  and  23  are  the  limits  of  w,  in  this  cafe.     Thefe  be- 
ing determined,  let  4.x  be  tranfpofed  in  the  laft  equation, 
and  the    whole  be    divided   by  2,   and   we   fhall  have 

y  zz  lom —  200  —  2x  4-  — »  :    which  being  a    whole 

2 

number,  by  the  queftion,   —   muft  likewife  be  a  whole 

number,  and  confequently  wan  even  number;  which^ 
as  the  limits  of  w  are  19  and  23,  can  only  be  20,  or  22  : 
let,  therefore,  m  be  firft  taken  =:  20,  then  y  will  be- 
come =  10  —  2x  and  z  (/«  —  ^  — •  ^)  —  10  +  a-; 
wherein  x  being  taken  equal  to  i,  2,  3,  and  4,  fuc- 
ceffively,  we  (hall  have  y  equal  to  8,  6,  4,  2,  and  z 
equal  to  11,  I2,  13,  14,  refpeiStively,  which  are  four 
of  the  artfwers  required.  Again,  let  zn  be  taken  =z  22  ; 
then  will  y  =31  —  2 a*,  and  z  zz  x  —  9  ;  wherein  let 
A- be  interpreted  by  10,  li,  12,  13,  14,  and  15,  fuc-. 
celTively,  whence  y  will  come  out  1 1,  9,  7,  5,  3,  and  i  ; 

O  and 


I- 
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and  X  equal  to  i,  2*,  3,  4,  5,  and  6,  refpedively.  There- 
fore we  have  the  ten  following  anfvversi  which  are  all 
the  queftion  admits  of. 


X  1= 

y  = 


I 

2 

3 

4 

10 

II 

12 

13 

14 

8 

6 

4 

2 

II 

9 

7 

5 

3 

II 

12 

13 

H 

I 

2 

3 

4 

5 

IS 

I 
6 


,     PROBLEM     Xlir. 

Suppofing  yx  -i-  ()y  +  23Z  =  9999 ;  k  is  required  tt 
determine  the  number  of  all  the  anjwers^  in  pofitive  in^ 
tegers. 

In  cafes  like  this^  where  the  anfwers  are  very  many, 
and  the  number  of  them  only  is  required,  the  following 
method  may  be  ufed. 

In  the  general  equation  ax  '\-  by  •{-  cz  "=.  k  (where  a 
and  h  are  fuppofed  prime  to  each  other)  let  z  be  affiimed 
=  o ;  and  find  the  greateft  value  of  x^  and  the  leaft  of 
J,  in  the  equation  ax  -\-  by  zz.  k^  thence  arifmg;  de- 
noting them  by  g  and  /:  find,  moreover,  the  leaft  pofi- 
tive value  of  w  (in  whole  numbers)  from  the  equation 
am  ^  bn  :=.  c,  together  with  the  correfponding  value  of 
??!•,  whether  pofitive  or  negative;  then,  fuppoiing  q  to 
reprefent  an  integer,  the  general  value  of  x  may  be  ex- 
prelTed  by  g  ^—bq  —  wz,  and  that  of  y  by  /  +  aq  —  nz; 
as  will  appear  by  fubftituting  in  the  general  expreffion 
ax  -\-  by  -{•  czj  which  thereby  becomes  ag  — •  abq  — 
amz  -\-  bl  -\-  abq  —  bnz  +  cz  •=.  k  {zs  \t  ought  to  be), 
becaufe  ag  •\-  bl  •=.  k^  and  all  the  reft  of  the  terms 
deftroy  one  another.  And  it  may  be  obferved  farther, 
by  the  bye,  and  is  evident  from  hence,  that  any  two 
correfponding  values  of  m  and  ;?,  determined  from  the 
equation  a?n  -\-  bn  zz  Cy  will  equally  fulfil  the  conditions 
of  the  general  equation;  but  the  leaft  are  to  be  ufed, 
as  being  the  moft  commodious. — As  to  the  limits  of  z 
and  <7,  thefe  are  eafzly  determined  ;  the  former  from  the 
original  equalion,  and  the  latter  from  the  general  va- 
lue of  A-  j  by    which    it  appears  that  q   cannot  exceed 

^JUjm ;  wherein  the  greateft,  or  the  leaft  value  of  z  is 

b 
to  be  ufed,  according  as  the  fccond  term,  after  fubftitu- 

tioa 
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tion  for  m.  Is  pofitive  or  negative.  But,  befides  thls^  there 
is  another  limit,  or  particular  value  of  ^  to  be  determined, 
which  is  of  great  ufe  in  finding  the  number  of  anfwers. 

It   is   evident    from    the   given    equations,  that  the 
values  of  x  will  begin   to   be   negative,   when  z  is  fo 

increafed  as   to   exceed  ^  ^  ;    and     that    thofe    of 

m 

y  will,   in    like  manner,   become    negative,  when  %   is 

taken  greater  than  — Ii — i-  :     therefore,    as   long   as 
n  ' 

?        -1  continues  greater  than  fi  (fuppofing     the 

m  n 

value  of  q  to  be  varied)  fo  long  will  x  admit  of  a 
greater  afl'umption  for  %  than  ^  will  admit  of,  without 
producing  negative  values ;  and  vice  verfd.  By  mak- 
ing, therefore,  thefe  two  exprefiibns  equal  to  each  other, 

the  value  of  q  will  be  given  (  rz  .A.IIUL  )  ~  ^^     J^ 

am  -\-  nh  c 

expre/Tmg  the  circumftance  wherein  both  the  values  of 
X  and  y,  by  increafing  z,  become  ne2:ative  together. 
But  this  holds  only  when  w  is  a  pofitive  quantity  ; 
for,  in  the  other  cafe,  the  laft  term  {—  mz)  in  the  ge- 
neral value  of  X  being,  pofitive,  the  particular  values  do 
not  become  negative  by  increafing,  but  by  diminifhing 
the  value  of  z  j  it  being  evident,  that  no  fuch  can  re- 
fult  from   any  afifumption  for  z,  but  when  q  is  greater 

than  i_. 
b 
To  apply  thefe   obfervations  to  the  equation,   'jx  + 
<^y    -f   23Z  :=   9999>   propofed,  we    fhall,  in    the  firft 

place,  by  taking  z  iz:  o,  have  x  :=.  1428  —  y  — >Z-IZ-? . 

7     ' 

whence  the  lead  value  of  ;;  is  given  ~  5  ;  and  the 
greatefi:  of  x  •=.  1422.  Again,  from  the  equation  a?n  + 
bn  ~  c,  or  7«   +    9»    z:  23,  we  have  m  —  3  —  n  — 

_l!LZr ;  in  which  the  leaft  pofitive    value  of  n  is  given 

7 
r=  I  ;  and  the  correfponding  value   of  ;»  z=  2  ;   and  fo 

the  general  values  of  a*  and  y  do  here  become  1422- — 

O2  9^  « 
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9^ — 225,    and  5   +   'jq  —  z,   refped^ively.     From  the 
former   of  which    the   greater    limit  of  q  is  given  =r 

-^ — ^^)  or  I57y  3  ^"d  from  HLULHL  5  exprefling  the  lef- 

9  ^ 

fcr  limit,  we  have  6 1,  for  the  value  of  y,  when  the 
leaft  value  of  x  becomes  equal  to  that  of  y.  Thefe 
limits  being  affigned,  let  q  be  now  interpreted  by  O, 
Ij  2>  3)  4->  5»  ^^'  fuccellively,  up  to  6i,  inclufive  : 
whence  the  number  of  anfwers,  or  variations  of  y  cor- 
refponding  to  every  interpretation,  will  be  found  as  in 
the  margin.  From  whence  it  appears  that  the  arith- 
metical progrelTion  4  +  ii  +  i8  +  25  +  32,  i3c.  con- 
tinued to  62  terms,  will  truly  ex- 
prefs  the  number  of  all  the  an- 
fwers when  q  is  lefs  than  62  : 
which  number   is   therefore  given 

=  4+  61  X  7+4  X  31  =  13485- 

In  all  which  anfwers  it  is  evi- 
dent, that  x^  as  well  as  y^  will 
be  poiitive  (as  it  ought  to  be)  : 
becaufe  it  has  been  proved  that 
the  leaft  value  of  a-,  till  q  be- 
comes (  z=  ^  )  =  6 1 1,  will  be  greater  than  that 
c 

of  ;?  ;  which  is  pofitive,  fo  far.  But  now,  to  find  the 
anfwers  when  q  is  upwards  of  61,  we  muft  have  re- 
courfe  to  the  general  value  of  x  ;  v.hich,  in  thefe  cafes, 
by  the  different  interpretations  of  z,  becomes  negative 
before  that  of  >'.     Here,   by  beginning  with  the  greateft 

limit,  and  writing  157,1  56, 
155,154,  &c.  fuccefTively, 
in  the  room  of  y,  it  will  ap- 
pear, that  the  number  of 
anfwers  will  be  truly  ex- 
prefTed  by  the  feries  4  +  8 
+  >3  +  17  +  22,  tffc.  con- 
tinued to  157 — 61  terms: 
which  terms  being  united  in 
pairs  (becaufe,  in  every  two 
terms,  the  fame  fraction  in  the  limit  of  z  occurs)  the 

feries 


? 

y  =     N.Anf.! 

0 

5  —  2: 

4 

I 

12  —  z 

II 

2 

jg  —  z 

18 

3 

26  —  z 

25 

4 

33  — z 

32 

156 

X   — 

Z-Z3 

N.  Anf. 

9  —  22. 
18— 2Z 

4i 

9 

4 
8 

155 

27 2Z 

i3i 

13 

154 

36 2Z 

18 

17 

153 

45— 2z 

22A 

22 
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feries  12  -f  30  +  48  +  <sfc,  thence  arifing,  wjll  be  a 
true  arithmetical  prcgreflion  ;  whereof  the  common  dif- 
ference being  iS,  and  the  number  of  terms  ==  _1ZJ     ...}. 

2 
zz  48,  the   fum  will  therefore   be  given  ~  20880 :  to 
vhich  adding   13485,   the   number   of  anfwers  when  q 
was  lefs  than  62,  the  aggregate  34365  will  be  the  whole 
number  of  all  the  anfwers  required, 

P  R  O  B  L  E  A4     XI\^. 

Jo  determine  hoiv  many  different  ways  it  is  pcffibic  to  pay 
loool.  vAthout  lifmg  any  other  coin  than  crovjns^  guineas^ 
and  moidares. 

By  the  conditions  of  the  problem  we  have  5^  -f-  21;? 
-J-    2]z  zz.  20000;  where   taking  2;  —  o,  *   is   found 

=  4000  —  4.y  —  A  5    and  from  thence  the  leaft  value 

of  ^  =0(0  being  to  be  included^  here^  by  the  queftion)  : 
whence  the  greateft  value  of  x  is  given  zz  4000.  More- 
over, from  the   equation  5»2   +    2i«  =  27,  we  have 

;b  =  5  —  4«  — ^  —Z—  ;  from  which  ??  =  2,  and  2».~ 

,^3:  fo  that  the  general  values  of  x  andj?,  given  in 
the  preceding  problem,  will  here  become  4000  —  21^ 
-^  33,  and  5^  —  2z.  Moreover,  from  the  given  equa- 
tion, the  gjeateft  limit  of  2;  appears  to  be  zz    _2  =: 

740 ;  whence  we  alfo  have  ^     ^^    = JL^ — Zi- 

'  b  21 

*  :=:  2q6  =  the  sreateft  limit  of  a  5  and  _l-  zz  1 =: 

^  /»  21 

I9O5  expreffing  the  leffer  limit  of  q^  when  the  value  of 

Xy  anfwering  to  fome  interpretations  of  «,  will  become 

negative,  while    thofe   of   y   ftiU  continue   aiHrmative. 

To  find  the  number  of  all  thefe  affirmative  values,  up 

to  the  greateft  limit  of  q,  let  o,  1,  2,  3,  4,  5,  ts'c,  be 

|iow  wrote  in  the  room  of  q  (as  in  the  margin).  Whence 

it  is  evidettt  that  the  faid  number  is  compofed  of  the 

O  3  feries 
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q 

y^ 

Quot. 

N.  Anf. 

0 

0 — 2% 

0 

I 

I 

2 

5—2% 
10—2% 

2i 

5 

3 
6 

3 

4 

15—2% 
20 — 2% 

71 
10 

8 
II 

5 

25—2% 

I2f 

iffc. 

13 

{eries   1  +  3+6+8  +  11  +  13,  CfrV.  continued  to 

297  terms ;  which  terms 
(fetting  afide  the  hrft)  being 
united  in  pairs,  we  Ihall 
have  the  arithmetical  pro- 
grelTion  9  +  19+29  ^c. 
v^here  the  number  of  terms 
to  be  taken  being  I48,  and 
common  diiFerence  10,  the 
laft  term  v/ill  therefore  be 
1479,  and  the  fum  of  the 
whole  progreiTion  110112: 
to  which  adding  (i)  the  term  omitted,  we  have  110113, 
for  the  number  of  all  the  anfwers,  including  thole 
v/herem  the  value  of  x  is'  negative  j  which  lalt  muft 
therefore  be  found  and  deducted. 

Jn  order  to  this  we  have  already  found,  that  thefe  ne- 
gative  values  do  not  begin  to  have  place  till  g  is  greater 
than    190 :  let,  therefore,   191,   192,  193,  ^V.  be  Tub- 

ftituted,  fucceffively,  for  ^; 
from  whence  it  will  appear 
that  the  number  of  all  the 
faid  negative  values  is  truly 
exhibited  by  the  arithmetic 
cal  progreffion  4  -f  u  -j- 
j8  +  25,  ^c.  continued 
to  296 — 190  terms  ;  where- 
of the  fum  is  39379  ;  which 
fubtraded  from  110113,  found  above,  leaves  70734,  for 
the  liumber  of  anfwers  required. 

After  the  manner  of  thefe  two  examples  (which  il- 
luftrate  the  two  different  cafes  of  the  general  lolution, 
given  in  the  preceding  problem)  the  number  of  anfwers 
may  be  found  in  Ocher  equations,  wherein  there  are 
three  indeterminate  quantities.  But,  in  fumming  up 
the  numbers  arifing  from  the  different  interpretations 
of  g,  due  regard  muft  be  had  to  the  fra6tious  exhibited 
in  tde  third  column  exprefiing  the  limits  of  %  ;  becaufe, 
to  have  a  regular  progreffion,  the  terms  of  the  feries  in 
the  fourth  column,  exhibiting  the  number  of  anfwers, 

mi4fl: 


y 

X.      Quot. 

N.AnC 

j9i|-<% —  II 

31 

4 

192:3%  — 32 

lO, 

II 

193:32-53 

171 

j8 

1943%  — 74 

ui- 

25 

^V. 

erv. 

i^c. 

&c. 

indeterminate  Problems.  199 

muft  be  united  by  twos,  threes,  or  fours,  &c.  according 
as  one  and  the  fame  fraction  occurs  every  fecond,  third, 
or  fourth,  ^c.  term  (the  odd  terms,  when  there  happen 
any  over,  being  always  to  be  fet  afide,  at  the  begin- 
ning of  the  feries).  And  it  may  be  obferved  farther, 
that,  to  determine  the  fum  of  the  progreffion  thus  arif- 
ing»  it  will  be  fuificient  to  find  the  firft  term  only,  by 
an  actual  addition  ;  fmce,  not  only  the  number  of  terms, 
but  the  common  difference  alfo,  will  be  known  ;  being 
always  equal  to  the  common  difference  of  the  limits  of 
z  (or  of  the  quotients  in  the  faid  third  column)  multi- 
plied by  the  fquare  of  the  number  of  terms  united  into 
one;  whereof  the  reafon  is  evident.  But  all  this  relates 
to  the  cafes  wherein  the  coefficients  of  the  indeterminate 
quantities,  in  the  given  equations,  are  (two  of  them 
at  leaft)  prime  to  each  other:  I  (hall  add  one  example 
more,  to  (hew  the  way  of  proceeding  when  thofe  co- 
efficients admit  of  a  common  meafure. 

PROBLEM     XV. 

Suppoftng  12^  +  i5>  +  20Z  =  looQoi  ;  it  is  required 
to  find  the  number  of  all  the  anfwers  in  pofitive  integers. 

It  is  evident,  by  tranrpofing  7.0%  and  dividing  by  (3) 
the  greatelt  common  meafure  of  x  and  ^,  that4Ar  -f  5^, 

and  confequently  its  equal  33333  —  6z  —   ^^       ^  , 

3 
muft  be  an  integer,  and  therefore  iz  —  2  divilible  by 
3 :  but  32  is  divifible  by  3,  and  fo  the  difference  of 
thefe  two,  which  is  z  4-  2,  muft  be  likewife  divifible 
by  the  fame  number,  and  confequently  z  =:  i  -f  lome 
multiple  of  3.  Make,  therefore,  i  -f  3^  =  2;  («  be- 
ing an  integer) ;  tlien  the  given  equat^on,  by  fubftitut- 
ing  this  value,  will  become  12 x  -^  i^y  -f-  6o«  -f  20 
IT  1 0000 1  ;  which,  by  divifion,  ^V.  is  reduced  to 
4^  +  SJ'  -f-  20m  zz  33327  :  wherein  the  coefficients  o^ x 
and;' are  now  prime  to  each  other,  and  we  are  to  find 
the  number  of  all  the  variations,  anfwering  to  t\\Q  dif- 
ferent interpretations  of  Uy  from  o  to  the  greatell  limit 
iliqlufive. 

0  4  By 
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By  proceeding,  therefore,   as  in  the  aforegoing  cafes, 

we  have  x  =  8331  — y  —  y~^  ^  ;  whence  the  leaft  va- 

4 
lue  of  y  is  given  =1  3,  and  the  greateft  o^  x  :=.  8328. 
Moroever,  from  the  equation  \m  -{-  ^n  ■=:  20,  we  have 


7n  = 


• —  ;    whence  «    zz   o,   and 


m 


Therefore  the  general  values  of  x  and  y  (given  in  Pro- 
bletn  13)  do  here  become  8328  —  5^  —  52/,  and  3  + 
4^5  from  the  former  of  which  the  greateft  limit  of  q  is 

given   =:  -J — =  1665.     Now,    fmce  the   value  of  v 

5. 
will  here  continue  pofitive,   in  all  fubftitutions  for  q  and 
u  (as  no  negative    quantity  enters   therein) ;  the  whole 
numbers  of  anfwers  will  be  determined  by  the  values  of 
fc  alone. 

In  order  to  this,  let  q  be  fucceflively  expounded   by 

^j  1665,  1664,  1663,  ^c: 


1665 
1664 
1663 


3— 5« 

8  — 5« 

13—5" 


Quot. 


N.  AnfJand  it  will  thence  appear 
that  the  faid  number  will 
be  truly  defined  by  1666 
terms  of  the  arithmetical 
progreffion  1+2  +  3 
+  4  +  5>  ^C'  whereof 
the  fum  is  found  to  be 


I 
2 

3 


I3886II. 

When  there  are  four  indeterminate  quantities  in  the 
given  equation,  the  number  of  all  the  anfwers  may  be 
determined  by  the  fame  methods :  for,  any  one  of  thofe 
quantities  may  be  interpreted  by  all  the  integers,  fuc- 
ceilively,  up  to  its  greateft  limit  (which  is  eafily  de- 
termined) ;  and  the  number  of  anfwers,  correfponding 
to  each  of  thefe  interpretations  may  be  found,  as  above  ; 
the  aggregate  of  all  which  will  confequently  be  the 
whole  number  of  anfwers  required :  which  fum,  or 
aggregate  may,  in  many  cafes,  be  derived  by  tUe  me- 
thods given  in  Section  14,  for  fumming  of  feries's  by 
means  of  a  known  relation  of  their  terms,  but  this 
being  a  matter  of  more  fpeculation  than  real  ufe,  I  fhall 
powpafs  on  to  other  fubjedts, 

^  SEC. 
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SECTION     XIV. 

^/le  Invejiigation  of  the  fums  of  powers  of  Numbers 
in  arithmetical  progrejfwn, 

BESIDES  the  two  forts  of  progreffions  treated  of 
in  Se61:ion  lO,  there  are  infinite  varieties  of  other 
kinds  ;  but  the  moft  ufeful,  and  the  beft  known,  are 
thofe  conlifting  of  the  powers  oF  numbers  in  aritnme- 
tical  progrelTion ;  fuch  as  i*  -f  2^  +  3"-  +  4*  . .  .  .  k% 
and  1 3  -f  2^  -f  3^  +  4^  . . .  .  «%  ^c,  where  n  denotes 
the  number  of  terms  to  which  each  progreifion  is  to  be 
contmued.  In  order  to  inveftigate  the  fum  of  any  fuch 
progrefTion,  which  is  the  defign  of  this  fedfion,  it  will  be 
re^uifite,  hrft  of  ail,  to  premiie  the  following 

LEMMA. 

If  any  expreffion,  or  feries,  as 

_  anZ^bn^l  cn^  1  dn^  c^c.  ['  '"Solving  the  pow- 
ers  of  an  indeterminate  quantity  n,  be  univerfally  equal 
to  nothmg^  whatfoever  be  the  value  of  w ;  then,  I  fay, 
the  fum  of  the  coefficients  A  —  ^,  B  —  ^,  C  —  r,  ^c, 
of  each  rank  of  homologous  terms,  or  of  the  fame  powers 
of  w,  will  alfo  be  equal  to  nothing. 
'  For,  in  the  firft  place,  let  the  whole  equation 

^an^  bn^  1  cn^  ^c.  |   =  O,  be  divided   by  «,  and 

we  fhall  have  j  _  ^  _  ^„  _  ,„.  ^,.  |   ^  o  ;    and 

this    being    univerfally    fo,    be    the  value    of  n   what 
it    will,    let,  therefore,  n  be    taken  zz:  o,  and  it   will 

become      <  V    zz  o ;     which   being  rejeded,   as 

fuch,    out  of   the    laft  equation,    we    fhall  next    have 

again 
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again  by  «,  and  proceeding  in  the  very  fame  manner, 
B  —  ^  is  alfo  proved  to  be  =  o ;  and  from  thence 
C  —  r,  D  —  ^/,  i^c.  c^c,     Q.  E.  D. 

Now,  to  apply  what  is  here  demonflrated  to  the  pur- 
pofe  above  fpecified,  it  will  be  proper  to  obferve,  firft, 
that,  as  the  value  of  any  progreiTion  (i^)  +  2''  +  3* 
-f  4^  .  .  .  ,  .  »*)  varies  according  as  (n)  the  number  of 
its  terms  varies,  it  muft  (if  it  can  be  expreffed  in  a  ge- 
neral manner)  be  explicable  by  n  and  its  powers  with 
determinate  coefficients  ;  fecondly,  it  is  obvious  that 
thofe  powers,  in  the  cafes  above  propofed,  muft  be  ra- 
tional, or  fuch  whofe  indices  are  whole  pofitive  num- 
bers ;  becaufe  the  progrefiion,  being  an  aggregate  of 
whole  numbers,  cannot  admit  of  furd  quantities ;  laftly, 
it  will  appear  that  the  greateft  of  the  faid  indices  can- 
not exceed  the  common  index  of  the  progreflion  by  more 
than  unity ;  for,  otherwife,  when  n  is  taken  indefinitely 
great,  the  higheft  power  of  «  would  be  indefinitely  greater 
than  all  the  refl  of  the  terms  put  together. 

Thus,  the  higheft  power  of  w,  in  an  expreflion  univer- 

faliy  exhibiting  the   value  of  i^  +  2^  +  3^ «% 

cannot  be  greater  than  n^  -,  for  ^^  +  2^  +  3" w'" 

ismanifsftily  lefs  than  w^  (or  «*  +  ji'^  +  «^  +  ^c,  con^ 
tinued  to  n  terms)  j  but  «''■,  when  n  is  indefinitely  great, 
is  indefinitely  greater  than  «^,  or  any  other  inferior 
power  of  «,  and  therefore  cannot  enter  into  the  equation. 
This  being  premifed,  the  method  of  inveftigation  may 
be  as  follows. 

Cafe  1°.  To  find  the  Jum  of  the  progrejfion  I  +  2  +  3 
-1-4 n. 

Let  A«*  +  B«  be  afTumed  according  to  the  foregoing 
obfervations,   as    an    univerfal  expreflion   for    the  value 

of  I   +2+3+4 «;  where  A  and  B  reprefent 

unknown,  but  determinate  quantities.  Therefore,  fincc 
the  equation  is  fuppofed  to  hold  univerfally,  whatfoever 
is  the  number  of  terms,  it  is  evident,  that,  if  the  num- 
ber of  terms  be  increafed  by  unity,  or,  which  is  the  fame 

thing, 
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thino-,  if  «  +  I  be  wrote  therein,  inftead  of  n^  the  f=  qua- 
lity will  ftill  fubfift,  and  we  fhall  have  A  x  «  +  i]^  -f 

B  X  n  -\-  I  zz  1  +  2   +   3  +  4 «  +  «+! 

From  which  the  firft  equation  being  fabtra6ted,  there  re- 
mains A  X  «  +  i]""  — A«^+  B  X  w  +  i  -B'  ~//+i; 
this  contracted  'vill  be  2A«  +  A  +  B  rz  «+i  ;   whence 

we  have  2  A 1  X«+A+B  —  iz=o:   wherefore, 

by  taking  2 A  —  i  =z  o,  and  A  +  B  —  i  =0  (accord-* 
ing  to  the  lemma)  we  have  A  zz  f,  and  B  =:  |  ;  and 
confcquently  i  +  2  +  3  +  4 «  ^  =  A«^  +  B«Jz; 

^+AorliiJL±^. 

:a        2L  2 


Cafe  2".     To  find  the  fum  of  the  progrejfton  l^  +  2*  + 
3*  .  .  .  .  .  «%  or  I  +  4  +  9  +  Ab  .  .  .  .  «^ 

Let  A«^  +  B«^  +  C«,  according  to  the  aforefaid  ob- 

fervations,  be  affumed  =  1^+2^+3^+4^- «^  r 

then,  by  reafoning  as  in  the  preceding  cafe,  we  fhall  have 
A  X  "^T^V  +  ^  1jL±  ^1'  +Cx«+i=i^+2^  + 
o»  4.  4^  .  .  .  ,  «''  +  «  -r  iV  i  that  is,  by  involving  nA-i 
to  its  feveral  powers,  Aw^  ^_  3A«^  +  3A«  +  A  +  B»* 

+  2B/2  +  B  +  C«  +  C  =  1^+2^+3^+4^ «^ 

+  «  +  i]  ^  :  from  which,  fubtradting  the  former  equa- 


*  In  this  inveftigation  it  is  taken  for  granted,  that  the 
fum  of  the  progreflion  is  capable  of  being  exhibited  by 
means  of  the  power'^  of  «,  with  proper  coefficients; 
which  aflumption  is  verilied  by  the  procefs  itlelf ;  fur  it 
is  evident  from  thence,  that  the  quantities  A«^  -\  Bn^ 
and  1  +  2+3  +4. ..w,  under  the  values  of  A  and 
B  there  determined,  are  always  increafed  equally,  by 
takiiig  the  value  of  n  greater  by  an  unit;  if,  therefore, 
they  are  equal  to  each  other,  when  «  is  =:  o  (as  they 
actually  are)  they  muft  alfo  be  equal  when  wis  i  ;  and 
io  likewife,  when  n  is  2,  ^c.  ^c.  And  the  fame  reafon- 
jng  holds  in  all  the  followingxafes. 

tion, 
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tion,  we  get  2,^1"^  +  3^«  +  A  +  2B«  +  B  +  C 
(.=:/?  4^  rr)  ::=:  «^  4-  2»  -f  i;  and  confequently 
3A— .1  X  «*  +  3A  +  2B  — 2  X  w  +  A  +  B-fC— I 
=r  0 ;  whence.  (^^)-  the  lemma)  3  A  —  i  r:  o,  3 A 
-j-2B  —  2  z=  o,  and  A  4-  B  +  C  —  i  =  o  j  therefore 

A  =-L,B=l=M  ==  i-,C  =  I  -  A~B  =z  JL  » 

332  6  ' 

and  confequently  i  +4-^9+  i6.,...«*~^4.^ 

.  3       2 

-    w  «  .  /?  +  I  .  2«  H-   I 

4-  — y  or    — ^ — .  . 

6  6 

Cafe  3".  To  determine  the  fum  of  the  fr^grejjion  1^  +  %^ 

4-3^+4^ \  »%  or  I  4-  8  4-  27  4-  64 «^ 

By  putting  A«^  +  B«3  4-  C«*  4-  Dm  =  i  4-  8  4-  27 

4-  64 «%  and  proceeding  as  above,  we  fhall  have 

4A«^  4-  6A?zM^A«  4-  A  4-  3B«^  4-  3B«  4-  B  4-2C;r 
4-C4-D(-  n  4-  i]')  =: /i3_+_J«M;_3«jf  i;  and 
therefore  4A  —  i  X  «^  4-  6A  4-  3B  —  3  x  «*  + 
4A4-3Bf 2C  —  3  X  W4-A4-  B  +  C4-D  —  1=0: 

hence  A=J-,B(=  1=1^)  =  -i, C  (  =:  5=:i^-=l5 
4  3  2  2 

=:  -i-5  D  (zi  I  —  A  —  B  —  C)  ~  o  ;  and  therefore 

4  ^  3  X 

i^  4-  2^  4-  3'  +  4' «'  =  -^  +  —  +~  ,    or 

424 


In  the  yery  fame  manner  it  will  be 


g^    X    w  4-   i] 

"4 

found  that 

^    .      ^  a.         n^    ,   n*        n^         n 

J*  4-  2*  4-  3* «    = +  —  +    — '^ 

5         2  ^    3        30 

I'   +    25    4-    3»  .-..«'=   -T-+  —  4.  ^^ 

«  «  ,  «^     ,    «•  «^  »^  « 
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In  order  to  exemplify  what  has  been  thus  far  deliver- 
ed, let  it,,  in  the  firft  place,  be  required  to  find  the  fum 
of  the  feries  of  fquares  I  +  4  +  9  -f  it.^c.  continued 
to  10  terms:  then  by  fubftituting  lO  for  w,  in  the  ge- 

fieral  expreflion ■ — ^ f  or  —  +  —  +  _.  j, 

6  326 

found  by  cafe  2%  there  will  come  out  385,  for  the  re- 
quired fum  of  the  progreffion :  which,  the  number  of 
terms  being  here  fmall,  may  be  eafily  confirmed,  by  ac- 
tually adding  the  10  terms  together.  Secondly,  let  it 
be  required  to  find  the  number  of  cannon-ftiot  in  a 
fquare  pile  whofe  fide  is  50  ;  then,  by  writing  50  for  n 

in  the  fame  expreflion,  f_ll±±lifjti,  we  fliall  have  , 

6 

^  50  X  CI    X    loi  ^  42925,  expreiTmg  the  number  of 
6 

fhot  in  fuch  a  pile.  Laftly,  fuppofe  a  pyramid  com- 
pofed  of  100  ftones  of  a  cubical  figure;  whereof  the 
length  of  the  fide  of  the  higheft  is  one  inch ;  of  the 
fecond  two  inches;  of  the  third  three  inches,  .is'c. 
Here,  by  writing  100  inftead  of  «,  in  the  third  general 
expreflion,  we  have  25502500,  for  the  number  of  folid 
inches  in  fuch  a  pyramid. 

Hitherto  regard  has  been  had  to  fuch  progreflions  as 
have  unity  for  their  firft  term,  and  likewife  for  the 
common  difference ;  but  the  fame  equations,  or  theo- 
rems, with  very  little  trouble,  may  be  alfo  expended 
to  thofe  cafes  where  the  firft  term,  and  the  common 
difference,  are  any  given  numbers,  provided  the  for- 
mer of  them  beany  multiple  of  the  latter.  Thus,  fup- 
pofe it  were  required  to  find  the  fum  of  the  progreflion 
6*  +  8^  +  10-  &c,  (or  36  -f  64  -f  100  ^c.)  conti- 
nued to  eight  terms  :  then,  by  making  (4),  the  fqu;ire  of 
the  common  difference,  a  general  multi'plicator,  the  given 
expreflion  will  be  reduced  to  4  x  3^  -f  4^  -f  5^. .  . .  10^; 
but  the  fum  of  the  progreflion  i^  -f  2-  -f  3^  -j-  4* ...  ,10^ 
is  found,  by  the  fecond  Theorem,  to  be  385 ;  from 
which,  if  (5),  the  fum  of  the  two  firft  terms,  (which  the 

feries 
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feries  3*  +  4*  -f  5*  .  .  ;  .  .  lo*  wants,)  be  taken  away, 
the  remainder  will  be  380  ;  and  this,  multiplied  by  4, 
gives  1520,  for  the  true  fum  of  the  propofed  progref- 
fion  :  and  fo  of  others. 

But  if  the  firft  term  is  not  divifible  by  the  common 
difference,  as  in  the  progreffion,  5*  -f  7*  4-  9^  tffc, 
the  fpeculation  is  a  little  more  difficult;  neverthelefs, 
the  fum  of  the  feries,  in  any  fuch  cafe,  may  be  ftill 
found,  from  the  fame  Theorems. 

Let  the  feries  7n  +  ^]  "^  +  ?n  +  2e\  *  +  ?//  +  3^]  ^ 

m  -{  ne\'^  be  propofed,  where  m  and  e  denote  any  quan- 
tities whatever,  and  where  n  reprefents  the  number  of 
terms.  Then,  by  a£tuaUy  raifmg  each  root  to  its  fe- 
cond  power,  and  placing  the  terms  in  order,  the  given 
cxpreffion  will  ftand  thus  : 

w*  +    7«^  +    w*.  .  .  .  ;w*       1 
0.me  -f  ^me  +  bme ,  .  .  .  2nme    >,     Now,  it  is   evident 

e'^   4-   4^*  +  9^^  .  .  ;  .  wV      J 
that  the  fum  of  the  firft  rank,  or  feries,  is  «  x  ??z* :  alfo 
the  fum  of  the  fecond,  or  2me  x  i  +_2_+_3  +  4  . . .  .  « 

appears  (by  cafe  i  )  to  be  2me  x -;  and  that  of 


the  third,  or  ^*  x  i  +_4_+_?  +  ^^ n^  (by  cafe  2) 

=  ^^  X  llULL:2im.  :  therefore  the  fum  of"  the 


whole    progreffion,  m  -{■  e'\^    -{-  ?n  -^  2eY  +  ^  -h  y 
.  .  . .  /w  -f  «t?]  *  is  zz  «  .  w""  +  «  .  «  +   1  ,  7ne  + 


n  -{-   1  ,  2n  +    I 
6  " 


In  like  manner,  if  the  feries  propofed  be 

m+~e]^  +  w  +  2ey  +"^+  3^]^ «  +  w^V>  t^^" 

may  it  be  refolved 


into 


I  +  I  +   1  .. 

.  .  I 

I  4-  2  +    3     •  ■ 

.  .  « 

1   -1-  4  +    9  •  • 

.  .  .«* 

- :  whofe  fum,by 
the 
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the    aforementioned   Theorems,     will     appear     to    be 

,      n  .  «  -i-  I  .  2m'^e   .    n  .  n    +  i  .  2«  +  i  .  /n^*  , 

ft,m^+ ^ — .  + r 

2  2 


«  +  .! 


-.     And,  by  following  the  fame  method, 

4 
the  fums  of  other  feries's  may  be  determined,  not  only 
of  powers,  but  likewife  of  rectangles,  and  folids,  isc. 
provided  that  their  fides,  or  factors,  are  in  arithmetical 
progreffion.  Thus,  for  example,  let  there  be  propofed 
the  feries  of  re6langles  m  +  e  ,  p  -\-  e  4  m  -\-  2e  .  p  +  2e 
+  m  +  y  .  p  -^  2^  '  •  •  •  -{-  m  -\-  ne  .  p  ■+  ne.  7'heri, 
the  factors  being  adually  multiplied  together,  and  the 
terms  placed  in  order,  the  given  feries  will  be  refolved 
into  the  three  following  ones  : 

mp      +      ?np      -\-      mp      -{■ mp    .  .  .  .  -f      mp 

m  -\-'p.e  +  m+p.2e-\-m-^p,2^  +  m-Jrp.4.e  ,,  .  .  +  m+  p.ns 

Whereof    the   refpedllve    fums   (by  cafe    i   and  2)   are 

;..^X;7,^T7 .  .X  lll±l,  and.*  X  ^•"+^-^^-^^ 

2  6 

and  the  agp:regate  of  all  thefe,  or 

n  y.  mp  •{- — i — *m-\'p,e+   __ 1 — ..,iscon- 

2  6 

fequently  the  true  fum  of  the  feries  of  rectangles  pro- 
pofed. 

From  this  laft  general  exprefiion,  the  number  of  can- 
non-ftiot  in  an  oblong  pile,  whether  whole  or  broken, 
will  be  known.  For  fuppofing  .  z=  i,  our  feries  of 
rectangles  becomes /?2  -J-  i.p-f  iJ^m+2,p-\'2-\- 
tn  -^  ^  .  p  43 +  in  +  n  .  p  -t  n;  and  the  fum 

thereof  -  n  x  mp  +  'l±l  .l^^Vp  -\-Tt£s^^:=, 

^  2  6 

the  number  fought :  where  w  +  i  and  p  -\-  i  repre^ 
fent  the  length  and  breadth  of  the  upptrmoft  rank,  or 
tire  5  n   beina:  the  number  of  ranks  one  above  another. 

But 


■'<* 
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But  the  expreffion  here  brougjht  out  may  be  reduced    to 

-X  2^+^+7  .  2/>  +  Ki-l   +    l±_i_lZLi;     which 

^  3 

is  better  adapted  to  praflice,  and  which,  exprefied  in 
words,  gives  the  following  rule. 

To  twice  the  length,  and  to  twice  the  breadth  of 
the  uppermoft  ra.;k,  add  the  number  of  ra:  ks  lefs  one, 
and  multiply  the  two  fums  together;  alfo  multiply  the 
number  of  ranks  lefs  one,  by  that  number  more  one, 
and  add  |.  of  this  produd  to  the  forjner ;  then  |  of  the 
fum  multiplied  by  the  number  of  ranks  will  be  the  an- 
fwer« 

As  a  rule  of  this  fort  is  of  frequent  ufe  to  perfons 
concerned  in  artillery,  it  may  not  be  improper  to  add  an 
example  or  two,  by  way  of  illuitration. 

1.  Suppofe  a  complete  pile,  conlifling  of  15  tires,  or 
ranks,  and  fuppofe  the  number  of  fhot  in  the  upper- 
moft  (which  in  this  cafe  is  a  iingle  row)  to  be  32. 
Then  the  firft  produdl  mentioned  in  the  rule  will  be 
64  +  14  X  2  +  14  =  78  X  16  =  1248;  and  the  fe- 
cond  =:  14  X  6  =  224;  i-  whereof  is  74^,  and  this, 
added  to  1248,  gives  i322|.;  whereof  J  part  is  330I  ; 
which,  multiplied  by  15,  gives  4960,  for  the  whole  num- 
ber of  (hot  in  fuch  a  pile. 

2.  Let  the  pile  be  a  broken  one,  fuch  that  the  length 
and  breadth  of  the  uppermoft  tire  may  be  25  and  16,  and 
the  number  of  tires   1 1. 

Here,  we  have  50  -f  10  X  32+ 10  =:  60  X  42  =2520, 
for  the  firft  product  ;  and  12  X   10  ~  120,   for  the  fe- 

cond :  therefore  _J —  x   1 1  =:  640  x  1 1  =  7040,  is  the 

4 
true  anfwer. 

Having  exemplified  the  ufe  of  the  Theorem,  for  find- 
ing the  tarn  of  a  feries  of  rectangles,  I  (hall  here  fubjoin 
one  inftance  of  that  preccdnig  //,  for  determining  the 
fum  of  a  feries  of  cubes  ;  wherein  the  value  of  the 
firft  10  ternts  of  the  pro;:refnon  2-f  V'2]^  +  3  +  2^/2] 

+  4  +  3'^A ^  +  5  +  4'/2'| ^  (^c.  is  required.    Here, 

i  beins 
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t  h€YSi^   i-\-*/2y  m  will  be  zr  I  ;  therefore,  by  writing 
10,  i>  and  1  4-  y'2  for  »>  iuy  and  ty  refpe£^ive%  in  the 

geiKral  exprefEon,  it  will  become  iQ  +  i2iL.2lii_ 


,    10,  II  >21   ,  I  -fv/2|^     ,     100.  121  .   i-|-^2i^   _ 

2  4 

24815 -f  17600^/27  the  value  fought. 

If  ^ny  one  is  defirous  to  fee  this  fpeculatiou  carried 
further,  k>  as  to  extend  to  feries'^s  of  pov/ers,  whofe  in- 
dices are  fractions ,  fuch  as  fquare  roots,  cube  roots, 
l^c.  I  muft  beg  leave  to  refer  to-  my  Ejfaysy  where  it  is 
treated  in  a  ger>eral  manner*  Here  A  miift  defire  the 
reader  ta  obferve^  once  for  all,  that  the  Tbec«rems 
above  found  will  hold  equally^  in  cafe  of  a  d(c ending 
feries,  fuch  as  »j—  e\'^  -fr  m — 2*|.*^f*ar  382 —  e\^  -^ 
m  —  2^^  ^c.  provided  the  figns  of  the  fecond>  fourth^ 
Cff-r.  terms  be  changed  i  as  is  evident  from  the  invefti- 
gation. 

Although  the  rubje£t  of  this  Se<S^ion  has,^  already, 
been  pretty  largely  infiftcd  on,  yet  it  may  not  be  im- 
proper to  add  a  different  method,  whereby  the  fame 
ccHiciufions  will,  in  many  cafes,  be  more  ealiiy  derived  : 
in  order  to  which  it  is  neceflary  to  premife  the  fabfe- 
Quent 

t  E  M  M  A. 

If^-^^-^^-^^-f^-t  ^^'»  be  a  ferks,  whereof 
the  terms,  a,  ^j  f,  /,  &c,  are  U>  related  to  each  other,, 
that  the  fura,  or  value  thereof,  can  be  univer/ally  ex- 
pounded by  an  exprefHon  of  this  form,  viz.  An  -f  B 
X  «X»  —  I  -f  C  XnXn  —  I  X«  —  2-^Dx«X»— -  2 
Xw— 2  Xtt  —  3  ^^£.  n  being  the  number  of  terms  to 
Y*?hich  the  feries  is  to  be  continued,  and  A,  B,  C,  D,  ^e. 
determinate  coefBcients  ^  the%  i  fay,  the  values  of  thofe 
5:oef&cients  will  be  as  hereunder  fpecified,  mz^ 
A  =2  a 

—  ^4  B' 
B  «. -Z-. 
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p.  a  —  lb  -Y  c 

^ ^— ' 

E  ^  a  -^\b-^6c  —  4J+f 
2.3.4.5 

For,  fince  the  equation  A  X  w  +  B  X  «  X  «— -I  + 
C  X  «  X  «  —  [  X  ^  — 2  +  D  X  «X«  —  I  X  «  — 2 
X  «  —  3  (^c.  =^  a  -i-  I)  -{-  c  -^  d  -^  e^  &c.  is  fuppofed  to 
hold  univerfally,  let  the  number  of  terms  be  what  it  will, 
]et  n  be  expounded  by  i^  2,  3,  ^,  tsfc.  fuccefEvely,  and 
the  general  equation  will  become 

2".2A+      2B=^7  +  ^, 

3«.3A+    6B4-  6C=a-^b  +  Cj 
4°.4A+  12B  +  24C+   24D=:«  +  ^  +  r»f4 
5°.5A+  203  +  60C+  i2oD+i2oE=tf-f-^  +  f  +  ^+  *, 
&c,  &c. 

Now,  the  double  of  the  firft   of  thefe  equations  being 
fubtradted   from    the  fecond,   is   triple  from   the  third, 
and   Its  quadruple   from   the  fourth,  ^c»  we  ihall  have 
*2B=Z'  — ^, 
6B+   6Cz=  — 2^  +  ^4r, 
12B4-24CH-   24D=:t— 3fl-|-3  +  f+<^, 
2oB  +  6oC  +  i2oD+?2oK=  —447  +  ^  ^  c-i-  d  +  e. 

Sec.  .  '       &c.   ' 

Again,  if  the  triple  of  the  firft  of  thefe  be  fubtra6led 
frcm  the  fecond,    and  its  fextuple  from  the  third,   Cs'f, 
we  fhall,  nexty  have 
^6Czza  —  2^+f, 
24C+   24!)  =  3^— 5^  4- <:+//, 
6cC4-i2oD4i2oE=6^  —  gB+C'^d-\-e. 

Moreover,  by  taking  the  quadruple  of  the  firil  of  theft 
from  the  fecond,  ^c.  we  get 

*24D=  —  ^4- 3^  — .  3<:4-^,  and 

:|  20D -f  1 20E  :=  —  44  4- 1 1^ -T- 9^ +^/+ ^  J 

from 
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irom  the  latter  of  which  fubtra6t  the  quintuple  of  the 
former,  and  there  will  remain 

^I20E  =  ^  —  4^  -I-  6c  —  4i  +  ^• 
Now  divide  each  •£  the  e'-uations  marked  thus,  *,  by 
the  coefficient  of  its  firft  term,  and  there  will  come  out 
the  very  values  of  A,  B,  C,  D.  ^c,  above  exhibited. 

a.  E.  D. 

COROLLARY. 

If  every  term  of  the  propofed  ftries  tf,  b,  r,  dy  Szc.  be 
fubtra<Sted  from  the  next  following,  the  firfl  of  the 
reqiainders,  —  «-f^,  — ^-^-i",  —  c  -{-  dy  —  d  -{■  e^  &c. 
divided  by  2,  gives  the  value  of  B,  the  coefficient  of 
the  fecond  term  of  the  aiTumed  feries.  And,  if  each  of 
the  quantities  thus  arifmg  be  fubtra(£l:ed  from  its  fuc- 
ceedi-ng  one,  the  firft  of  the  new  remainders,  ^  -—  2^  +  f , 
h^^lc  J^  dy  €  —  2r/  -f  ey  &c.  divided  by  6,  will  be 
equal  to  C,  the  coefficient  of  the  third  term  of  the 
fame  feries.  In  like  manner,  if  each  of  thefe  laft  re- 
mainders be,  again,  fubtradted  from  its  fucceeding  one, 
the  next  remainders  will  be,  — ^-1-3^  —"3^+^  — ^ 
4-  y:  —  3^4-^,  &c.  whereof  the  firft,  divided  by  24, 
gives  the  coefficient  of  the  fourth  term,  ^c.  dffr.  There- 
fore, if  the  firft  remainder  of  the  firft  order  be  denoted 
by  P,  the  firft  of  the  fecond  order  by  Q^,  the  firft  of  the 
third    by  R,  the  firft   of  the  fourth   by    S,    l^c,  then, 

?^  being  =  B,  S=.^  C, _?_=  D,  ^ 


2  2.3  2.3.4  2.3.4.5 

=  E,  ^V.  it  is  manifeft  that  the  lum  of  the  feries  «  4-  ^ 
B|  4-    ^4-^4-    e   -{■  f  Sec,    will  be    truly    exprefTed   by 


2.3 


R  X  ^  >^  "  —  ^   ^  ^  —  2   X  n —  3     , 
1.2.3.4. 


S    X  ^  X  ^  —  ^  ^^^  —  2X«—  3XW— -4  ^^ 

J^2.  3.4.";^ 

Example    i.      Let  the  fum   of  the  feries  of  fquares 
.14-4  +  9  +  *^  ....+  «"  be  required.     Then,  lak- 

P  2  ing 
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ing  the  differences   of  the  feveral  orders,  according  to 
the  preceding  corollary,  we  have 

I,  4,  9,  i6,  25,  36,  &c. 

2,    2,    2,    2,  &c. 
o,   o,   o,  Sic, 

Therefore,  a  in  this  cafe  being  ~  i,  P  z=  3,  Q^zz  2, 
and  R,  S,  b'c.  each  zz  o,  the  fum  of  the  v/hole  feries, 
I  -f  4+9  X  16  -f  2c;  .  .  . .  .  w*,  is  found  =  «  + 
2n  X  n  —  1     n  X  n  —  i    X«  — 2_  2«'-f  3«*-f  « 

2  2  6  "" 


«    X«+    I    X2/7  +   I 


Exampis  2.  Let  it  be  required  to  find  the  fum  of  « 
terms  of  the  following  feries  of  cubes,  viz,  27  +  64  -J- 
125  4-  216  -|-  343  +  512,  ^f.  Proceeding  here,  as 
in  the  laft  example,  we  have 

27,  64,  125,  216,  343>  512,  &c. 

37,    61,    91,  127,  169,  &c. 

24,    30,     36,    42,  &c. 

6,        6,      6,"&c. 

o,      o.  Sic, 

Therefore,  by  fubftituting  27  for  tf,  37  for  P,  24  for 
C,  and  6  for  D,  we  thence  get  

,     37«  X  w  —  I    ,    24«  X  «  —  r  X  K  —  2     . 

27n   +   ^ +  — : : 4- 

2  2.3 


6/2X;r~.iX^-2X«~3  ;  which,  abbreviated,  be- 
1.2.3.4 

comes  —  +  "^ —  +  li —  +    15;/,  the  fum,  or  value 
42  4 

required. 

Example  3.  Let  the  feries  propounded  be  2  -f  6  +  12 
-\'  20  -f  30,  iffc.     In  this  cafe,  we  have 
2,  6,  12,  20,  30,  &c. 
4,    6,    8,  10,  &c. 
2,    2,    2,  &c. 

Hence, 
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HencC)  a  being   =  2,  P  =:  4,  Q^  =  2,  and  R,   S, 

^f.  each  =  o,   the  fum  of  the  feries  will  therefore  be 

.  A.ny.n — I    ,  2w  X  w— *  I  X  w  ■— 2     n^  +  'ln'^  :2n 


"~  3 

And  in  the  very  fame  manner  the  fum  of  the  feries 
may  be  truly  found,  in  all  cafes  where  the  differences  of 
any  order  become  equal  among  themfelves  :  and  even  in 
other  cafes,  where  the  differences  do  not  terminate,  a 
near  approximation  may  be  obtained,  by  carrying  on  the 
procefs  to  a  fufficient  length. 


SECTION    XV. 

Of  Figurate  numbers,  their  fums,  and  the  fims  of 
their  reciprocals,  with  other  matters  of  the  like 
nature. 

HAT  feries  which    arifes  by  adding  together  a 
rank 
■Units  (called  Fig.N*ofthe  iftord.) 
Figurate    numbers  of  the  2d  order 
r  J  Figurate  numbers  of  the  3d  order 
^    ^  Figurate  numbers  of  the  4th  order 
Figurate  numbers  of  the  5th  order 
Figurate  numbers  of  the  6th  order, 
Therefore  the  figurative  numbers 

iff  order -Y  f  i  .  i  .     i  .     I  .    i  .  &c. 


2  .     3  •    4  •    S  '^^^ 

3  .    6  .  10. 15  .&c. 

4  .  10  .  20.  35  .&c. 

5  •  15  -35-70  .&c. 


2d  order  I  ^  i 

©f  the   <^  3d  order  s  are  ■<  i 

4th  order  I  i  1 

5  th  order  J  v  i 

Hence  it  is  manifeft,  that,  to  find  a  general  expreflion 

for   a   figurate  number  of  any   order,   is  the  fame  thing 

as  to  find  the  fum  of  all   the   figurate   numbers  of  the 

preceding  order,  fo  far.     Let  n  be  put  to  denote  the 

P  3  diftance 
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diftance  of  any  fuch  number  from  the  beginning  of  Its 
refpective  prder,  or  the  number  of  terms  in  the  pre- 
ceding order  whereof  it  is  compofed :  then  it  is  evident, 
by  inipedion,  that  the  fum  of  the  firft  order,  or  the  nth 
term  of  the  fecond,  will  be  truly  exprefled  by  «,  the 
number  of  terms  from  the  beginning.  It  is  alfo  evident, 
from  Se6t.  14.  p.  203,  that  the  fum  of  the  fecond  order, 

I +2 +  3 +  4....  «,  Will  be —  +  — (  =~   ^         •    ) 

22  12 

which,  according  to  the  preceding  obfervation,  is  alfo 
the  value  of  the  nth  term  of  the  third  order.  Hence, 
if  the  numbers,   1,  2,  3,  4,  5,  l^c,  be>  fucceffively  v;rote 

inftead  of  «,  in  the  general  exprelllon  — +  — ,  we  ftiall 

2        2 

thence  have  f  +  f ,  I,  +  ^,  I  +  |,  \^  +  I,  V  +  I, 
&'c,  for  the  values  of  the  firft,  fecond,  third,  fourth, 
fifth,  ^c,  terms  of  this  order,  refpectively;  whence  it 
appears,  that  the  feries  i  +3  +  6+  104-  15  +  21, 
&c.  may  be  refolved  into  thcfe  two  others,  viz, 

I  +  I  +1  H-"^    +\'  +  \^&c.and 

I  +  I  +  I  +    I  -f   I   +  T  &c. 
The  former  of  which  being  a  feries  of  fquares,  its  fum  will 

therefore  be  iz  ~  -f  !-  -{-  JL  (hy   cafe  2.  p.  203)   and 
6        4      .12 

that  of  the  latter  feries  (by  cafe  i,  p.  203)  appears  to  be 
!L-  +  _f.  :   and  the  aggregate  of  botb,  which  is 

«-!+  'L  +_!  (  or  Jf  xl±J.xl±^)  will  be  the  true 
623  12  3 

value  of  the  propofed  feries  1  +  3+6+  10+15 
l^c.  continued  to  n  terms,  and  therefore  equal,  like- 
wife,  to  the  7zth  term  of  the  next  fuperior  order, 
I  +4  +  io-f20+35  ^V.  Let,  therefore,  i,  2, 
3,  4,  5,  ^f.  (as  above)  be   fucceffively  wrote   for  7;  ia 

this  eeneral  expre/Tion,^  +  JL  +  —  ,  and  it  will  be- 

"  623 

comei+f  +  },|  +  ±  4  f,  +  V  +  '  +  h  %^  +  '*+  t> 
^c,  for  the  values  ot  the  firft,  fecond,  thirds  fourth,  ^c. 
«^'  tcrnjs 
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terms  of  the  fourth  order  refpe£llvely  ;  whence  it  ap- 
pears that  theferies  i  -f  4  +  lO  +  20  +  35  ^^'  ^^V 
be^folved  into  thele  three  others,  viz* 


I  +8  +  27  +  64+  125  +  216. 

;  .  .  «^ 

6 
I  +  4  +   9  +  16  +   25  +    36  . 

.  .  .  «^ 

2 
1  +  2  +  3+4+5+      6. 

.  .  .  «    ^ 

3 

whereof  the  fums  are  —  +  —  +    — ,   —  +_^-f-   _ 
24       12       24     6         4        12 

and  !L-\-  !L(by   p.   202,  and    203)    the  aggregate   of 
6       6 

which,  or  —  +  —  + 1-  _  (  =  — .  X  w— -L —  x 

24        4         24         4  I  2 

W      1      O  *2   -I-    "J 

^JL X  =  )  will  confequently  be  the  true  value  of 

3  4 

the  whole  feries.     After  the  fame  manner  the  fum  of  the 

fifthorderwillappeartobeiLxl-±JL  x  1±1  x  ""  +  3 
1234 

X -3 ;  from  whence  the  law  of  continuation  is  ma- 

nifeft.  And  it  may  not  be  amifs  to  obferve  here,  that 
though  the  concluhons  thus  brought  out,  are  derived  by 
means  of  the  fums  of  powers  determined  in  the  preced- 
ing feftion,  yet  the  fame  values  may  be  otherwife  ob- 
tained, by  a  dired  invefligation,  from  either  of  the  two 
general  methods  there  laid  down. 

In  order  now  to  find  the  fum  of  the  reciprocals  of  any 
feries  of  figurate  numbers,  fuppofe  1  4-  ^  -{.  ^^  _}.  ^^^ 
-f  bcde  H-  bcdtf  +  &c.  to  be  a  feries  whofe  terms  con- 
tinually decreafe,  from  the  firft  to  the  laft,  fo  that  the 
laft  may  vanifh,  or  become  indefinitely  fmall :  then,  by 
taking  the  excefs  of  every  term  above  the  next  follow- 
ing oiR,  we  (hall  have  t  ■ — b^  b  x  i  — c^  be  X  i  —  d^ 
bed  XI  — P",  bcde  x  i  — /,  &c.  The  fum  of  all  which 

P  4  is 
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is,  evidently,  equal  to  the  excefs  of  the  firft  term  abotre 
the  laft,  or  equal  to  the  firit  term,  barely ;  becaufe  the 
laft  is  fuppofed  to  vanifh,  or  to  be  indefinitely  fmall  in 
refpeci:  of  the  firil.  Hence  it  appears  that  i  —  b  + 
b  X  I — c  -^  bcA  I  — d-^-  bed  X  I  — ^  +  bcde  X  i  — f 
&c.  =2  I. 

Lct^bcnowtaken=J?,c-^l±i,  d  -  "^ -^  ^ 
a  a  +  p  a    -{-  q 

e  =  '1±1,  f  3:  1±I ,  &c.  Then,  i  —  ^being  = 
a  -{-  r  a   -{-  s 


a  — m   _  _^    ^^  —  ^  \  ^^d  — ^  —  ^*      •— '^ — ^"' 


a  o  +  p  ^  -{■  q  ^+  r 

&c.  we  (hall,  by  fubftituting  thefe  feveral   values   in  the 

abov€  equation,  have  tH^  +  ~  X  tZHH  +  -^    x 
a  a        a  +  p  a 

f±£x^=^  +  f.x:^^x^±fx  fiu"  +  &c. 

^  •\-p       a  -\-  q        a        a  -^p      a  -^-q       a  -{-  r 

=  I  ;  and  confequently  i  +   JL.  +  Jl_  x  ^±^  + 

a+p       a-\-p       a-\-q 

.JL-.  X  !!i±^  X  ^±i  +  &c.  =  --1_  ;  by  dividing 
a  -\- p       a-hq      a+ r  a — m 

the  whole  by  .. 

a 

.  Hence,  if  q   be  taken  i:^  2^,  r  =  3/>,  j  =  4/*,  &c. 
and  0  be  put  =  <2   +  />,  we  fhall  have    i    +  -^  -j- 

m.m-\-p  ,m,m-\-p,m-\-2pm.m-^p,m  +  2p  ,m  -^  2P 
fTfhp  0.^+/>./3+2/>  ^.^+/>./3  +  2/>.^  +  3/> 
-I.  &c.    adinjinitumy  =:    ^ — ;     which,     when 

/>  zi  I,  becomes  i  -f   —  + —  + —. 

+  &c.  =  — !— Zli ;   this,    by  taking    w  =   i  and 

0 Z»— 'I 

,.i,        ^'^                 1-2.3 
ji  =:«,  gives  I  +  ~-  + r-f — ^      + 

n       y;  .  «  +  I 


> 
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-1.2.3.4  .  n  —  I 

biting  the  general  value  of  a  ferles  of  the  reciprocals  of 
ligurate  numbers,  infinitely  continued  j  whereof  the  or- 
der is  reprefented  by  n  :  from  whence  as  man/  pard- 
cular  values  as  you  pleafe  may  be  determined.  Thus, 
by  expounding  «  by  3,  4, 5,  ^r.  fucceilivdy,  it  appears 
that 

I  +  _L  +  4-  +  -i-  -f  -i  &c.  =  2, 

3  6         10       15 

I   +-i   +J.  +J_  +  JL&c.=   3., 

4  10       20       35  2 

I    +2.+-i+-l+-i-    &c.   =:A, 

5  15.      35       70  3 

And  fo  on,  for  any  higher  order;  but  the  fumsofthe 
two  fir  ft,  or  loweft  orders,  cannot  be  determined,  thefe 
.  being  infinite. 

By  interpreting  |3  and  m  by  difi^erent  values,  the  fums 
of  various  other  feries's  may  be  deduced  from  the  fame 
general  equation.     Thus,  in   the   firil   pbce,   let  /3  •=. 

m  +  2)  fo  (hall  the  faid  equation  become  i  +  + 

_J ^n  -f-  2 

m  .  m-^i  m  ,  m-Yi  m  .  m  -\-  \   ^     ^ 


»z-f2./w+3         /«-f3.w-f4        m-i'4.*m-{-^ 
zz  m  -j-  I ;   which,  divided  by  m  .  m-\- 1,  gives 
I  I  I 


-f- -^F^-^F^  4-  -T—    =rr-f 


m.m-k-i       ?n-i-i.m  +  2  m-j-2,?n-i-2      m  +  ^.m-i-^ 

&c.  =  L. 

m 

'     Again,  by  taking   g  z=  m    +3,  and  dividing  the 

whole  equation  by  7n  ,  m  -\-  i   ,  m  -r  2,  we  have 
I  I 


+ 


W .  ?w  -f  I  •  zw  +  2  w  -}-  :  .  w  -f  2  .  m-Y  3 

^  ^  I 


^  4-  2  .  w  4^  3  .  w  +  4.  ni  ,'m  +  1.2 

In 
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In  like  manner  we  (hall  have  ~^=: 


m  .  7n-\-i  ,?n  +  2  .m-\-j 

-5  &C.  =Z 


From  whence  the  law  for  continuing  the  fums  of  thefe 
laft  kinds  of  feries's  is  manifeft ;  by  which  it  appears, 
that,  if  inftead  of  the  laft  factor  in  the  denominator  of 
the  firft  term,  the  excefs  thereof  above  the  firft  fador  be 
fubftitutedj  the  frad^ion  thence  arifmg  will  truly  exprefs 
the  value  of  the  whole  infinite  feries, 

A  few  other  particular  cafes  will  further  fhew  the  ufe 
of  the  general  equations  above  exhibited. 

Let  the  fum  of  the  feries  i-f-    ^    +-2-X_£    + 

5  5  7 

±  X±  X  1   +1    X  ±  X  1  X  A  &c.  ^i/W. 

5        7         9         5         7         9        iJ 

tumy  be  required. 

Here,  by  comparing  the  propofed  feries  with  i  -f    ~ 

•+ 1-£  +  &c.  (  =    — L.__£ — )  we  have;«  =r  2, 

^  =  5,  and />   =r  25  and   confequently ^      z^  3 

^  —  />— .;/! 

=  the  true  value  of  the  feries. 

Let  the  fum  of  an  infinite  feries  of  this  forrf!,  viz. 

—   J — -    -i_ —    -f  &c.    be    dc- 

1.2.3  &c.  ^    2.3.4  &c.   ^  3.4.5  &c, 

manded. 

Here    (according    to   the   preceding  rule)   we   have 
I                  I                    I         «      _        I         ^ 

i.2'*"2.3"'"3.4      ^'^  I  .  I     ""  '  ' 

I  I  I       .  I  I 

+ +- &c.  =  =:  — 

1.2.3      ii  •  3  •  4      3  •4-  5  1.2.2      4* 

I ,  I  ,         I         c ,     ^      I      _  I 


1.2.3.4     2.3,4.5    3'4»5-^  1.2.3.3-18' 

C5'f.  ^c. 
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If,  inftead  of  the  whole  infinite  feries,  you  vvnnt  the 
fum  of  a  given  number  of  the  leading  terms  only;  then 
let  the  value  of  the  remaining  part  be  found,  as  abovsy 
and  fubtra6ted  from  the  whole,  and  you  will  have  your 
defire. 

Thus,   for   inftance,  let  it  be  required  to  find  the  fum 

of  the  ten  firft  terms  of  the  feries  +  — L-  -f  ,/  , 

1.2       2.3        3.4 

I        r^.  ^u__    .u.     :^:„-.    ^„..        I 


l3'c.      Then    the    remaining    part, 


4  -5 

1 —  +   — L-.  +  — &c.  being  =  -i  (b-^  the 

12.  13         13.  14        14.  15  II      " 

rule  above)  and    the  whole  feries   n    i,  the  value  here 

fouffht  will  therefore  be  i  — —  =  —  .     The  like  of 

'    II        II 

others. 

*     The  fums  of  feries' s   arifing  from  the  multiplication 

of  the  terms  of  a  rank  of  figurate  numbers  into  thofe  of 

a  decreafing  geometrical  progreflion,   are  deduced  in  the 

'following  manner. 

By  the  theorem  for   involving  a  binomial    (given  at 

p.  40.  and   demonfl:rated  hereafter)    it    is    known  that 

-(ori— ;rl     "")  \%zz  I  -{■  mx-\-m, x 


^23  234 

Sic.     In  which  equation  let  ?n  be  expounded  by  j,  2,  3, 
4,  5,  &c.  fucceflively,  fo  (hall 

I" i_     -     I     -j-   ^    4.    ;^^     4.   ;^3     .^    >    4.    ^.5    4.    ^c^ 

1    X 

2' ^-tr;  =  I  +  2;r  +  3^^  +  4^'^  +   <^*  +  6x'  SiC, 

I  —  ^^-j 

"  3"'  .-3  =    1   +   3X+  6A'^-f  IOA'3  4.   I5;t*+   2ia5&c. 

4° —'  =  I  +  4A'  +  10;^^  +  2o.y3-|-35;^*4  56A'5  Sec. 

I  —  ^'  1  + 
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6°.t====7~i  +  6jrH-2i^*  +  56Ar'+i26A-*+252A'5&c.   \ 

All  which  feries's  (whereof  the  fums  are  thus  given) 
are  ranks  of  the  different  orders  of  figurate  numbers, 
multiplied  by  the  terms  of  the  geometrical   progreffion 

lyX^X^yX^^   A?*,  &C. 

From  thefe  equations  the  fums  of  feries's  compofed 
of  the  terms  of  a  rank  of  powers,  drawn  into  thofe  of 
a  geometrical  progreffion,  fuch  as  i  +  4^*  +  gx'^-i-  i6;c' 
&c.  and  I  4-  8a:  +  7.jx^  -{-  64.x^  &c.  may  alfo  be  de- 
rived ;  there  being,  as  appears  from  the  former  part  of 
this  fe6lion,  a  certain  relation  between  the  terms  of  a 
feries  of  powers  and  thofe  of  figurate  numbers;  the  lat- 
ter being  there  determined  by  means  of  the  former.  To 
find  here  the  converfe  relation,  or  to  determine  the 
former  from  the  latter,  it  will  be  expedient  to  multiply 
the  feveral  equations  above  brought  out,  by  a  certain 
number  of  terms  of  an  afl'umed  feries  I  +  A^f  +  B** 
+  Cx^  &c.  in  order  that  the  coefficients  of  the  powers 
of  A-  may,  by  regulating  the  values  A,  B,  C>D,  iffc, 
become  the  fame  as  in  the  feries  given. 

Thus,  if  the  feries  given  be  i  +  4*-  +  gx'^  -f  16*-'  + 
2^x*  &c.  ;    then,  by  multiplying    our    third  equation 

by  I  +  A;^,  we  ftiall  have  LJLJH  =:  i  +  3  +  A  x  x^ 

' —^y 

4  6  +  3A  X  ;f*  +  10  H-  OA  x.v'  +  &c.  which  feries, 
it  is  evident  by  infpe6tion,  will  be  exactly  the  fame, 
in  every  term,  with  the  propofed  one,  if  the  quantity  A 
be  taken  =:  i.     The  fum   of  the   faid  feries,  infinitely 

I    -\-  X 

continued,  js  therefore  truly  reprefented  by  — -« 

i^x\' 
1 
In  like  manner,  if  the   fourth  equation 


I  —  X] 

1  ■{-  /^x  -{■  lOx*  -h  20x^  +  35;t*&c.  be  multiplied  by 

1  + 
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^  +  Aa-  +  B*%  there  will  arife  ^  +  A;f-f  B^,,  ^  ^ 

I  — ^i 

4+  Ax;f+  10  +  4A  +  Bx;^*  +  20  +  loA  +4Bxje« 
&c.  where,  the  feveral  terms  of  the  ferits  being  com- 
pared widi  thofe  of  the  feries  i  +  8  jf  +  27^-"  +  64^^  &c. 
we  have  4  +  A  —  8,  and  10  +  4A  +  B  =  27  5 
whence  A  =  4,  and  B  z=  i  ;  and  confequently,  by  fub- 

ftitutingthefe  values,  l-ZLt^iliL    =  i  +   8a-  +  ^']x^ 

I  ^  xX 

-j-  64A'3  +  i25Ar*  &:c. 
Again,  by  multiplying  the  fifth  equation,  ._. 

I  +  5^  +  ^Sx"-  +  35*'  &c.  by  I  +  A;^  +  B;f^  +  Qx\ 
?/ becomes — -?- — =1  +  5  +  Axa--!- 

. I  —  *  I 

15  -f   5A  +   B    X  AT^  +  35  +  I5A     r   5Jti  +  ^    XA-3&C. 

And,  by  comparing  the  feveral  terms  of  the  feries  with 
thofe  of  I  -f  16*-  4-  8iAr''  +  256^:^  &c.  we  get  5  +  A 
=  16, 15  +  5A  4-  B  =  81,  and  35  +  15A  +  5B  + 
C=256  ;  whence  A  =z  ii,B(  =  8i  —  15  —  55)  — ir, 
and  C  (  =  256  —  35  —  220)  =  I ;  and  confequently 
I  +  ii^-f  iiA-^+^f^  ,  «  ,      o 

I  —   ^1 
By  proceeding  the   fame  way   it  will  be  found,  that 

4';;^  4  &c.  &c. 

r  .And,  untverfally^  putting  a  zz  m^  b  zz  m.    —1. L 

2        ' 

c  zz  m  ,  ..  .  >  &c.  and  multiplying  the  gene- 

ral equation, -_i_^  =:  i  ^  ax  +  bx^  +  cx^  +  dx^kc. 

I  -^x\'" 
by    I  4  Aa-   4   Ba-^  4.  Ca-3  4  D;^*  &c.  there  arifes 

1    4.    Aa-    4-    Ba-^  &c.  

-n =^=-T^ z=i4-tf-fA    XA'4- 
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-f  3  +  tfA  -f  B  X  x"^  +  c  -{•  bA  -i-  aB  -}■  C  >C  x''  kc. 
The  terms  of  which  feries  being  compared  with  thofe 
of  the  feries  i  +  2''a-  +  3V  -^  ^"x^  ^  5-a-%  &c. 
we  have  A  =  2* — <7,  B  =  3"  —  ^A  —  ^,  C  n  4^*  — 
tfB  —  ^A  — ^,D  =  5"  ^.7C— ^B  —  fA  —  ^,  &c. 
where  the  law  of  continuation  is  manifeft ;  and  where,, 
from  the  law  obferved  in  all  the  preceding  cafes,  it  ap- 
pears, that  the  value  of  m  muft  exceed  the  index  «,  of 
the  given  feries  of  powers,  by  an  unit  ;  and  that 
the  feries  i  +  Ax  -f  Bx'^  +  Cx^  &c.  will  always  con- 
iift  of  «  terms  ;  whereof  the  coefficients  of  the  firfl  and 
Iaf^5  the  fecond  and  laft  but  one,  ^c.  will  be  refpe6tively 
equal  to  each  other  :  fo  that,  having  found  from  the 
preceding  equations  as  many  of  the  quantities  A,  B,  C 
(jfc.  as  are  expreffed  by  |« —  i,  the  others  will  be  given 

from  thence,  and  confequently, -^        ^      — f — 

I  —  x]"'^' 

the  true  value  of  the  propofed  feries  i  -{•  2"x  -^  3"*-* 
^  ^"x^  Sec,  Thus  for  example,  let  n  zz  t:  then 
Tn  =:  J  =  a,b  =:  2%  A  =  64  -  7  =  57,  B  s=  729 
—  39^  —  28  =  302  ;  and  therefore 
1  -f  57^-^3^^^"-  H-  3"^^'  +  57^"-  +  x'  _  ^  ^  ^^^  ^ 

I  —  j^l 
2^x'^-h  A-^x^  &c.  and  fo  of  others. 

Theie  equations,  or  theorems,  give  the  fum  of  the 
•whole  feries,  infinitely  continued;  but  from  thence 
the  fum  of  any  affigned  number  of  terms  may  be  deter- 
inincd,  not  only  when  the  coefficients  are  a  feries  of 
powers,  but  likewife  when  they  are  produced  by  fadorg 
that  are  unequal  :  the  method  of  which  I  {hall  in- 
jftance    in    finding    the   fum   of   t  terms  of  the  feries 

g  —  3^  .  2;"+*'^  +  &€.  Which  feries,  by  aftually  mul-* 
tiplying  the  fadlors  together,  is  refolved  into  the  three 
fcil owing  ci>es. 


M 
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The  fum   of    the  iirft   of    thefe,    infinitely  continued, 
/uppofing  :r  =  z%  will  be  =  Jl^ — ;  that  of  the  fe- 


cond  z= — ''J. ^^ — 5   and    that   of  the   third   = 

I— ^1 

^  I  +  >y  »  r^j;_^  hy  what  has  been  above   determined-,    and 


-1 3 

I  A* 


confequently     the     fum    of    all     the    three     equal     to 
_£_^fS-  f±±Jl  -i  t^^=  the  whole  infi- 

niteferies/-— />  .  g  —  g  .  z''  4-/— 2/)  .g  —  2^  .  2;''+"^4- 
tsfc.  But  the  fum  of  the  /  firft  terms  only  is  wanted ; 
therefore  the  fum  of  all  the  remaining  terms,  after  the 
t  firft,  mull  be  found  in  like  manner,  and  be  dedudted 
-  from  the  fum  of  the  whole,  here  giyen.  Nr)W,  to  do 
this,  we  are  firft  to  get  the  leading  term  of  the  fard  re- 
maining ones  ;  which,  according  to  the  law  of  the  feries, 
will  be  expreffed  by  / — p  —  tp  .  g-^q  — ~^  .  2;''+''^  : 
whence,  if  we  make  /  ^-  tp  zz  h^  g  —  tq  z=.  k^  and 
r  -\-  tv  z=L  s^xX.  is  evident,  that  the  feries  to  be  deducted 
will  be  h  —  p  .  k  —  q  .  %'  +  h  —  2/> .  k-^2q  .  2;'+'^  &c. 
which  having  the  very  fame  form  with  that  firft  pro- 
pofed,  its  fum  will  therefore  be  had  by  barely  writing 
h  for  fy  k  for  g^  and  s  for  r,  in  the  value  above  deter- 
mined :    which,  thereby,  becomes 

z'      ^hk  -^  tU^-Jt  +  tLJ^i. 


In 
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Ip  the  fame  manner,  fuppofing  the  t  firfl:  terms  of  the 
feftes a^p.  h  — /)  ,  £  — p  ,  d — p  . &c.  X  z!"  -4-  ^—2^ 
^  —  2]>  .  c^op  .  d—-  ip  .  5rc.  X  2'"+'''  &c.  were  "to 
be  required;  by  putting  the  continual  produ6t  of  all  the 
quantities   ay  ^,  r,  4   &c.   r:  P  ^  the  futn   of  all   the 

P  P  P 

fxrcdaas  (^  +         -f  _  &c.)  that  arife  by  omitting 

cne    letter    in  each,    zz    Q ;     the   fum   of   all    thofc- 

p         p 
{—r  +  —  &c.   by  OHiitting   two  letters,    =    R^  he. 

we  {ball  ^£r^  have 


Y^^L.-^  I^lUUL 


I  — 


I  —  ^  [  1  —  x\ 

Sec.  Ibr  the  futn   of  the  whole   infinite  feries  :  and  if 


,/  /  / 


we  make  a  zz  a  —  ip  .  b  zz  h  —  tp^  r  zz  r  -^  tVy  &c, 
it:  IS  evident  that  tne  fum  of  the  remaining  terms,  after 
^e  i  Miy  will  be  truly  exprefled  by 


^  _/  _/ 


3—  ^         I  —  A- 


I  — ^ 


t:^.\ 


kc,  where  jr  =  z.^,  and  P,  Q^,  R,    S,  &c.  are   the 

/    /   /   / 

fame  in  relation  to  tf,  b,  Cy  dy  ^c,  as  P,  Q^,  R,  S^  ^f.  in 
lefpeci  lo  <?,  ^,  Cy  dy  ^c» 

A  niultitode  of  other  cafes  and  examples  might  be 
given,  there  not  being,  in  the  whole  fcope  of  the 
j5iathematical  fciences,  a  fubje<5l  of  greater  variety  and 
intricacy  than  this  bufinefs  of  feries's  :  but  to  purfue  it 
farther  here  would  be  inconfiftent  with  the  general  plan 
of  this  work.  Such,  therefore,  who  are  defirous  of 
a  greater  infight  into  tiie  matter,  may>  if  they  pleafe, 
turn  to  my  MifcellanJes,  where  it  is  carried  to  a  greater 
length. 

Fi:cm 
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From  the  feries's  for  figurate  numbers,  derived  in 
the  former  part  of  this  fe^lion,.  the  inveftigation  of 
a  general  theorem  for  determining  how  many  dif- 
ferent combinations  any  number  of  things  will  admit 
of,  when  taken  two  by  two,  three  by  three,  dffc.  may  be 
very  eafily  deduced.  Let  the  number  of  things  in  each 
combination  be,  firji,  fuppofed  two,  only,  and  let  n  be, 
univerjally^  put  to  reprefent  the  whole  number  of  things^  or 
letters,  a,  b,  c,  d,  Sec.  to  be  combined.  When  the  num- 
ber of  things  is  only  two,  as  a  and'  b^  it  is  evident  that 
there  can  be  only  one  combination  (abj ;  but,  if  n  be 
increafed  by  i,  or  the  letters  to  be  combined  be  three, 
as,  a,  h,  c,  then  it  is  plain  that  the  number  of  combina- 
tions will  be  increafed  by  2,  the  number  of  the  preced- 
ing letters  a  and  b ;  fince,  with  each  of  thofe,  the  new 
letter  c  may  be  joined  j  and  therefore  the  whole  num- 
ber of  combinations,  in  this  cafe,  will  be  truly  ex- 
prefTed  by  i  +2.  Agai.*;,  if  n  be  increafed  by  one 
more,  or  the  whole  number  of  letters  be  four,  as  a,  b, 
c,  d',  then  it  will  apj>ear  that  the  number  of  combina- 
tions muit  be  increafed  by  3,  ilnce  3  is  the  number  of 
the  preceding  letters,  with  which  the  new  letter  d  can 
b*e  combined,  and  therefore  will  here  be  truly  ex- 
pounded, by  I  -}-  2  -f  3.  And,  by  reafoning  in  the 
lame  manner,  it  will  appear,  that  the  whole  number  of 
combinations  of  two,  in  five  things,  will  be  I  +  2  -f- 
34-4;  in  fix  things,  l  -f  2  +  3  +  4  +  5  5  ^"^  Jii 
ieven,  I  +2-f  3  4-4  +  5  +  6;  ^c.  Whence,  uni- 
verfally,   the  number  of  combinations  of  n  things^  talceg 

two  by  two,  is  n:  I  -{-  2  +  3  +  4  + n  —  i  : 

which   being  a  feries  ot  figurate   numbers   ot  the   iccond 

order,  where   the  number  of  terms  is  «  —  i,  the  fuai 

'  thereof,  by  cafe   I.  p.  203,   will    therefore   be  truly  de- 

r      I,     n  —  I  n  n  —  i 

fine  J  by X  —  j  or  n  x    . 

12  2 

Let  novj  the  number  of  quantities  in  each  combination  hi 
fuppofed  to  be  three. 

It  is   plain,   that,   in   three  things,  a,  b,  <",  there  can 

Q.  be 
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be  only  one  combination ;  but,  if  ji  be  increafed  by  Zj 
or  the  number  of  things  be  4,  as  a^b^c^d^  then  will  the 
number  of  combinations  be  increafed  by  (3)  the  number 
of  all  the*  combinations  of  two,  in  the  preceding'  Ictter^i 
a^b^  c  \  fince  with  eacli  two  of  thofe  the  new  letter  d 
may  be  combined  5  therefore  the  number  of  combina- 
tions, in  this  cafe,  is  14-3.  i\gain,  if  «  be  fuppofed 
to  be  increafed  by  i  morcj  or  the  number  of  letters  to 
become  "five,  as  a^  b^  c-y  d^  e  \  then  the  number  of 
combinations  will  be  increafed  by  fix  more  (rz  i  -f  2 
-f  3),  that  is,  by  all  the  combinations  of  two,  in  the 
four  preceding  letters,  G^b^  <:,  d  \  fmce,  (as  before)  with 
each  two  of  thofe,  the  new  letter  e  may  be  combined » 
Hence  the  number  of  combinations  of  n  things,  taken 
three  by  three,  appears  to  be  i  -f  3  -}-  6  -f  10,  &c. 
continued  tow  — 2  terms;  which  being  a  feries  of  figurate 
numbers  of  th^  third  order,  the  value  thereof,  by  what 
is  before  determined  (p.  214)  will  be  truly  expreffed  by 
rz  — 2      n — I        w  .  ,/2        n —  in —  2 

—7-  X  — -   X  -•  "f  '«  equal,-  X  —_  X  -— 

And  univerfally,  lince  it  appears  that^  increafing  the 
"number  of  letters  by  J  always  increafes  the  number 
of  combinations  by  ail  the  combinations  of  the  next  in- 
ferior order  v/ith  the  preceding  letters  (for  this  obvious 
reafon,  that  to  each  of  thefe  laft  combinations,  the  new 
letter  may  be  joined),  it  is  manifeft,  that  the  combina- 
tions, of  any  order,  obferve  the  fame  law,  and  are  ge- 
nerated in  the  very  fame  manner  as  ngurate  numbers  j 
and  therefore  may  be  exhibited,  by  the  fame  genera! 
expreiiiuns  \  on))',  as  there  are  2,  3,  4,  5,  ^c.  things 
iiecelfary  to  form  the  firft,  or  one  fmgle  combination, 
accoruing  to  the  different  cafes,  it  is  plain  that  the 
iiumbcr  of  terms  muil  be  lefs  by  i,  2,  3,  ds^V.  refpec- 
tiveiy,  than  f«^  the  number  of  things;  and  therefore, 
inltead  of  w,  in  the  aforefaid  general  expreflions,  we 
muft  fubiUtute  n  —  i,  k  —  2,  or  »—  3,  t^c.  refpe6tlvely, 
to  have  the  true  value  here.  Hence,  the  number  of 
combinations    of    two     things,    in    «  things,    will  be 

1 :  X  --.,  or  —  X ;  of  three, X X  —, 

12  12  123 

o*r 
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or  — X X j   ofiour, £X — — x 

123  123 

X ,  or X X X  1  (via.  /).  215)  : 

4  i,  2  3  4  • 

Whence,  univerfally,  the  number  of  combinations  in  the 

number,  t?,  of  things,  taken  two  by  two,  three  by  three, 

C5V.  will  be exprelTed  by  _1_  x  ^"^  ■  X  "      '     X  ^ 

1234 

Iffc.  continued  to  as  many  fadors  as  there  are  things  in 
each  combination. 

P>om  this  1  aft  general  expreffion,  (hewing  the  com- 
binations which  any  number  of  quantities  will  admit 
of,  the  known  theorem  for  raifing  a  binomial,  jto  any 
given    power,    is    very   eafily    and    naturally   derived. 

For  it  is  plain  that   a  a         la  +  3cz=:  a-\-hxa-\-c'j 

-hbl  bcl 

which,  multiplied  by  a^d^  gives  a"^ -\-  c  >^*  ■\-bd>  a  -{- 

+^)  cd} 

bed  :=.  a  -\-  b  X  a  -v-  c  y>  a  -\-  d ;    and   this,  again,  multi- 
plied by  a  -{-  f,  gives 


■^bc 
^  b^  -i-  bd  I  +  bed-) 


i 


''^+:^p+::;^'+  s  ''+^^'^- 


^  ^  J  4-  ^^  I    "  +  cde  J 


a-i-  b  K  a  -^  c  y.  a  -^  d  X  a  -\-  e. 

Whence  it  appears,  that  the  coefficient  of  ^,  in  the 
fecond  term,  is  always  the  fum  of  all  the  other  quantities 
^,  f ,  y/,  &c.  added  together  ;  and  that  the  coe^cient  of 
the  third  term  is  the  fum  of  all  the  products  of  thofe 
quantities,  or  of  all  their  poUible  combinations,  taken 
two  by  two  ;  fmce,  fjom  the  nature  of  multiplication, 
they  muft  be  all  concerned  alike,  in  every  term  :  whence 
it  is  alfo  manifeft,  that  the  coefficient  of  the  fourth  term 
muft  be  the  fum  of  all  the  folids  of  the  fame  qur^ntit^es, 
or  of  all  their  poffible  combinations,  taken  three  by  tnice, 

0^2  Hence, 
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Hence,  if  the  number  of  the  quantities  ^,r,  d^  e^tc^. 
or  the  number  of  the  fadlors,  a  •\-  h^  a  -\-  c^  a  -\-  d^ 
a  -i-  e  &c.  to  be  multiplied  continually  together,  bt- 
denoted  by  w,  ft  follows,  that  the  number  ot  letters,  or 
quantities,  in  the  coefficient  of  the  fccond  term  of  the 
}Todu61:  will  likewife  be  denoted  by  n  ;  that  the  num- 
ber of  all  their  products,  or  of  all  the  combinations  of 

two,  in  the  coefficient  of  the  third  term,  will  be  «  x  ^        ^ 

2 
(it  having  been  ftiewn  above  that    the  number  of  com- 
binations of  ;2  things,  taken  two  by  two,  is  72  x  }  ; 

and  that  the  number  of  all  the  folids  of  thofe  quantities, 
or  ail  the  combinations  of  three,  in  the  coefficient  of  the 

fourth  term,  will  be  «  x  — ^ —  x  .JH— ,  &c.    Therefore, 

2  3 

ir  all  the  quantities  b,  c,  d,  e  he  be  now  taken  equnl 
to  each  other,  it  is  evident,  that  a-^bKci~\-cxa-\-d 
X  tf  -f  iT&c,  will  become  a-{-b  x  a  -\-  b  x  a-^- bXa-\-b 
he,  or  a  -f  b'\  "-,  and  that  the  coefficient  of  the  power 
of  a,  in  the  fecond  term  of  the  produ6l,  will  be  ?fb  ;  in  the 

third  «  X  ^        "^  b^  (fmce  all  the  redangles,  as  well  as 

2 
all  the  folids,    tffc.    do  here  become  equal)  ;   and  in  the 

fourth  «  X    ■  "^^ — X  b^  kc.  But  it  is  evident,  from 

2  3 

the  nature  of  multiplication,  that  the  powers  of  a,  in 
the  fecond,  third,  fourth,  tsc  terms  of  ^  -f  ^  raifed  to 
the  power  ?.',  are  <?''""%  a"  \  a''^\  {iV.  Therefore 
a  -\-  b'''^or  a  -\'  b   raifed    to    the  power    w,   is    truly  ex- 

prefied  bye"  +  iiba'-~'^  +  «x  lZ:i<{.V-"=^  + 

2 

•^  ^\Zr-l  b'  a'^-'"^  ^c.  or  «"  -f  ?7a''~''  b-{-n  X  — 
-      3-  2 

4-.x:iz:lxl=^--^ 

2  3 


2  2 
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SECTION     XVI. 

Of  Inter  eft  and  Annuities. 

INTEREST  may  be  either  fimple  or  compound  : 
Simple  Intereft  is  tHat  which  is  paid  for  the  loan  of 
any  principa',  or  fum  of  money,  lent  out  for  fome  li- 
mited tiipe,  at  a  certain  rate  per  cent,  agreed  upon  be- 
tween the  borrower  and  the  lender,  and  is  always  pro- 
portional to  the  time.  Thus,  if  the  rate  agreed  upon, 
be  4  per  cent,  per  annum^  or,  which  is  the  fame,  if  the 
intereft  of  lOo/.  for  one  year  be  4/.  then  the  fimple  in- 
tereft of  the  fame  fum  for  two  years,  will  be  8/.  for 
three  years  1 2/.  and  for  four  years  1 6/,  and  fo  on  for 
any  other  time  in  proportion. 

Compound  Intereft  is  that  which  arifes  by  leaving  the 
fimple  intereft  of  any  fum  of  money,  after  it  becomes 
due_,  together  with  the  principal,  in  the  hands  of  the 
borrower,  and  thereby  converting  the  whole  into  a  new 
principal.  Thus,  he  who  lets  out  100/.  for  one  year, 
at  the  rate  of  4  per  cent^  has  a  right  to  receive  104/.  at 
the  year's  end  ;  v/hich  fum  he  may  leave  in  the  bor- 
rower's hands,  a  fecond  year,  as  a  new  principal,  in 
order  to  receive  intereft  for  the  whole*,  and  this  inte- 
reft (which  will  be  found  4/.  31.  2l^.)  together  with 
4/.  the  intereft  of  the  firft  principal,  for  the  firft  year, 
will  be  the  compound  intereft  of  too/,  for  two  years; 
and  fo  on,  for  any  greater  number  of  years.  Butlfhall 
firft  give  the  inveftigation  of  the  theorems  for  fimple 
intereft. 

Let  the  rate  per  cent,  or  the  intereft  of  I  Co/,  for  one 
year  zz  r  5  the  months,  weeks,  or  days  in  one  year 
—  t\  the  months,  weeks,  or  days  which  any  fum,  ^,  is 
lent  out  for  z=.n\  and  the  amount  of  that  fum,  in  the 
faid  time,  vIt,.  principal  and  intereft,  •=.  b. 
W^      Then  it  will  beas  100  is  to  r  (the  intereft  of  100 /.)  fa 

is  thepropofed  fum  (a)  to  ^iL  ,  the  intereft  of  that  fum, 
100 
fame   time,     Again,   a>^  /,   the  time  in  which 
0,3  ^e 
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the  faid  intereft  is  produced,  is  to  n  (the  timepropofed)  (o  Is 
— ,  the  intereft  in  the  former  of  thefe  times,  to     ^"^.  y 

100  100^ 

that  in  the  latter  ;  which,  added  to  a,  the  principal,  gives 
a  +    — '. —  =  b   (the  whole  amount)  :  from  whence,  we 

.,  100^  

'^.t^^^,Y='r    vu  100^/        10-/ X  .m^    . 

'  *«/A.  (tf  laot^hr  alio  nave  a  r:    — : , —  ,  rzz  '■ r- ,  and  n  n: 

100/  -f  nr  an  . 


:  the  ufe  of  which  equations,  or  theorems^ 

ar 

will  appear  by  the  following  examples. 

Exa?np.  I*  What  is  the  amount  of  550 /•  at  4 /i^r 
cent,  in  feven  months  ? 

In  this  cafe  we  have  ^  zz  550,  rr=4,  /-;  12,  ^1=7; 

/  and  confequently  ^  +  ^!^=:  550  +550x7^  _^2|  /. 

or  562  /.  i6i".  8  d,  the  true  value  fought. 

Examp.  2.  What  is  the  intereft  of  i  /.  for  one  day,  at 
the  rate  of  5  per  cent.  F 

Here  r  being  —  5,  /  =:  365,  <?=:!,   and  «  =1  I,  we 

have  — ^— T~  = i—  =  0.000136986^ 

100/         100    X    365         100X73  -»    :?      a 

csff.  =1  the  decimal  parts  of  a  pound  required. 

Examp.  3.  What  fum,   in  ready  money,  is  equivalent 

to  600  /.    due   9  months   hence,  allowing  5  per  cent 

difcount  ? 

^  Here   r  being  -=  5,  /  zz  1 2,  «  sr  9,  and  b  zz  600,  we 

,            ^,    cTL           «N         100  X  60c  X 12  o  , 

a^  hTive  a  (by  T hear erm)  :=z =:   578,?I'?/. 

100x12  +  9x5 

or  578  /.  6  J.  3|  4  which  is  the  value  required. 

Examp.  4.  At  what  rate  of  intereft  will  300  /.  in  fif- 
teen months,  amount  to,  or  raife  a  ftock  of  330  /.  P 

In  this  cafe  we  have  given  /=:I2,  »=I5,  flu:  ^0, 
and  b  —  330;   whence   (by  Theorem  3)    r  will  come  out 

100  X  12x30  _  g  .    therefore  ?> per  cent,  is  the  rate 


r  = 


30^><^5 
requirvd, 

Exdmp* 
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Examp  5.    In  how  many  days  will  365  /.  at  the  rate 
•T  4  per  cent,  amount  to,  or  raife  a  ftock  ot  400  /.  ? 

•Here  (by  Theorem  4)    we  have  n  tz. }— — i 

^  ^  ^  365x4 

r=  875  zr  the  number  of  days  required. 


Of  Anniiities  or   Venfiam  hi  arrear^  computed  at 
Simple  Intereft. 

Annuities  or  penfioris  in  arrear  are  fuch,  which,  being 
payable,  or  becoming  due,  yearly,  remain  unpaid  any; 
number  of  years  :  and  we  are  to  compute  what  all  thofe 
payments  will  amount  to,  allowing  fimple  intereft  for  theif 
forbearance,  from  the  time  each  particular  payment  be- 
comes due  :  in  order  to  which, 

!A  zn  the  annuity,  penfion,  or  yearly  rent. 
n  =1  the  time,  or  number  of  years,  it  is  forborne, 
r  =:  the  intereft  of  i  /.  for  one  year. 
m  =:  the  amount  of  the  annuity  and  its  intereft. 
Then,  as  I  :  r: :  A  :  rA,  the  intereft  of  the  propofed 
f(fum  or  penfion  A,  for  one  year  ;  which,  as  the  laft  year's 
rent  but  one,  is  forborne  only  one  year;  will  exprefs  the 
whole  intereft  of  that  rent,  or  payment :  moreover,  fmcc 
the  laft  year's  rent  but  two  is  forborne  two  years,  its  in- 
tereft will  be  2rA  :  and,  in   the  fame  manner,  that  of 
the  laft  year's  rent  but  three,  will  appear  to  be  3rA,  ^r, 
^c.  whence  it  is  manifeft  that  the  fum  total  of  all  thefe, 
or  the  whole  intereft,  to  be  received  at  the  expiration  of 
n  years^  for   the   forbearance  of  the  propofed  annuity  or 
penfion,  will   be  truly  di  fined   by  the  arithmetical  pro- 
greffion    7'A-f-  2rA  +3rA  -f  4r  A  -f  5rA  iSc.  continued 
XQ  n —  1  terms,  that  is,  to  as  many  terms  as  there  are  //   /    y 

years,   excepting  the  laft.       But  the  (um  of  this  pro-    '^^^'■^'^^^j^^f^"^'' 

greflion  is  equal  to  «  x  ?~~      X  rA  (hyTheor,  4.  Se£i.  lO.)     f^i . 
2 

Therefore,  if^o  this,^  the  aggregate  of  all  the  rents,  or  «A, 

be^dd^d,  we  (ball  have  »A+ ifii^JHi    x   rA   =  m: 

2 

■^  Q.4  whence 
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whence  we,  alfo,  haye  A  = _J!! 


n   -\.   ?2    xfl f7x  r 


t-^/ 


^'".=y'±.,zndn=^^^ 


n  X  n  —  I  X  A  r  A 

pofing  />   —  _   — 


-i-  P^  —  py  (upr 


Examp,i.  If6co/.  yearly  rent,  or  penfion,  be  for- 
bprne  five  yeah,  what  will  it  amount  to,  allowing  4  per 
ctnt.  int^rell  for  each  payment,  from  the  time  it  beconnes 
due  ? 

Here  we.  have  given  A  rz  600,  «  ~  5,  and  r  zz  .04 
(for  as    ICO  :  4  :  :  I  :  .04J    which  values  fubftituted,^  in 

Theorem  ijgive  m  zz  (nA-\-n  X      "^      Ar  zz  3000  -f 

2 

340)  z=  3240  /.  for  the  value  that  was  to  be  found. 

Ex  amp  2.  Wnat  annuity,  or  yearly  penfion,  being 
forborne  five  years,  will,  in  that  time,  amount  to,  or  raife 
a  liock  of  3240  /.  at  4  per  cent,  intcreit  ? 

In  this  cafe  we  have  given  n  zz  S^  r  zz  .04,  and  m  zz 

324Q,  and  therefore,  by  Theorem  2,  A  (  = — 

«  +  i«x« — ixr 

:l-.i_  )   ~  600  :  which  is  the  annuity  required. 

'"5+4 

Exa).p.  3.  At  what  rate  of  intereft  will  an  annuity  of 
560  /.  in  feven  years,  raife  a  ftock  of  4508  /.  ? 

In  this  cafe  we  have  given  A  —  560,  «  =:  7,  and  m  zz 

45c8  ;  whence  {hy  Theor.  3.)  we  have  r  ( zi      2/»-~2;2A 

TjiXn — I  xA 

~  Z- — ZZLZ-i-    zz  .o*;  z=  the  intereft  of  1  /.    for  one 

42x560 
year  j   therefore  it  will    be  as    i  :  ,05  :    :   IGO  :  5  per 
cent.)  the  rate  required. 

Examp.  ^.  How  long  muft  an  annuity  of  560 /.  be 
forborne,  to  raife  a  ftock  of  4508  /.  fup[.oling  intereft  to 
be  5  per  cenU  .^ 

Here, 
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Here,  we  have  given  A  =  560,  r  =  .05,  m  =  45(98 ; 
whence,^;' TV^^^r^^  4,  we  alfu  have p  (  :::  —    —  —    } 

r:  19.5;  and  confequently  n  ^~\  —  -f  ^^ — p}zz  7  ; 
u'hich  is  the  number  of  years  required. 

Note,  If  t.h:^  rent  or  penfion  is  payable  half-yearly, 
or  quancrl),  th-  method  or  proceeding  will  be ///// the 
fame,  provided  n  be  always  taken  to  exprefs  the  num- 
ber of  payment?,  and  r  the  Intereft  of  i  /.  for  the  time 
in  which  the  iirll  payment  becomes  due.  Thus,  if  it 
were  required  to  find  what  300/.  half-yearly  penlion 
would  amount  to  in  five  years  nt  4.  per  cent,  intcreft  :  then 
the  -fimple  mtereli-  of  i  /.  for  half  a  year  being  ~  ,02, 
and  the  number  of  payments  =:  10,  we,  in  this  cafe, 
have  A  =r  300,  r  —  ,02,  and  «  —  10  i  and  confequent- 
ly m  (by  Theorem  i)  r:rA  -f  «  X    ^  'X  rh  =z  i^ijq  /. 

which  is   the   value    fought.     And  the  like  is  to  be  ob- 
ty  ferved  in  what  follows  hereafter. 


I 


Of  ths    pefent   values  of  Annuities.,    or   Penfions 
computed  at  Simple  Inter ef. 

A  =:  the  annuity,  penfion,  or  yearly  rent. 
J         3   r  rr  the  interelt  of  i/.  for  one  year, 
n  =  .he  number  of  years. 
x  —  the  prefent  value  of  the  annuity. 
Then,  bvcaufe  the  amounc  of  the  annuity,  in  n  years, 
is  found  above  to  be  «A  +  |^  .  «  —  i  .  rA,arid  lince 
I  /.  prefent  money,    is  equivalent    to  i   +  «r  to  be   re- 
ceived at  the  Qwdi  of  the  time    «,    we   therefore   have 
^  +  "^  •  I  '■  '  ^A  +  i^  .  «  —  i  •  •^A  (the  faid  amount j 

« A  -f  |«  .  «  —  I  .  r  A     .  .J       ,         .  r 

•  T — : — :: ,  Its    required  value,   in   rrelent 

1  -\-  nr 

money.     But  it  rnay  be  obferved,  that  this  method,  given 

by   authors  for   determining  the  values  of  annuities,  ac- 

(ordin^  to fmple  inter tf^  is,  in  reality,  ^  particular  fort, 

cr 
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or  fpecies  of  compound  intereji  :  fince  the  allowing  of  in- 
tereft  upon  the  annuity,  as  it  becomes  due,  is  nothing 
lefs  than  allowing  intercfl:  upon  intereft ;  the  annuity  it- 
-felf  being,  properly,  the  fimplc  intereft,  and  the  capital, 
from  whence  it  arifes,  the  principal.  It  is  true,  the  funi 
I  -^  «r,  expreffing  the  amount  of  i  /.  is  given,  ftridly 
fpeaking,  according  to  Jitnple  inie.reji :  but  the  conclu- 
fion  (as  a  late  author  *  very  juftly  obferves)  would  be 
more  conjruous,  and  anfwer  better,  were  the  fame  al- 
lowances to  be  made  therein  as  are  made  in  finding  the 
amount  of  the  annuity  ;  that  is,  were  interelt  upon  in-^ 
tereft  to  be  taken  once  and  no  more.  Agreeable  to  this 
aflumption,  r,  the  intereft  of  i  /.  being  confidered  as  an 
annuity,  its  amount  in  «  years  (by  writing  r  for  A,  in 
the  general  formula  above)  will  be  given  r:  nr  + 
Xn  .  n — I  .  r*  :  to  which  the  principal  i  /.  being  add- 
x?d,  the  aggregate  i  -f  nr  -y  \n .  n  —  i  .  r*  will  there- 
fore be  the  whole  amount  of  i  /.  in  the  time  n ;  and  fo 
we  (hall  have  i    -^  nr   +  f «  .  n  —  i  .  r^ :  i  :  :  «A  + 

J«  .  w—  I  .  rA  : ■    =  'Vy  the  true 

2  +  2«r-{-w  .  n  —  I  .  r* 

value  of  the  annuity,  according  to  the  f aid  hypothefis. 
From  which  equation  others  may  be  derived,  by  means 
whereof  the  different  values  of  A,  «,  and  r,  may  be, 
fucceflively,  determined.  But,  as  this  method  of  al- 
lowing intereft  upon  intereft,  once  and  no  more,  is  ar- 
bitrary, ard  the  valuation  of  annuities,  according  to 
fimple  intereft,  a  matter  of  more  fpcculation  than  real 
ufe,  it  being  not  only  cuftomary,  but  alfo  moft  equitable 
to  allow  compound  intereft  in  thefe  cafes,  I  fhall  not  ftay 
to  exemplify  //,  but  proceed  to 

^he  Kejolution  of  the  various  cafes  of  Compound  In- 
terejiy  and  of  AnnniiieSy  as  depending  thereon, 

*  To  _  5  ^he amount  of  i  /.  in  one  year,  viz,  prin- 
J^et    <       "~  t      cipal  and  intereft. 

(^  P  r:  any  fum  put  out  at  intereft. 

^  Mr,  llardy\  in i'n  /innuiticj. 

Let 
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•H 


«  =  cbe  nu-^^bcr  of  ycarr.  *k  is  lent  for. 
a  =:  its  amount  in  that  tine, 
y        i  A  ---  an\  annuity  forborne  n  years, 
^^^  ^    ;//  =    ts  a    oant. 

the  preient  value  of  the   annuity  for  the 
fame  time. 

Thenfofc,  fince  one  pound,  put  out  at  intereft,  in  the 
firfl  year  is  increafed  to  R,  it  will  be  as  i  to  R,  fo  is  R, 
the  ium  forborne  the  feconJ  year,  to  R%  the  amount  of 
one  pound  in  two  years  ;  and  therefore  as  i  to  R,  fo  is 
R%  the  Turn  forborne  the  third  year,  to  R^  the  amount 
in  three  years  :  whence  it  appears  that  R",  or  R  raifed 
to  the  power  whofe  exponent  is  the  number  of  years, 
will  be  the  amount  of  one  pound  in  thofe  years.  But 
as  I  /.  is  to  its  amount  R",  fo  is  P  to  fa)  its  amount,  in 
the  fame  time;  whence  we  have  P  x  R"  =  ^.  More- 
over, becaufe  the  amount  of  oae  pound,  in  n  years,  is 
R*',  its  increafe  iq  tuat  time  will  be  R*—  i  ;  but  its 
jnterelt  for  one  fingle  year,  or  the  annuity  anfwering  to 
that  increafe,  is  R  — ^  i  ^  therefore  as  R  —  1  to  R""  —  i, 

A  y  R"  — —  I  -0 

fo  is  A  to  m.     Hence  we  set  — zm  m.  Fur- 

^  R— I 

thermore,  flnce  it  appears  that  one  pound,  ready  money, 
is  equivalent  to  R",  to  be  received  at  the  rxpiration  of 

A    5if  i^'^  —  I 

»  years,  we  have,  as  R"to  i,fo  is (thefum 

in  arrear)   to  v^   its  worth  in  ready  money ;  and  there- 

A  X  1  —  i 

R«  _ 

f«^^  — R=7 "'' 


From  which  three  original  equations  others  may  bs 
derived,  by  help  whereof  the  various  queftions  relating 
to  compound  intereft,  annuities  in  arrear,  and  the  prefent 
values  of  annuities,  may  be  refolved. 


E 


Thus, 
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Thus,  becaufe  PR."  is  =  a,  there  will  come  out  P  =: 

J1  ,  and  Pv  =  f^  '  «  5  <^^'     ^^  ^Y  cxhibitino;    the    fame 
i^"  P| 

equations  in  logarithms  (which  is  the  moft  eafy  for  prac- 
tice) we  fhall  have 

J"*.  Log.  a  —  log.  P  +  n  X  log.  R, 

^°.  Log.  P.  n  log.  a  —  n  X  log.  R, 

^o   1         t>        lo«!;.  a  —  loo;-  P. 
3^  Log.  R.- «J2 ^ 


n 

.0    „  -  log-  ^  -  log-  P  ^ 

log.  K. 
Which  four  theorems,  or  equations,  ferve  for  the  four 
cafes  in  compound  intereft. 

A;i;ain,  fince  m  is  zz ITLi  ,    we     fliall   have 

^  R—  I  

40.  Log.  m  zz  log.  A  -f  log,  K"  — .  I  —  log.  R  —  !• 

2°.  Log.  A.zz  log.  ;w  —  log-.    R^* — I   +  log.  R— 1, 

r  ;z  _■  iog-  ^^^R  —  ^  +  ^'v  — -  log-  A 
log   R. 

A?.  R" —  +    —  —  I  =z  O. 

^  A  A 

To  which  the  various  queftions  relating  to  annuities 

in  arrear  are  referred. 

I 

Moreover,  feeing  A  X  j^ ^  isrrtr,  wc  thence  have 


I^  Log.  -J.  =z  log.  A  +  log.  I  —  --^—  log,  R  —  1 

R 


2^  Log.  A  zn  log.  1;  +  log.  R  —  I  —  log,  I  —   --L 

R"  \ 

log.R.  ' 

4".  R«+-'-^^   +  I  X  R"   +  A  =  o,  1 

V  {  V 


The 


J 
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The  ufe  of  which  theorems,  refpecling  the  prefent 
values  of  annuities,  as  well  as  of  the  preceding  ones,  for 
compound  intereft  and  annuities  in  arrenr,  will  full;  appear 
irom  the  following  examples. 

Examp,  I.  To  find  the  amount  of  575  /.  in  fcven  years, 
.  t  four  fer  cent,  per  annum^  compound  intereft. 

In  this  cafe  we  have  given  P  n  575,  R  zz  1,04.  and 
;  =  7;  therefore,  by  Theore-ni  i,  log.  a  ~  log.  575  -{- 
7  log.  1,04  r:  2,8789011;  and  confequcntiy  a  zz. 
'  56566,  or  756  /.  1 3  J.   2\d,  the  value  required. 

Examp.  2.  What  principal,  put  to  intereft,  will  raife 
i  ftock  of  icco/.  in  fifteen  years,   at  5  per  cent  ? 

Here  we  have  given  R  z::  1,05,  «  n:  15,  and  a  zr. 
fOOO  ;  therefore,  by  Theorem  2,  log.  P  =  log.  looo  —  15 
-g.  1,05  —  2,6821605  ;  and  confequently  P  ~  481,02 
v^r  481  /.  OS.  4J: i.,  the  value  fought. 

Examp.  3.  In  how  long  time  will  575  /.  raife  a  ftock 
of  756  /.  135.  2 1  d.  at  4  per  cent  ? 

In  this  cafe  we  have   R  1=  1,04,  P  rz  575,  and  az=. 

756,66;  whence,  by  Thcor.  ^,n  =:  i^ilZ^^l^zliMTS 

log.  1,04 
zr  7,  the  number  of  years  required. 

Examp.  4.   To  find  at  what  rate  of  intereft  4O1  /.  in 

fifteen  years,  will  raiie  a  ftock  of  icoo /. 

•     Here  we  have  given  P  iz  48 1 ,  ^  ~  1 000,  and  ;?  zz  15; 

*u      r        1    cri                 1       -D        log,  1000 —loa:.  481 
therefore,  by  l.hcore?ny  3,  log.  R  =1  —2 r_JI — 

=  .  0211903,  whence  R  zi  I5O5  ;  confequently  ^  per 
cent,  is  the  rate  required. 

The  four  laft  examples  relate  the  cafes  in  com- 
pound intereft ;  the  four  next  are  upon  the  forbearance 
of  annuities. 

Examp.  I.  If  50  /.  yearly  rent,  or  annuity,  be  forborne 
feven  years,  what  will    it  amount  to,  at  4  per  cent,  per 
annum^  compound  intereft  ? 
,     Here  we  have  R  zi  1,04,  A  z=  50,  and  «  z:  7  ;  and 
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therefcr?,  hy  Theor.  i,  log.  m  (  zi  lo?.  A  -+  1  g.  R«  — ^  t 

—  log.  R— i)=:log.  50   ;  log.  i,04|'  — 1,-— log.,04 

—  2,596597  ;  a.id   conkc|uently  m  z=:  ^95  /.  tne  value 
that  was  to  be  found. 

Examp.  2»  What  annuity,  forborne  fevert  years,  will 
amount  to,  or  raiie  a  ftock  of  395  /.  2iX.^  per  cent,  com- 
pound intereft. 

In  this  cafe  we  have  given  R  ■n  1,04,  n  "zz  'j^  and 
m  zz  395  ;  whence,  by  The  rem  ^.  log.  A  (  zz  log.  7n» 
--.  log    k^^  -~  i  -i-  log.  R  —    )    =  log.  395  —  log. 

1,04]^  —  1  H-  log.  ,04  rz  1,6989700;  and  confequently 
A  ~  50/.  which  is  the  annuity  required. 

Examp.  3.  In  hbw  long  time  vi'ill  50  /.  annuity  raife 
a  ftock  of  395  /,  at  4  per  cent,  per  annum^  compound  in- 
tere(}  ? 

Here  we  have  R  zz  1,04,  A  —  50,  m  zz  395 ;   and 

therefore,  by  Theor,  3, ;:  ( =  i2|l^ii~i^±iLr±Sl^ ^ 

log.  R  J 

,1192559  1  1        f  .     , 

zz zz  7,  the  number  or  years  required. 

,0170333        ''  ^ 

Examp.  4.  If  120  /.  annuity,  forborne  eight  years, 
amounts  to,  or  raifes  a  flock  of  1 200  /.  what  is  the  rate 
of  interefl  ? 

In  this  cafe  we  have  given  w  rz  8,  A  zz  120,  and  w 
Tz  1200,  to  find  R  ;  therefore,  hy  Theorem  \^  we  have 
R"  —  ioR  +  9=0,  from  which,  by  any  of  the  methods 
in  Sedl.  j  3,  the  required  value  of  R  will  be  found  zz 
1,06287  ;  therefore  the  rate  is  6,287,  o'"^^*  5^-  9^« 
per  cent,  per  annum. 

The  foiution  of  the  laft  cafe,  where  the  rate  is  re- 
quired, being  a  little  troublefome,  I  fhall  here  put  down 
an  approximation  (derived  from  the  third  general  for- 
mula^i  at  p,  165)  Vv'hich  will  be  found  to  aiifwer  very 
near  ;hc  truth,  provided  the  number  of  years  is  not  very 
great. 

Let 
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Let  (^  rz ;  then  will 


\ 


2  .  m  —  « A 
_3^Q„Q^±^1-  i  v4-Q^„^ be  tlie  rate 


f  per  cent,  required. 

Thus,  for  example,   let   «  n  8,  A  :^  120,  and  m  ^ 

1200;  then  will  Q—  ^ — ^- —  Hj  *^"^  t^^e  ^^^^   it- 

2  .  240 

fclfzz    i^l±_^-22?r=  6,287,^.^^.-^... 
84  X  90  +  75 
The  preceding  examples  explain  the  different  cafes  of 
<innuities  in  arrear  ;  in  the  following  ones  the  rules  for  the 

I    valuation  of  annuities  are  illuflrated. 

Examp.  I.  To  find  the  prefent  value  of  lOO  L  annuity, 
-to  continue  feven  years,  allowing  A^  per  cent,  per  annum 
compound  intereft. 

Mere  we  have  given  R  =  i}C4,  A  —  i0C5and  «  n  7  ;  - 
and  therefore,  by  T^'heorem    i,    log.   v*    (  =:   log.    A    -}- 

.^og.  i-«  ±.—  log.  ir^^:^     -    log.    100    +   log. 


f     I 


=77-  -^  log.  5O4  :=:  2,778296;  andconfequently 

1,04 1  ^         ^ 

V  r:  600,2  ==  600/.  45-,    which  is  the  value  that  was  to 
be  found. 

Exa?np.  2.  What  annuity,  or  yearly  income,   to  con- 
tinue 20  years,  may  be  purchafed  for  1000/.  at  3|-  per 

^ent  P 

In    this    cafe,    R   rz  1)035,    n    zz    20,    v  n  1 000  ; 
whence,    by  Theorem   2,  \we  have    log.   A  (  =  log.  v 

h  log.  R  —  I  —log.  I  —  g;  )      =      ^5847336  ;   and 
confequently  A  =  70,36,  or  70  /.  7  x.   2  d, 


Ex  ant. 
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Ex-amp.  3.  For  how  long  time  may  one,  with  600/- 
purchafe  an  annuity  of  looi.  at  4  per  cent.  P 

In  this  example,  we  have  R  zz  i,Od,  A  ~  100,  and 
V  =:    6co ;     and    thereforp,  ty   Theortm    3,     «    (    = 

I02;.  A  —  loo;.    A    4    ^'  —  y'v  X      «     ♦u  »  r 

__2 .  ^    ,^ -. )     ~    7,  the   number  of 

log.  K 

years  required, 

E^iamp  4.  To  defermine  at  ivh;it  rate  o^  intered  an 
annuity  of  50/,  to  continue  10  )"  ars,  may  be  purchafed, 
for  400/. 

Here   An:   50,  n   =    to,  and  -v  =:  460 ;   whence,  by 

A  A 

Theorem 4,  R"  +  *  —  _  -f  i  x  R*  +  _  being  ~  o,  we 

V  V 

have  R" —  I,J25R'"  -f  ,125  =0;  which  equation 
lefolved,  gives  the  required  value  of  R  =:  1,042775; 
^nd  confequently  the  rate  of  intereflj  4,2775/.  per 
annum. 

The  fo'utlon  of  this  laft  cafe  being  fomewhat  tedious, 
tht  following  approximation  (which  will  be  found  tcr 
anfwer  very  near  the  truth,  when  the  number  of  years  is 
net  vtry  large)  may  be  of  ufe. 

AiTumeQ^rz    !LlI.U.lJ^;  fo  fliali 

2>7A  —  IV 


?C00Q  —  2n  -\-    \    X  4CO  ^     . 

^        ^  =^  exprefs  thd 


jate  per  cent,  very  nearly. 

Thus,    for  example,   let   A    (as    above)  be    rz  50, 

?i  =  10,  and  ^  n  4C0 ;  then,  Q^  being  =  l^iiiiill? 

loco  —  8co 

^     .         ,  82£;oo  —  8400 

:;::  27.5,  we  have-- 2 2 ,  or  4>2775? 

165    X    103,5    +    240 

for  the  rate,  per  cent,  the  fame  as  before. 


0/ 
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SECTION    XVII. 

Of  Plane  ^trigonometry . 

DEFINITIONS. 

\»  T^LANE  Trigonometry  is  the  art  whereby,  hav- 
X  ing  given  any  three  parts  of  a  plane  tnangle 
(except  the  three  angles),  the  reft  are  determined,  in. 
Older  to  which,  it  is  not  only  requiilte  that  the  periphe- 
ries of  circles,  but  alfo  that  certain  right  lines,  in  and 
about  the  circle,  be  fuppofed  divided  into  fome  afiigned 
number  of  equal  parts. 

2.  The  periphery  of  every  circle  is  fuppofed  to  be 
divided  into  360  equal  parts,  called  degrees  i  and  each 
degree  into  60  equal  parts,  called  minutes,  and  each 
minute  into  60  equal  parts,  called  feconds,  or  fecond 
minutes,  ^^r.  Any  part  of  the  periphery  is  called  an 
arch,  and  is  meafured  by  the  number  of  degrees  and 
minutes,  i^c.  it  contain^. 

3.  The  difference  of  any  arch  from  90  degrees,  or  a 
quadrant,  is  called  its  complement,  and  its  difference 
from  180  degrees,  or  a  femicircle  its  fupplement. 

4.  A  chord,  or  fub- 
tenfe,'  is  a  right  line 
drawn  from  one  ex- 
tr.mity  of  an  arch  to 
the  other  j  thus  BE 
is  the  chord  or  fub- 
tenfe  of  the  arch 
EAE,  or  BD£. 

5.  The  iine  (or 
right  fine)  of  an  arch 
is  a  right  line  drawn 
from  one  extremity 
of  the  arch  perpen- 
dicular to  the  diame- 
ter paffing  through  the  other  extremity;  thus  BF  is  the 
line  of  the  arch  AB,  or  BD. 

.  R  6.  The 
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6.  The  verfed  fine  of  an  arch  is  the  part  of  the  dia- 
meter intercepted  between  the  arch  and  its  fine :  fo  AF 
is  the  verfed-fine  of  AB,and  DF  of  DB, 

y.  The  co-fme  of  an  arch  is  the  part  of  the  diameter 
intercepted  between  the  center  and  the  fine ;  and  is  equal 
to  the  fine  of  the  complement  of  that  arch.  Thus  CF  is 
the  co-fine  of  the  arch  AB,  and  is  equal  to  Bl,  thfe  fine 
of  Its  complement  HB. 

8.  The  tangent  of  an  arch,  is  a  right  line  touching 
the  circle  in  one  extremity  of  that  arch,  continued  from 
thence  to  meet  a  line  drawn  from  the  center  through  the 
other  extremity  ;  which  line  is  called  the  fecant  of  the 
fame  arch  :  thus  AG  is  the  tangent,  and  CG  the  lecant 
of  the  arch  AB. 

9.  The  co-tangent  and  co-fecant  of  an  arch  are  the 
ta^'igent  and  fecant  of  the  complement  of  that  arch  ; 
thus  HK  and  CK  are  the  co-tangcnt  and  co-fecant  of 
the  arch  AB. 

10.  A  trigonometrical  canon  is  a  table  exhibiting 
the  length  of  the  fine,  tangent,  &c.  to  every  degree 
and  minute  of  the  quadrant,  with  refpe6t  to  the  radius, 
which  is  fuppofed  unity,  and  conceived  to  be  divided 
into  looococo  or  more  decimal  parts.  Upon  this  table 
the  numerical  folution  of  the  feveral  cafes  in  trigono- 
metry depend  ;  it  will  therefore  be  proper  to  begin  with, 
its  conftrudtion. 

PROPOSITION    I. 

The  number  of  degrees  and  minutes^  Szc,  in  an  arch  he-* 
big  given ;  to  find  both  its  fine  and  co-fme. 

This  problem  is  refolved,  by  having  the  ratio  of  the 
circumference  to  the  diameter,  and  by  means  cf  the 
known  feries  for  the  fine  and  co-fine  (hereaher  de- 
monftrated).  For,  the  femi-circumfen  ikc  of  th>,' circle, 
whofc  radius  is  unity,  being  3>I4I 592653589793  i5r, 
it  will  therefore  be,  as  the  number  of  denrets  or  mi- 
nutes in  the  whole  femicircle  is  to  the  degrees  or 
minutes  in  the  arch  propofed,  fo  is  3,141  S9265358  ^V. 
to  the  length  of  the  faid  arch  ;  whicn  let  be  denoted  by 
a  y  then,  by  ike  feriss  above  quoted,  its  fine  will  be  ex- 

preflbd 


I 
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1^^  |)refled  by  a  — 4- 


[ 


3.4.5      2.  3-.  4. 5. 6. 7 


a' 


t^c.  and  its  cofine  by  i  —  —  -f 


2        2.3.4 

+ - ^c. 


a  .  3  .  4  .  5    b      2  .  3  .  4  •  5  ■  t>  •  7 

Thus,  for  example,  let  it  be  required  to  find  the  fine 
t)f  one  minuie  :  then,  as  10800  (the  miiiutes  in  180  de- 
grees; :  I  :  :  3,  4159265358  <S^c.  :  .OOO290888208665 
~  the  length  of  an  arch  ot  one  minute  :  therefore,    in 

•this  cafe,  a  tn   .000290888208665,  and  -^  (  =:  ^  ) 

2.3  6 

n  .00000OGOOO04102  &c.     And  confequently 
,000290888204563  ir  the  required  fine  ot  Oiie  minute. 

Again,  let  it  be  required  to  find  the  fine  and  co  fine 
of  five  degrees,  each  true  to  ieven  places  of  decimals. 
Here  ,0002908882,  the  length  of  an  arch  of  i  minute 
(found  above)  being  multiplied  by  300,  thj  number  of 
minutes  in  5  degrees,  the  produd^  .08726646  will  be  the 
length  of  an  arch  of  5  uegrees :  therefore,  in  this  cafe, 
we  have 

a     =:        ,08726646, 

, —  -7-  zn  —  ,000110/0, 
-f  =  +  ,00000004, 

120 

Cfff.  and  confequently  ,08715574  =:  the  fine  of  5   de- 
grees.    Alfo 

~  =,00380771, 

— =•  =  ,00000241  ; 

I  and  confequently  ,9961947  =  the  co-fine  of  5  degrees. 
\.  After  the  fame  manner,  rhe  fine  and  co  fine  of  any 
i  other  arch  may  be  derived  ;  but  the  greater  the  arch  is 
e  flower  the  fenes  will  converge,  and  therefore  a 
reaier  number  of  terms  mufl  be  taken  to  bring  out  the 
onclufion  to  the  fame  degree  of  exactnefs. 

R2.  But 
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But  there  is  another  method  of  conftrmSling  the  trlgoitc?-* 
jnetrical  canon;  which,  though  lefs  direct,  is  more  geo* 
metrical ;  and  that  is  by  determining  the  fmcs  and  tan- 
gents of  different  arches,  one  from  another,  as  in  the 
enfuing  propofitions. 


PROPOSITION    II. 

Xhefme  of  an  arch  being  given  ;  to  find  its  co-ftne^  tan^ 
gent^  CO' tangent, fecant^  and  co -/scant. 

Let  AE  be  the  propofed  arch,  EF  its  fine,  CF  ifs 
co-fme,  AT  its  tangent,  DH  its  co-tangent,  CT  its 
fecaht,  and  CH  its  co-fecant :  then,  fay  Euc,  47.  i.)  we 
Xhall  have  CF  r::  V^C£^  —  EF^  j  from  whejice  the 
T  co-fme  will  be  known  ;  and 
then,  by  reafon  of  the  fimilar 
triangles,  CFE  CAT,  and 
CDH,  it  will  be, 

1.  CF  :  FE  :  :  CA  :  AT  5 
whence  the  tangent  is  known. 

2.  CF  :  CE  :  :  CA  :  CT  ; 
whence  the  fecant  is  known. 

3.  EF  :  CF  :  :  CD  :  DH  ; 
whence  the  co-tangent  is  known. 

4.  EF  :  CE  :  :  CD  :  CH  5  whence  the  co-fecant  Ls 
alfo  known. 

Hence  it  appears, 

1.  That  the  tangent  is  a  fourth  proportional  to  the 
co-finc,  the  fine,  and  the  radius. 

2.  l^hat  the  fecant    is   a  third    proportional   to   the 
co-fine,  and  the  radius. 

3.  That  the  co-tangent  is  a   fourth  proportional  to 
the  fine,  the  co-fine,  and  the  radius. 

4.  That  the  co-fecant  is  a  third  proportional  to  the 
fine,  and  the  radius, 

5.  And   that  the   re<Sl:angle   of  the  tangent  and  co- 
tangent is  equal  to  the  fquare  of  the  radius. 
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The  CO 'fine  CF  of  an  arch  AE,  hc'ing  given  \  tsfindthr 
fme  and  CO  fine  of  balfthat  arch. 

From  the  two  extremities  of  the  diameter  AB  draw 
the  lubtenles  /lE  and  BE  ;  and  let  C(^bife£l  the  arch 
i^E  in  Q^and  its  chord  (perpendicularly)  in  D;  then 
iince  the  angle  BE  A  is  a  right  one   (by  Euc.  31.  3.)  th©. 

trian^l.s     ABE     and  ^^ -^E 

AUC     are      fimilar  ; 

and     theref  re,      AC 

beinii  =  \  AB,  AD 

muft  be  =  I-  AE,  and 

QD~l  ^^E:but  AE 

is  z=  /a  .X  '^^,  and 

BE  =:  /TTFxWT  therefore 

AD==f/AiriTF=v'|AC^Al''=thefine     >  ^j^p^^ 

CDirfv/Aiix^F=:v/iACxBF=:theco-rmeV    * 

Hence  it  is  evident,  that  the  fme  of  the  half  of  any 
arch,  is  a  mean  proportional  between  the  half  radius,  and 
the  verfcd  fine  of  the  whole  arch  ;  and  its  co-fme,  a  mean 
proportional  between  half  the  radius  and  the  verfed-line 
of  the  lupplement  of  the  fame  arch, 

PROPOSITION    IV. 

The  fine  "  Dj  ond  confine  CD,  of  an  arch  AQ,  bewg 
.  given  ;  to  fin  i  KF  the  fme  of  the  double  of  that  arch,  (fee 
. -  the  preceding  figure.) 

Since  AE  =z  2AD  and  BE  =  2CD,  and  the  triangles 
ABE  and  AEF  are  alike  (by  Euc.  8.  6.)  we  have,  as 
AB  (2x\C):  aE  (2AD):  :  BE  (2CD):EF;  whence 
it  appears,  that  the  fine  of  double  any  arch  is  a  fourth 
proportional  to  the  radius,  the  fme,  and  the  double  cq- 
Jine  of  the  fame  arch. 

PROPOSITION    V. 

The  fine  CD  and  tangent  BE,  of  a  veryfmaU  arch  arcy 
ffearlyy  in  the  ratio  of  equality. 
For,  the  triangles  ADC   and  ABE  being  fimilar, 
R  3  thence 
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thence  will  AD  :  AB  :  :  DC  :  BE  :  but  as  the  point  C 
approaches  to  B,  the  difFerence  of  AB  and  AD  will 
become  indefinitely  imall  in  refpec^- of  AB,  and  there- 
fore the  difference  of 
BE  and  DC  will  like- 
wife  become  indefinitely 
fmall  with  refpe6t  to  BE 
or  DC. 

Corollary.  Becaufeany 
arch  BC  is  greater  than 
its  fine  and  lefs  than  its 
tangent ;  and  fince  the 
fine  and  tangent  of  a  very  fmall  arch  are  proved  to  be 
nearly  equal,  it  is  manifeft  that  a  very  fmall  arch  and  its 
fine  are  alio  nearly  in  the  ratio  of  equality. 


PROPOSITION    VI. 

To  find  the  fine  of  an  arch  of  one  minute. 

The  fine  of  30  degrees  is  known,  being  half  the 
chord  of  60  degrees,  or  the  radius  ;  therefore,  hy  Prop.  1, 
and  3,  the  fine  of  15  degrees  w-ill  be  known  :  and,  the 
fine  of  15  degrees  being  known,  the  fine  of  7°  30^  will 
be  found  (by  the  fame  Propofition^)^  and  from  thence  the 
fine  of  3""  45^ ;  and  fo  likevvife  the  fine  of  half  this  ;  and 
fo  on,  till  12  bife6i:ions  being  made,  we  come,  at  lafl, 
to  the  fine  of  an  arch  of  52^^,  44''^^,  03''''^/,  45^^^^'';  which 
fine  (ky  Carol,  to  the  preceding  Prop.)  will  (as  the  co-fine 
is  nearly  equal  to  the  radius)  be  nearly  equal  to  the  arch 
itfelf.  TiKTefore  we  have,  as  52'''',  44^'''',  03^''^^  A5^^^^\ 
is  to  i\  fo  is  the  length  of  the  former  of  thefe  arches 
(found  as  above)  to  the  length  of  an  arch  of  one  minute, 
or  that  of  its  fine,  very  nearly. 

If  it  betaken  for  granted,  that  3,1415926535  i^c, 
is  the  length  of  half  the  periphery  of  the  circle  whofe 
radius  is  unity,  we  fhall  have,  as  10800,  the  number  of 
minutes  in  180%  or  the  whole  femicircle,  is  to  one 
minute,  fo  is  3,1415926535  tsff.  the  whole  femi-circle  to 
0,000290888208,  the  length  of  an  arch  of  one  minute, 
or  that  of  its  fine,  very  nearly. 
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If  there  he  three  equidifferent  arches  AB,  AC,  and  AD, 
it  will  be^  as  the  radius  is  to  the  co-fine  of  their  common 
difference  BC  or  CD,  fo  is  the  fine  C'F,  of  the  tnean^  to 
half  tloe  film  of  the  fines  "SiE^  -f  DG,  of  the  two  extremes  : 
and  as  the  radius  is  to  the  fine  of  the  common  difference^  fo 
is  the  CO  fine  FO  of  the  mean-t  to  half  the  difference  of  the 
fines  of  the  two  extremes, 

For»  let  W>  be  drawn,  cutting  the  radius  OC  in  w, 
alfo  draw  mn  parallel  to  CF,  meeting  AO  in  «,  and 
BH  and  mv  parallel  to  AO,  meeting  DG  m  H  and  v  : 
fthen,  becaule  the  arches  BC  and  CD  are  equal  to  each 


other,  OC  is  not  only  perpendicular  to  BD,  but  alfo 
bifeils  It  {Euc.  3.  3.)  ;  whence  it  is  evident  that  B/;2,  or 
D;;z,  will  be  the  line  of  iiC  or  CD,  and  Om  its  co- 
fme ;  and  that  mn^  being  an  ariihmctical  mean  between 
•the  fines  BE  and  DG,  of  the  two  extremes,  is  equal 
to  half  their  fum,  and  Y>v  equal  to  half  their  difference. 
■Moreover,  by  reafon  ot  the  fimilarity  of  the  triangles 
OCF,  Ow«,  and  D/wy,  if  will 
be  as,  OC  :  Om  :  :  Cii^  ;  mn  }  ^  ^  ^ 
and  as,  OC  :  D;«  : ;  FO  :  D^  i  <^  ^-  ^' 

COROL.     I, 

Since,    from  the    foregoing  proportions,    ?nn  is   = 

^^><^^';andD^(=:.;H)^^^^^^ 


OC 


R4 


OC 


,  it  is  evident 
that 
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thatDG  {zzmn  +  Dv)  will  be  =  O^xCF+DmxYO 

whence  it  appears,  that  the  fine  {1l>G)  of  the  fum  (AD) 
of  any  two  arches  (AC  and  <JD)  is  equal  to  the  ium  of 
the  redangUs  of  the  fine  of  the  one  into  the  co-fine 
of  the  other,  alternately,  divided  by  the  radius ;  and 
that  the  hne  (BE'  of  their  difference  (AB)  is  equal  to 
the  difference  pf  the  fame  redlanglcsj  divided  alib  by  the 
radius. 

COROL.     2, 

Moreover,  feeing, DG  +  BE  [2?nn)  is 


UC 
andDG  — BE  (=DHzi:2D^;)  =  i2!llI2, from  the 

former  of  tbefc,  we  have  DG  =:   — ^— ^ BE,  and 

from  the  latter,  DG  =  ^^>^2  +  BE  ;   which,  ex- 

preffed  in  words,  give  the  following  Theorems* 

Theor.  I.  If  the  fine  of  the  mean  of  three  equidiffdvent 
arches  (juppoftng  the  radius  unity)  be  multiplied  by  twice 
the  co-fine  of  the  common  difference^  and  the  fine  of  either 
extreme  be fubtra^ed  from  the  produSl^  the  remainder  will 
he  the  fine  of  the  other  extreme, 

Theor.  2.  Or^  if  the  co-fine  of  the  mean  le  multiplied  by 
twice  the  fine  of  the  common  differ  e,nce^  and  the  produ£l  be 
added  to  or  fubira£l.cd  frotn  the  fine  of  one  of  the  extremes^ 
the  fum  or  remainder  will  be  the  fine  of  the  other  extreme, 

Thefe  two  theorems  are  of  excellent  ufe  in  the  con- 
flruition  of  the  trigonometrical  canon  :  for,  fuppofing 
the  fine  and  co-fine  of  an  arch  of  i  minute  to  be  found, 
by  Prop.  6  and  i,  and  to  be  denoted  by  p  and  q^  refpec- 
tively ;  then  the  fine  of  2  minutes  being  given  from 
prop.  4,  the  fine  of  3  minutes  will  from  hence  be  known, 
being  =  2^  x  fine  2^  — fine  i^  (by  Theor,  i)  or  =  2/> 
X  co-fine  of  2^  +fine  of  l'  (b^  Theor,  2. J.  After  the  fame 

maiinei^ 
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manner  the  fine  of  4'  will  be  found,  being  —  2q  X  fine 
of  •j'— .  fine  of  2',  or  =  ip  X  co-fine  of  3'  -J-  fine  of  2'. 
And  thus  the  fines  of  5,  6,  7,  ^c.  minutes  may  be  fuc- 
cellively  derived  by  either  of  the  Theorems  j  but  the 
former  is  the  moft  commodious. 

If  the  mean  arch  be  45",  then  its  co-fine  being  z= 
Vl^  it  follows  (from  Theorem  2.)  that  the  fine  of  the  ex- 
cefsofany  arch  above  45°,  multiplied  by  2v|  or  v^2, 
gives  the  excefs  of  the  fine  of  tnat  arch  above  that  of 
another  arch  as  much  below  45° ;  thus  ^  2  X  fine  of 
10°  =  fine  of  55''  —  fine  of  35° ;  and  \/2  X  fine  of  15** 
=z  fine  of  60** — line  of  30° ;  and  io  of  otners  :  which  is 
ufeful  in  nna.ug  the  fines  of  arches  greater  than  45°. 

But,  if  the  mean  arch  be  60  degrees,  then  its  co-fine 
bein^;  I,  it  \s  evident,  from  the  fmne  l'heore?n,  t\\a.t  the 
fine  of  the  excefs  of  any  arch  above  60%  added  to  the 
line  of  another  arch  as  much  below  60°,  will  give  the 
fine  of  the  firft  arch,  or  greater  extreme :  thus  the  fine 
of  10''  +  fine  50°  ;=  fine  70°,  and  fine  15°  +  fine  45°  — 
fine  75°;  from  whence  the  fines  of  all  arcies  above  60 
(degrees,  thofe  of  the  inferior  arches  being  known,  afe 
had  by  addition  only. 


PROPOSITION     VIII. 

In  any  right-angled  plane  triangle  ABC,  it  will  he,  as 
the  bafe  AB  is  to  the  perpendicular  BC,  /«  is  the  radius  (of 
the  tables)  to  the  tangent  of  the  angle  at  the  hafe. 

Let  DA  be  the  radius  to  which  the  table  of  fines 
and  tangents  is  a- 
dapted,  and  DE  the 
tangent  of  the  an- 
gle A  ;  then,  by  rea- 
fon  of  the  fimilarity 
ofthetrianglesABC 
and  AD  E,  it  will  be, 
^s  AB  :  BC  :  :  AD 
;DE.     ^E.D, 
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PROPOSITION    IX. 

In  every  plane  triangle^  it  will  be^  as  a.iy  one  fide  h  to 
the/me  of  the  oppofite  angle  ^  fo  is  any  other  fide  to  the  fine 
of  its  oppofite  angle. 

For,  let  ABC  be  the  propofed  triangle;  take  CF  = 
AB,  aud  upon  AC,  let  fall  the  perpendiculars  BD  and 
EFj   which  will  be  the  fines  of  the  angles  A  and  C, 

to  the  equal  ra- 
^  diiABandCF. 

But    the    trian- 

P  gles  CBD    and 

CFE    are  fimi- 

lar,    and   there- 

fore  CB  :  BD  :  : 

AD  E  '^CF(AB):FE; 

that  is,  as  CB  is  to  the  fine  of  A,  fo  is  AB  to  the  fine  of 
C.    Q^E.D. 


PROPOSITION    X. 

In  every  plane  triangle^  it  will  be^  as  the  fum  of  any 
two  fides  is  to  their  difference^  fo  is  the  tangent  of  the  com- 
plement  of  half  the  angle  included  by  th of e  fides ^  to  the  tan- 
gent  of  the  difference  of  either  of  the  other  two  angles  and 
the f aid  complement.. 

For,  let  ABC  be  the  triangle,  and  AB  and  AC  the 
two  propofed  fides  ;  and  upon  A,  as  a  center,  with  the 
radius  AB,  let  a  femicircle  be  defcribed,  cutting  CA 
produced,  in  D  and  F  \  fo  that  CF  may  exprefs  the  fum, 

and  CD  the 
diiference  of 
the  fides  AC 
and  AB ;  join 
F,  B  and  B, 

D,  and  Draw 

F ' " A  /)  "  DE      parallel 

to'FB,  meeting  BC  in  E  ;  then,  the  angle  FBD  being 
a  right  one  {iy  Ehc,  31.  3,)  ADB  will  be  the  comple- 
ment of  the  ingie  F,  which  is  equal  to  half  the  pro- 
jofed  angle  A  (by  Euc,  20.  3.).  Moreover,  feeing  the 
4  angles 
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angles  FBD  and  EDB  are  both  right  ones,  (for  EDB 
is  =  FBD  (z=  right  angle)  btcaufe  DE  is  parallel  to 
FB)  it  is  plain,  that,  if  BD  be  made  the  radius,  BF 
will  be  the  tangent  of  BDF,  and  DE  the  tangent  of 
DBE  :  but,  l^ecaufe  of  the  fimilar  triangles  CFB  and 
CDE,  CF  :  CD  : :  BF  :  DE  ;  that  is,  as  the  fum  of  the 
fides  AC  and  AB,  is  ro  their  diiFerence :  fo  is  the 
tangent  of  BDF,  to  the  tangent  of  UBC  ;  which  angle 
is,  manifeftly,  the  excels  of  ABC.  rbove  BDF^  or  ABD  j 
and  alfo  the  excefs  of  ADB  above  ACB.     ^.  E.  D. 

PROPOSITION    XL 

^5  the  hafe  of  any  plane  triangle  is  to  the  fum  of  the  two 
fides ^  fo  is  the  difference  of  the  fides  to  the  difference  of  the 
fegments  of  the  bafe^  made  by  a  perpendicular  failing  Jrom 
the  vertical  angle* 

For,  let  ABC  be  the  propofed  triangle,  and  BD  the 
perpendicular;  from  B  as  a  center,  with  tne  interval 
BC,  let  the  circumference  of  a  circle  be  defcribed,  cut- 
ting the  bafe  AC 
in  G  and  the  fide 
AB,  produced,  in 

F   and     E  :   then  /  ^AB 

,will  AE  be  the 
fum  of  the  fides, 
AF  their  differ- 
ence, and  AG  the 
difference  of  the 
fegments  of  the  A 
bafe  AD  and  DC: 
but  (by  Euc.  36.  3.)  AE  X  AF  =  AC  X  AG ;  and 
rtierefofe  AC  :  AE  :  :  AF  :  AG.    ^  E,  D. 


2$'^  Of  Plane  Trigonometry. 

The  Solution  cf  the  cafes  of  right-angled  plane  triangles. 


6 

Given. 

Sought. 

Proportion. 

I 

1  he  hy- 
pothenufe 
AC  and 

ihe  angles 

The  leg 
BC. 

As  the  radius  (or  the  fine  of  B)  is 
to  the  hyp.  AC  ;  fo  is  the  fine  of 
A,  to  its  oppofite  fide  BC.  ("iy 
Prop.g.) 

2 

rne  iiy- 
poth.  AC 
and  one 
leg  AB.  ' 

The 
angles. 

As  AC  :  rad.  : :  AB  :  fine  of  C  ; 
whofe  complement  gives  the 
angle  A. 

3 

The  hy- 
poth.  AC 
and  one 
leg  AB 

The  other 
leg  UC. 

Let  the  angles  be  found  by  cafe  z  ; 
then,  as  rad.  :  AC  :  :  fine  of 
A  :  BC.  (by  Prop.  9.) 

4 

The  an- 
gles and 
one  leg 
AB. 

The  hy- 

pothenufe 

AC. 

As  fine  of  C  :  AB  :  :  rad.  (fine  of 
^)',  AC,  (hy  Prop.) 

5 
6 

The  an- 
gles and 
one  leg 
AB. 

The  two 
legs  AB 
and  BC. 

The  other 
IcgBC. 

As     fine    of    C  :  AB    :  :  fine   of 

A  :  BC  (by  Prop.  9.) 
Or,   rad.  :  tang,  of  A  :  :  AB  :  BC, 

(by  Prop.  8.) 

The 
angles. 

As  aB  :  BC  :  :  rad.  :  tang,  ot  A 
(by  Prep.  8)  ;  whofe  complement 
gives  the  an^le  C. 

7 

I  he  t Aw 
legs  AB 
^ud  BC. 

Thehy- 
pothenufc 
AC. 

Find  the  angles,  by  cafe  6,  and 
from  thence  the  hyp.  AC,  by 
cafe  4. 
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^he  Solution  of  the  cafes  of  obUqne  plane  trlanghsi 
3 


A      D       ( 


Given. 


The  an- 
gles and  I 
fide  AB. 


Either  of  the 
other  lilies, 
Tuppofe  BC. 


Two  fides 
AB,  BC  and 
the  angle  C 
oppofite  to 
one  of  th?m 


Twu  lides 
AB,  BC  and 
the  angle  C 
oppofite  t) 
one  of  them. 


Two  lide: 
AB,AC 
and  the 
included 
eA. 


jangh 


Two  fides 
AB,  AC  and 
the  included 
angle  A. 


Sought. 


Proportion. 


As  fine   of  C  :  AB 
BC.  (by  Pn.p.  9.) 


fii.e  of  A 


The  other 
-ngl..  A 
and  ABC. 


As,  AB  :  line  of  C  :  :  BC  :  fine  of 
A  ;  which  added  to  C.  and  the, 
funi  Tub  traded  from  180°,  gi^xs 
(he  an?le  ABC. 


The  other 
lide  AC 


The  other 
angles  C 
and  ABC 


The  other 
fide  BC. 


All  the 

fides. 


An  angle, 

ruppofe  A 


Find    the   anoie  ABC^ 
then,  as  fine  of  A 
of  ABC  :  AC. 


by   cafe  z  ; 
BC  :  :  fine 


As  AB  +  AC  :  AB-.AC::tang.  of 
the  comp,  of  |A:  tang,  of  an  ang. 
which  added  tv^tiie  jaid  com.  I'ives 
the  greater  ang.  C  ;  and  fubtracted 
leave«  ihe  lefl'er  ABC.  (Prep.  10.) 


Find    the    angles   by 
then  BC,  by  cafe  i. 


cafe 


and 


Let  Fall  a  perpendJCLflar  BD,  nppolite  the 
required  angle,  and  fuppufe  DC  ==  AD  j 
then  (hs  Prop,  ii  ]  AC  :  BC  -f  BA  ;  r 
BC  —  BA  :  C(;,  which  iuu.iaded  nom 
AC,  and  the  rciTiainJer  .livid,  d  by  2 
gives  AD;  whence  A  will  be  tounu,  hy 
cafe  2,  of  right  angles. 
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SECTION    XVIII. 

^he  Application  of  Algebra  to  the  Solution  of 
Geometrical  Problems, 

WHEN  a  geometrical  problem  is  propofed  to  be 
refolved  by  algebra,  you  are,  in  the  firft  place, 
to  defcribe  a  figure  that  (hail  reprefenr,  ^r  exhibit  the 
feveral  parts  or  conditions  thereof,  and  look  upon  that 
figure  as  the  true  one  ;  then,  having  confidered  atten- 
tively the  nature  of  the  problem,  you  are  next  to  pre- 
pare the  figure  for  a  foiution  (if  need  be)  by  producing, 
and  drawing,  fuch  lin^s  therein  as  appear  moit  con- 
ducive to  that  end.  This  done,  let  the  unknown  line, 
or  lines  which  you  think  will  be  the  eafieft  found  (whe- 
ther required  or  not),  together  v/ith  the  known  ones  (or 
as  many  of  them  as  are  requifite),  be  denoted  by  proper 
lymbols  ;  then  proceed  to  the  operation,  by  obferving 
the  relation  that  the  feveral  parts  of  the  figure  have  to 
each  other ;  in  order  to  which  a  competent  knowledge 
in  the  elements  of  geometry  is  abfolutely  neceflary. 
'  As  no  general  rule  can  be  given  for  the  drawing  of 
lines,  and  eleding  the  moft  proper  quantities  to  fubfti- 
tute  for,  fo  as  to  always  bring  out  the  moft  fimple  con- 
clufions  (becaufe  different  pioblems  require  different  me- 
thods of  foiution),  the  belt  way,  therefore,  to  gain  ex- 
perience in  this  matter  is  to  attempt  the  foiution  of  the 
fame  problem  feveral  ways,  and  then  apply  that  which 
fucceeds  beft  to  other  cafes  of  the  fame  kind,  when  they 
afterwards  occur.  I  fiiall,  however,  fubjoin  a  few  ge- 
neral directions  which  will  be  found  of  ufe. 

1°.  In  preparing  the  figure,  by  drawing  lines,  let 
them  be  either  parallel  or  perpendicular  to  other  lines 
in  the  figure,  or  fo  as  to  form  fimilar  triangles ;  and  if 
an  angle  be  given  let  the  perpendicular  be  oppofite  to 
that  angle,  and  alfo  fall  from  the  end  of  a  given  line,. if 
poflible. 

2^  in  elccSting  proper  quantities  to  fubflitute  for,  let 
thole  be   chofen   (whether  required  or  notj  which  lie 

neareft 


to  Geometrical  Problems.  :i55 

neareft  the  known  or  given  parts  of  the  figure,  and 
by  help  whereof  the  next  adjacent  parts  may  be  expreffed, 
without  the  intervention  of  furds,  by  addition  and  (ab- 
tra(5lion  only.  Thus,  if  the  problem  were  to  find  the 
perpendicular  of  a  plane  triangle,  from  the  three  fides 
given,  it  will  be  much  better  to  fubftitute  for  one  of  the 
legmentsof  the  bafe,  than  for  th  >  perpendicular^  thjugh 
the  quantity  required  ;  becaufe  the  v.^hole  bafe  being 
given,  the  other  fegment  will  bj  given,  or  expreiied,  by 
liibtradion  only,  and  fo  the  final  equation  come  out  a 
fimple  one  ;  from  whence  the  fegments  being  known,  the 
perpendicular  is  eafily  found  by  common  arithmetic  : 
whereas,  if  the  p'^rpendxular  were  to  be  fiilt  fought^ 
'both  the  fegments  would  be  fard  quantities,  and  the  final 
equation  an  ugly  quadratic  one. 

3^.  When,  in  any  problem,  there  are  two  lines  or 
quantities  alike  related  to  other  parts. of  the  figure,  or 
problem,  the  beft  way  is  to  maice  ufe  of  neither  of 
them,  but  to  fubftitute  for  their  fum,  their  rectangh  ,  or 
the  fum  of  their  alternate  quotients,  or  for  fome  ixiw.  or 
lines  in  the  figure,  to  which  they  have  both  the  fame 
relation.  This  rule  is  exemplified  in  Prob.  22,  23,  24, 
and  27. 

4".  If  the  area,  or  the  perimeter  of  a  figure  be  giv^n, 
or  fuch  parts  thereof  as  have  but  a  remote  relation  to 
the  parts  required,  it  will,  fometimes,  be  of  ufe  to  aiTume 
another  figure  fimilar  to  the  propofed  one,  wnere  if  one 
fide  is  unity,  or  fo  ne  other  known  qua.itity  5  from 
rvhence  the  other  parts  of  this  figure,  by  the  known 
proportions  of  the  h  unologous  iidcs,  or  parts,  may  be 
found,  and  an  equation  obtained,  as  is  exemplified  in 
Prob.  25  and  32. 

Thefe  are  the  moft  general  obfervations  I  have  been 
able  to  collect ;  which  I  fliail  now  proceed  to  illuftrate 
by  proper'examples. 

PROBLEM    L 

T'he  bafe  CbJ,  and  the  fum  of  the  hypothenufe  and  per^ 
pendkular  (a)  of  a  right-angled  triangle  ABC,  being 
given  J  to  find  the  perpendicular* 

Let 
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tct   the  perpendicular    BC  be   denoted  by  x ;  tbert 

the  hypot hen ufe  AC  will 
be  exprtffed  by  a-^x  :  but 
rfy  Euc.  47.  I.)  AB^  + 
BL^  tr  ACS  that  is,  l"- 
4-  A"'  ti  a^  —  2a X  +  XX  ; 

whence  a-  i= r:  the 

2^ 


perpendicular  required. 


PROBLEM    II. 

The  diagonal^  and  the  perimeter  of  a  re^  angle  ^  A  BCD 
being  given ;  to  find  the  fides. 

Put  the   diagonal   l^Y)  ■=:  a^   half  the  perimeter  (DA 
+    AB)    =  b,  and  AB    ~ 
C   X  ;  then   ovill  AD    :=:   b  — 
X ;    and    therefore,    AB^    -f 
AD^    being     =     BD%    we 


have  x"^  4-  b"^ 


2bx   -f  x'^ 


:  a"^ ;    uhirh,  folved,  gives 


PROBLEM    m.     ^ 

The  area  cfi  a  right-angled  triangle  h^Q^  and  the  fides 
of  a  re£i angle  EBDF  infcrihed  therein^  being  given  \  to 
detcnnine  the  fide  i  of  the  triangle. 

Put  DF  zz  J,  DE  =  b^  BC  n  at,  and    the  meafure 


A  C 


of  the  i;iven  area  ABC 
~  d  :  then,  by  fimilar  tri- 
angles, we  Ihall  have  x 
— ^(CF) :a  (DF) : : x 

AB     =J!1-. 

X'-'b 

ax  X 


(BC)    : 
Therefore 


.r   2 


A         E 

z=L  2dx  —  ihdy  or  a-* 


^7,  and    confequently    ax"^ 

lUf  zz  -^  ^"^i  which,  folved, 
a  a 

gives 
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gives  x=:i.±  ^/^  ^  iM.,  from  whence  AB  and 

a  aa  a 

AC  will  likewife  be  known; 

PROBLEM    IV. 

Having  the  lengths  of  the  three  perpendiculars  PF,  PG, 
PH,  drawn  from  a  certain  point  P  zvithin  an  equilateral 
triangle  ABC,  to  the  three  fides  thereof-,  from  thence  to 
determine  the  fides. 

Let  lines  be  drawn  from  P  to  the  three  angles  of  the 
triangle ;    and  let  CD  be  perpendicular   to    AB  :  call 
PF,  ^;  PG,^;  PH,  r;  and 
AD   =    x:    then   will    AC 
(  -  AB)  =z2;r,andCD(^ 

V^AC^  —  AL^)  ±1  V3x;y  = 
a?V3j  and  confequently  the 
area  of  the  whole'  triangle 
ABCJ  =:  CD  X  AD)  - 
xx"^  1>  But  this  triangle  is 
compofed  of  the  three  trian- 
gles APB,  BPC,  andAPC;  A 
whereof    the    /efpe^^ive     areas 


D  P  B 

are    ax^    hxy    and   ex. 
Therefore  we  have  xx's/ 1^  zz  ax  -{■  hx  -\-  ex  i  and  froni 
a  -^  h  -\-  c 


thence,  by  dlvifionj 


PROBLEM    V. 

Having  tht  area  of  a  reftangle  DEFG,    ivfcribed  in  d 
given  triangle  ABC  ;  to  determine  the  fides  of  the  je^iangUr, 

Let  CI  be  perpendi- 
cular to  A  B,  cutting  DG 
in  H  ;  and  let  CI  zz.  a^ 
AB  =^,DG  =:  X,  and 
the  given  area  zz.  cc  : 
then   it   will  be,    as    I?  : 

X  I   :  a  :  —  :z    ^^rl  ; 

b 

which,    taken   from  CI, 
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leaves  a —  —  ■=.  IH  j-apd  this,  mulbplied  by  at,  g  I  res 

ax  *— '■  -f-rz  cc  =z  the  area  of  the  re6langle  ;  whence  we 


have  abx  —  ax"^  zz  bcc^  x'^  —  bx  -zz 


bcc 


^  a  2  4  « 


PROBLEM    VL 

Tl)rQugh  a  ^iven  point  P,  within  a  given  circle^  fo  to 
draw  a  right  anc^  that  the  two  parts  thereof^  PR,  PQ_, 
interc£pted  by  that  point  and  the  circuniference  of  the  circle^ 
may  have  a  given  difference. 

Let  the  diameter  APB  b^  drawn;  and  let  A  P  and 
BP,  the  two  parts  thereof 
-.^  (which  are  fuppofed  given) 
•  ^  be  denoted  by  a  and  Z*  ;  mak- 
ing PR  =  xy  and  PQ,  —  x 
-j-  d  (d  being  the  siven  dif, 
fereiTce).  Then,  by  the  na- 
ture of  the  circle,  PQ^  x  PR 
bei]ig  zz  PA  X  PB,  we  have 
A'  4-  d  X  X  zz  ahy  or  xx  -f 
dx  n  ab\   whence  .v  Is  found 


PROBLEM'    VIF. 

From  a  given  point  P,  without  a  giz^en  circle^  fo  i4 
draw  a  right  line  PQ^y  that  the  pari  thereof  RQ^^  in- 
tercepted by  the  circle^  JIhiU  be  to  the  external  part  PR,  in 
n  given  ratio* 

Through 
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Through  the  center  O,  draw   PAB  ;  put  ?A  3k  ^, 
PB  =  ^,  PR  =  X,  and    let 
the    given   ratio  of    PR  to 
RQ^  be  that   of    m    to    «  ; 
then   it  will   be,  2iS  m  :  n  :  i 

"-^  =  RQ.; 


X  : 


therefore 


PQ.  = 


,    nx 
m 
PA     X 


X    X   X  + 


nx 
m 


fore  mx'^    H- 


and 


W2    +    « 


PROBLEM    VIIL 

ne  film  of  the  two  fides  of  an  ifofceles  triangle  ABC  ^^- 
ing  equal  to  the  fmn  of  the  bafe  and  perpendicular.,  ani  tht 
area  of  the  triangle  being  given  ;    to  determine  the  fide  i. 

Put  the  femi-bafe  AD  z:i  x^  the  perpendicular  CD 
zn  y^  and  the  given  area 
ABt  zz  a"-  :  fo  fliall  xy  =i 
^%  and  2'  XX  -\-  yy  zz  2x 
-j^  J  ('/'_)'  El.  47-  I.  ^^^<^  ^>^^ 
conditiens  of  the  problem.) 
Now,  fquaring  both  fides 
oi  the  laft  equation,  we 
have  \xx  -j-  Ayy  zz  ^xx  -\- 
^xy  -\-  yy'i   whence   3;;;  zz 

i^xy-i  and  confequently  j'  =r  If 

3 


D  B 

Vi^hich  value,  fuMlituted 


in  the  former  equation,  gives 


/!^xx  ^ 


=  a' 


from  whence 


Ar*=  Vifl  =  1^/35;;  (  =:lf   )  =  -3,2V/35  and  AC 


Sa 


(  = 
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{  zz  V  XX   4-  yy 


I^^T  =  ^^^3- 


12 


PROBLEM    IX. 

Thefegments  of  the  bqfe  AD  and  BD,  and  th  ratio  of 
the  ftdes  AC  and  BC,  of  any  plane  triangle  AHC,  being;- 
given 'y  to  find  the  fides, 

C  Put  AD  -  ^,  BD   -  b 

AC  1=  A' ;    and  let  the  given 
ratio  of  AC  to  BC,  be  as  ?n 

to   «,   fo  fhall    BC    =   'if  ' 

/?/ 
But  AC^— A]:^^'  -  DC^) 
=:   EC- — BD-,    that   is,  in 

fpecies,   X-    ^  a^  zn   IHH 
mm 
—  h'^.     Hence  we  have  7;^'*'- 
^  ^—  n^x^  rz  m- 


A 
and  X 


__        ,faa  -— 
zz  m  y 


X    aa  —  bby 


P 

""■^ 
mm  —  nn 

PROBLEM    X. 

The  bafe  AB  (a)^  the  perpendicular  CD  =  b^  dnd  tht 
difference  (d)  of  the  fides  AC  -^  BC,  of  any  plane  tri- 
angle  ABC^  being  given',,  to  determine  the  triajigle  (fee 
the  preceding  figure). 

Let  the  fum  of  the  fides  AC  +  BC  be  denoted  by^-  .- 

then  (by  Prop.  1 1.  Sefi.  i8.)  we  (hall  have  a.x::d-/!l^ 

a 
the  difference   of  the   fegments  of  the   bafe  5  therefore 

the  greater  ftgn^ent   AD   will   be   zr   — ,  -\-   — 1-  rr 

2  2a 


aa  +  dx 


But    AD»    +    DC^    =  AC^    that 


Q.a 


.     /a        X-  4-  ?Jx'-\-  dd      .  , 
-Y  b^  z=L  . :  whence 

4 
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a6j 


=  a  ^A^  +  V^  --^  dd 
aa  —  dd 


which,  folved,  gives  \v 


PROBLEM     Xr. 

I'hehnje  AB,  the  fum  of  the  fide^  AC  +  BC,  and 
the  length  of  thi  line  CD  dratun  from  the  vertex  to  the 
middle  of  the  hafe^  beivg  givei: ;  to  determine  the  triangle. 

Make  AD  (  =  ED)  =  a,  DC  =:  i,  AC  +  BC  =  c^ 
and  AC  =  ;^ ;  fo  (hall 

BC  =  f  —  ;c.  But  -^^ 
AC^  +  BC^  is  = 
2AD^-  4-  2DC^-  (by 
EL  12.  2.)  ;  that  is, 
x^  +  c  —  ;^'|  "■  ==  2a^ 
•f  2^* ;  which  by 
jcdu(3:ion,  becomes  x^  _ 
^cx  =.  a"-   ^    /;^  —  A-  ^JD^ B 

Ic'^  y  whence  x  is  found  —  |f  ±  V'  ^^  ^  bb  —  Ice. 


PROBLEM    XIL 

The  two  fides  AC,  BC,  and  the  line  CD  htfe3ing  the 
vertical  angle  of  a  plane  .triangle  A^Q^  being  given -^  to 
find  the  bafe  AB. 

Call  AC,  a-,  BC,  by  CD,  c%  and  AB,  x:  then 
a  4-  ^  :  A*  :  :  ^  :  AD   =;  C 

— i!fL  ;   aad  a  -f-   i  :  a-  :  : 
tf  +  b 

^:DB  =  -il-.     But^/^j^ 

£/.  20.  3.)  AC    X  CB  — 
AD  X  DB  =  CD%  that  is, 

^^  — =r- =   c'-y    from   A 

aY.bY  

Whence  x  v/ill  be  found  =  ^  +  ^.  y  f_:ii£ 

S3 
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PROBLEM     XIIL 

The  perlmeUr  AB  +  BC  +  CA,  and  the  perpendicular^ 
^Y>^  falling  from  the  right  angle  B,  to  the  hypothenufe  ACi 
b&ing  given  to  determine  the  triangle. 

Let  BD  zz  ^,  AB  =  A-,  BC  ~  j,  AC  =:  z,  and  AB 
^  BC  4-  CA  rz  h:  then,  by  reafon  of  the  fimilar  tri- 
angles ACB  and  ABD,  it  will  be  as  2;  ;  >? :  .  x\  a  \   and 

therefore  xy  =z  a%  :  more- 
^  over,  A-^  +  j/^  rz  7?-  (by  Euc, 
47.  I.)  and  X  ■{-  y  -\-  z. 
zzb  [  by  the  qiiefiion. )  Tranf- 
pofe  2  in  the  laft  equation, 
and  fquare  both  fides,  and 
you  will  have  x^  -V  ixy  + 
/  zz  b'''—2bz  +  z^jfrom 
which  take  a:*  +  y^-  =z  2% 
atd  there  will  remain  2xy  =  ^*  —  2^2;  but,  by  the 
firlt  equatioii,  ixy  is  =  2az ;  therefore  2^z  zi  ^'  —  2bz 

and  z  zz ;  whence  z  is  known.     But  to  find 

2a  4-    2b 

*  and  y  from  hence,  put ^ =  f,  and  let  this  value 

■^  2a   -^    2b 

of  z  be  fubftituted  in  the  tv/o  foregoing  equations, 
X  -y  y  •=!  b  —  z,  and  zj'  =z  ^z,  and  they  will  become 
X  -y-  y  :=:  b  —  r,  and  xy  zz  <yf  :  from  the  fquare  of  the 
former  of  which  fubtra6l  the  quadruple  of  the  latter, 
fofnall  A-^—  2yy  4-  y^  zz  b  —  cY-^  ^ac  ;  and  confe^ 
quently  ;f  -r-  y  zz  '^ b  —  c\  '^  —  \ac.  This  equation  be- 
ing addled   to,  and    fubtraded    from   x  -f   y    ~  b  —  c^ 

gives  2x  =3  —  c  +  '^  b-^  c\  ^  -^  \ac^  and  2y  zz  h'^^ 


PROBLEM    XIV. 

Having  the  perimeter  of  a  right-angled  triangle  ABC, 
and  the  radius  DF,  of  its  infcribcd  circle  5  to  determine 
all  the  fides  of  the  triangle » 

From 
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From  the  centre  D,  to  the  angular  points,  A,  B,  C, 
and  the  points  of  contact  £,  F,  G,  let  lines  DA, 
DB,  DC,  DE,    DF,  DG   be  drawn  5   making  DE, 


G  A 

DF,  or  DG  =  ^,  AB  =  x,  BC  =  jk,  AC  =  z,  and 


It  is  evident  that    JL    1  ^  i —  ,   or 
2    ^  2  ^2 


^^ 


its   equal    __  (expreffing   the  fum  of  the  areas  ADB, 


2 


the   area  of  the 


BDC,  and  ADC)   yiU  be 

whole  triangle  ABC  ;  and  confequently  2xy  =  2ab : 
moreover  (by  Euc.  47.  i.)  x'^  -^  y'^  —  z^  \  to  which  if 
2xy  r=  2ab  be  added,  we  (hall  have  x'^  +  2xy  +  _y%  or 
x\  y\^  =:  z^  +  2ab*y  but,  by  the  firft  ftep,  Y~yY  is 
z=  ^  —  z  p  =1  ^^  —  2bz  4-  z"^;  therefore,  by  making 
thefe  two  yalues  of  *•  -|-  y  |  equal  to  each  other,  we 
get  2*  +  2ab  =  Z'*  —  2bz  +  z* ;  whence  2a  •=.  b  —  22;, 
and  z  =  1^ — <«-  But,  to  find  x  and  y^  from  hence, 
we  have  now  given  x  +  y  [zz  b —  z)  zn  ~b  +  ^7,  and 
A*^  =z  ^^  ;  the  former  of  thefe  equations,  multiplied  by 

A",  gives  x^  -^^  xy  "=■  —   -^  ax  i   from   which  the   latter 

xy  =  ab  being  fubtra6ted,  we  have  x'^  =r  p;^  -f-  ax  —  ^^, 

Of  ;v*—  ^ X  X  •=.  '^ab  :    whence,  by  completing 


S4 


dK 
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the  fquare,  ^c,  x 


_l(2  -\-  b  ±.  y^a'^ —  ii^Z*  4- 


(o 


that    the     three    fides    of   the    triangle     are,    jj? 


i!,  andl£j± 


i^ab-^-b"- 


Otherw'.fe, 

'  The  right  angled  triangles  ADE,  ADG,  having  the 
fides  DE,  DG  equal  and  AD  common,  have  alfo 
A  E  equal  to  \G  :  and,  for  the  like  realon,  is  CE  z= 
CF;  and  confequently  AC  (AE  +  CE)  =  AG  -f  CF. 
Whence  it  appears  that  the  hypothenufe  is  lefs  than  the 
fum  of  the  two  legs,  AB  -f  BC,  by  the  diameter  of 
the  infcribed  circle,  and  therefore  lefs  than  half  the  pe- 
limeier  by  the  fern i- diameter  of  the  fame  circle.  Hence 
we  have  AC  —  i^  — «,  and  AB  +  BC  =  ib^a.  Put, 
therefore,  ^b  —  «  =  r,  |Z>  +  ^  -z  ^,  and  half  the  dif- 
ference of  AB  and  BC  zi  at;  then  will  AB  m  d  -{-  x,  and 
BC  =  ^  —  ;f  ;  and  confequently  2^^'  +  2;^^(  AB^-f  BC'j 

rr  c"^  ( AC^),  whence  x  is  found  ■=  ^  j;  c* — d"^ ;  therefore 
AB  is  =r  i^?  +  /prZT^,  and  BC  =  ii --  y^I^^~:j\ 

PROBLEM     XV. 

.yfll  the  three  fides  of  a  triangle  ABC  being  given ;  to 
find  the  perpendicular^  the  Jegments  of  the  bafe^  the  areOT^ 
and  the  angles. 

Put  AC  =  ^,  AB  =  Z-,  BC  =  r,  and  the  fcgment 
AD  :c:  X  ;  then  BD  being  =1  ^  —  a",  we  have  c^  — 
F^*  (  =  CD^-)  =z  «*—  A-%  that  is,  c-"  —  ^*  +  ^bx 

C 


F  ABB 

x^  zz,  a^  —  ?(^  whence  2^^  ;=  <?^  +  ^^  —  ccy  and 

X  z=. 
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K  -  "IfJil^JZLlL  :    Now  CD^  =  AC^  —  AD^-  = 
AC  -F  AD    X    AO-^AD^a^'JL±l^^ 


aa  +  bb  —  cc  __   ^ah    A-     aa    ^    bb  — ■  cc 

a ; X 

lb  2b  

2ab  —.  aa  .-^  bb  -\-  cc  ^a  -\-  bY  —  c"-         c^  ^  a  —' b^  \ 


2b  o.b    ■  2b 

hence  CD  =  -L  X  JTTW^c'  k  c"-  ^TZTp^"-  . 

,    .  ,  CD  X  AB  .  __ 

and  the  area  (  _ ;  — 

2 


^ a  +  by  —  c'''  X  c^  —  a  —  b\ 


But,  becaufe  the  dliFtjrence  of  the  fqiiares  of  any  two 
lines,  or  numbers,  is  equal  to  a  rectangle  under  their 
fum  and  difference,  the  fa£tor  ^  +  ^]  "^  -—  <:*  will  be  = 
a  -^'  b  +  c  X  ^  +^. —  c'i  ^^^  ^^'^  remaining  fa6lor 
f^'-^a  —  b'] ^  —  7~-f  «  —  ^  X  r  —  ^  +  /> :  and  fo 
the  area  will  be  likewife  truly  expreflfed  by 
ly/cT^  b  -\-  c  X  a  -{-  b  —  c  yj  c  -\-  a  —  b  X  c  —  a  -j-  b 
o-    fa  -{-  b  -\-  c       a  -\-  b  —  c     c  -{-  a  — b      r  —  «  + 


X  — : X X 


2  2 


~yi.5  —  c  ,  s  —  b  ,  s  —  ^jby  making  s  zz  ll , 


In  order  to  determine  the  angles,  which  yet  remain  to 
be  confidered,  we  may  proceed  according  to  Prop.  11. 
in  I'rigonometry,  by  firft  finding  the  fegments  of  the 
bafe :  but  there  is  another  proportion  frequently  ufed 
in  practice;  which  is  thus  derived:  let  *3A  be  produced 
to  F,  fo  that  AF  may  be  =  AC  ;  and  then,  FC  being 
joined,  it  is  plain  that  the  angle  F  will  be  the  half  of 
tlje  angle  A  5  and  DF  ( =  AC  +  AD)  will  be  given 
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[from  above) 


_   a  ^  bYj—jl  z=  ^  +  ^  +  ^        a  -^  h  --c 


lb 


X  s 


c  : 


but  DF  ( 


2s   X  s  —  c 


)  is    to    DC 


( 


"T 

^^  s  .  s  —  c  .  s  —  h  ,  s  —  r/),  fo  is  the  radius  to  the  tan- 


gent of  F  ;  ami  confequently  i  x  s  —  c  :  s  —  b  x  s  —  a 
:  :  fq.  rad.  :  iq.  tang,  of  F ;  that  is,  in  words,  as  the 
rectangle  under  half  the  fum  of  the  three  fides,  and  the 
excefs  of  that  half  fum  above  the  fide  oppofite  the  re- 
quired angle,  is  to  the  re6^angie  under  the  differences 
between  tlie  other  two  fides  and  the  faid  half  fum,  fo  is 
the  fquare  of  the  radius,  to  the  fquare  of  the  tangent  of 
h^if  the  angle  fought. 


PROBLEM    XVL 

Having  given   the  bafe  AB,  the  vertical  angle  ACB, 
and  the  right  line   CD,  which  bifeSis  the  vertical  angle^ 


and  is  terminated  by  the  haje  y   to  find  the  fides  and  angles 
pf  the  triangle. 

Conceive  a  circle  to 


be 


defcribed  about  the  trianglf", 
and  let  EG  be  a  diameter 
of  that  circle,  cutting  the 
bafe  AB  perpendicularly 
in  F  ;  alfo  from  the  cen- 
ter O,  fuppofe  OA  aud 
OB  to  be  drawn,  and  let 
CD  be  produced  to  E 
(for  it  will  meet  the  pe- 
riphery in  -  that  point,  be- 
caufe  the  angles  ACD 
and  BCD,  being  equal, 
muft  ftand  upon  equal 
arches  EA  and  EB). 
Now,  becaufe  the  angle  AOB  at  the  center,  (landing 
upon  the  arch  AEB,  is  double  to  the  angle  ACB  at 
the  periphery,  Handing  upon  the  fame  arch  (Euc,  20.  3.) 

ibat 


I 
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that  angle,  as  well  as  ACB,  is  given  ;  and,  therefore, 
|in  the  ilofceles  triangle  AOB,  there  are  giv  a  Al  the 
angles  and  the  bafe  AB  ;  whence  AO  and  FC>  will  be 
both  given,  by  plane  trigonometry,  and  confequently 
jrp  (AO  —  F'O)  and  EG  (  -aAOJ.  I  Call,  therefore, 
EF  =:  a,  EG  rr  Z',  CD  rr  c,  and  DE  =z  x  i  and  fup- 
pofe  CG  to  be  drawn  ;  theq,  the  angle  ECG  being  a 
right  one  (Euc.  31.  3  )  the  triangles  Ei>F  and  EGG 
Will  be  fimilar  ;  whence  x:  a  :  :  b  :  x  +  c  ;  therefore, 
by  multiplying  extremes  a»d  means,  v/e  have  x'^  -f-  ex 
z=:  ah^  and   confequently   x  zr  V ab 


+ 


ic 


from 


which  DF  (  v^ED^  —  EF*],  half  the  difference  of  the 
fegments  of  the  bafe,  will  be  found,  and  from  thence  all 
the  reft,  by  plane  trigonometry. 

Before  I  proceed  further  in  the  folution  ofproblems, 
it  may  not  be  improper,  ip  -order  to  render  fuch  folutions 
nior€  general,  to  fay  fomething  here,  with  regard  to  the 
geometrical  conftrudtion  of  the  three  forms  of  adfecled 
quadratic-equations. 


VIZ, 


r  x'^  -\  ax  IT  bcy 
<  x^  —  ax  —  Zt, 
l^CM  —  x"^  n;  be. 


CmJIrtiStion  of  the  firjl  and  fecond  forms. 

With  a  radius  equal  to  |^,  let  a  circle  OAF  be  de- 
fcribed^  in  which,  from  any  point  A  in  the  periphery, 
apply  AB  equal  to  b  —  c 
(b  being  fuppofed  greater 
than  c)  and  produce  the 
.fame  till  l^i^,  becomes 
~  c  -y  and  from  C,  thro* 
the  center  O,  draw  CDE 
cutting  the  periphery  in 
D  and  E  ;  then  will  the 
value  of  X  be  expounded 
by  CD,  in  the  firlt  cafe,  and  by  CE,  in  the  fecond. 

For, 
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For,  fince  (by  conftrudion)  DE  is  n  a^k  h  plain,  if 
CD  be  called  x^  that  CE  will  be  ;c  -f-  .7  ,  '  t  if  CE  be 
caileu  x\  thcji  CD  will  be  a- —  ^  ;  hu.^  ly  Eitc.  37.  3, 
CE  X  CD  =z  AC  X  BC,  that  is,  x  ■¥  a  y  x  {x"-  +  ax) 
is  —  bc^  in  the  firft  cafcj  and  x  x  x —  a  [x'^  —  ax) 
m  hc^  \i\  thb  ftcond  :  Vrhicn  two,  ai^e  the  very  equations 
above  exhibited. 

When  h  and  c  arc  equal,  the  confl:ru61ion  will  be 
rather  more  fimplj  ;  for,  AB  vanifaing,  AC  will  then 
coincide  with  the  tangent' CF;  therefore,  if  a  right- 
angled  triangle  OFC  be  conftituted  whofe  two  Tegs 
OF  and  \  C  arc  equal  refpcftively  to  the  given  quanti- 
ties \a  and  b^  then  will  CJ3  (  =1  CD  —  OF)  be  the  true 
value  of  X  in  the  former  caie,  and  CE  (  =z  CD  +  OF) 
its  true  value  in  the  latter. 


ConJiru5lion  vf  the  third  form. 

With  a   radius    equal    to     |<7,  \tt    a   circle   be    de- 
fcribed   (as  in  the  two  pceceding  forms),  in  which  apply 

AB,  equal  to  the  fum  of  the 
two  given  quantities  b  -\-  c^ 
and  take  therein  AC  equal 
to  either  of  them  ;  through 
C  draw  the  diameter  DCE  ; 
then  either  DC,  or  EC,  will 
be  the  root  of  the  equation. 

For,  the  whole  diameter 
ED  being  =z  ^,  it  is  evident 
that,  if  either  part  thereof 
(DC,  or  EC)  be  denoted  by  a*,  the  remaining  part  will 
hQa^x :  but  DC  X  EC  =:  AC  X  CB  {Euc.  35.  3.) 
that  is,  ax  —  x"^  ■=:  bcj  as  was  to  be  Jhcwn, 

l^he 'method  of  conftrudtion,  when  b  and  c  are  equal, 
is  no- ways  different  >  except  that  it  will  be  unnecelfary 
to  defcribe  the  whole  circle  ;  for,  AC  being,  here,  per- 
pendicular to  the  diameter  ED,  if  a  right-angled  triangle 
OCA  be  formed,  whofe  hypothenufe  is  \a^  and  one  of 
its  legs  (AC)  zi  ^,  it  is  evident  that  the  fum  (EC) 
and  .the  dificrence  (DC)  of  the  hypothenufe  and  the 
ipthcr  leg,  will  be  the  tv/o  values  of  x  required. 
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Note.  \i  h  and  c  be  given  io  unequal,  t!mt  b  —  c.  in 
ihe  two  firft  forms,  or  ^  4-  i:,  in  the  laft:,  exceeds  \a\ 
the  whole  diameter;  tlicii,  inftead  of  thofe  quantities, 
you  may  make  ufe  of  any  oUiers,  as  \h  and  2r,  or  4  ^  and 
.Jf,  vvhofe  redangle  or  product  is  the  fame ;  or  you 
may  find  a  mtran  proportional  betv/een  them,  and  then 
proceed  according  to  the  latter  method. 

I  .  PROBLEM    XVII. 

The  hafe  AB,  the  vertical  angle  ACB,  and  the  right  line 
CD,  drawn  from  the  verti'.al angle^  to  htfe£t  the  bafe^  being 
given  i  to  find  the  fides  and  perpendicular. 

Suppofe  a  circle  to  be  defcribed  about  the  triangle ; 
and  let  CQ^be  perpendicular  to  AB,  and  ED  equal,  and 
parallel  to  CQ_;  moreover,  from  the  center  E,  let  FA, 
f  B,  and  EC  be  drawn  j  alfo  let  CE  be  drawn  (parallel 
to  AB).  Put  the 
fine  of  the  given 
angle  ACB,  to  the 
radius  i,  =  w,  its 
co-fine  z=  ?z,  the 
femi-bafe  BD  iz  ^, 
the  bife6ling  line 
CD  ■=■  b,  and  the 
perpendicular  CQ^ 
(DE)  •=!  X  :  then, 
fince  i^by  Euc.  20. 
3.)  the  angle  BED 
is  equal  to  ACB,  it 
will  (by  plane  tri- 
gonometry) be,  as  ?n  (fine  of  BED)  :  «  (DB)  :  :  «  (fine 
of  DBF)  :  :^  =:  DE  ;  and,  as  m  (fine  of  BED)  :  a 

(DB) :  :  I  (fine  of  BDE)  :  -f.  =  the  radius  BE,  or 

FC;  whence  EE  (ED  — DF)  =  x--!^  ,  or  ffZlff 

But  (/-^  ii^f.  12.2.)  DE-  4.  EC'"  +  aDFxFE=:DC^ 

that 


2^0  iTht  ApPLicAfioN  of  Algebra 

that  IS,  in  ipecics,  +  —  + X  — =    o % 

m"^        ttJ-  m  m 

or  £^_«V^  ^  2«^  _  ^,  .  ^^^^  p,„^^  ^^^  ^^^  ^f  ^^g 

ttC-        m'  m 

fquares  of  the  fine  and  co-fine,  of  any  an^le  whatever, 

is  equal  to  the  fquare  of  the  radius,   or,    in  the  prefent 

cafe,  m^  +  «^-zz  i,  therefore  is  I  —  ri^  zz  /«%  and  confe*. 

quently  f!  —  £f!,  (  orfl  X  7^=^  )  iz  ^X;7z"=«*; 


m 


inox 


whence  our  equation  becomes  a^   -f  =  b^\  which, 

?n 

ordered,  g-ives  x  nz    — =  —  X 


n  Ai^  n 

the  tangent  of  the  angle  ACB  :  therefore^  in  any  plane 
triangle,  it  will  be,  as  the  bafe  is  to  the  fum  of  thefemi- 
bafe  and  the  line  bifedting  the  bafe,  fo  is  th'eir  difference 
to  a  fourth  proportional ;  and,  as  the  radius  is  to  the  tan- 
gent of  the  vertical  angle,  fo  is  that  fourth  proportional  to 
the  perpendicular  height  of  the  triangle:  whence  the  fides 
are  eafily  found. 

'J  he  fame  other  wife. 
Let  the  tangent  of  the  angle  ACB,  or  BFD,  be  re- 
prefented  by  />,  and  the  reft  as  above ;  then  it  will  be 

(by  trigonometry)  as /> :  i   (the   radius)   :  :  a  (BD)  : — 

P 

=  DF  ;  therefore  FE  (DE  -.  DF)  = ;.  —  -!.,  and  FC^- 

P 
I—  FB*  =  DB^^  +  DF*)  =  ^^  +  ^;  and  confequently' 
P" 

f!+  «-+^  +  ?5  X  ^  — lrDF^+FO  +  2DFxFE)=: 
p-  p'-      p  p 

hh  (=  DC^)  that  is,  ^7*+  ±j1  =  ^* }  whence  at  =  />  X 
^ 

ilZL^j  the  fame  as  before. 
la 
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PROBLEM    XVIII. 

^he  area^  the  perimeter^  and  one  of  the  angles  ofanyplam^ 
triangle  ABC,  being  given^  to  determine  the  tria?igle. 

Suppofe  a  circle  to  be  infcribcd  in  the  triangle,  touch- 
ing the  fides  thereof  in  the  points  D,  E,  and  F  ;  alfo 
from  the  center  O,  fuppofe  OA,  OD>  OC,  OF,  OB, 
and  OE  to  be  drawn : 
and  upon  BC  let  fall  the 
perpendicular  AG  ;  put- 
ting AB  +  BC  4-  AC  zz 
by  the  given  area  zz  ^% 
the  fine  of  the  angle  ACB 
(the  radius  being  i)  iz  w, 
the  co-tangent  of  half  that 
angle  (or  the  tangent  of 
DOC)z=w,andAC=:;f. 
Therefore,  fince  the  area 
of  the  triangle  is  equal  to 
|ABxOE-f  fBCxOF 
-f  I  AC  X  OD,  that  is,  equal  to  a  rectangle  under 
half  the  perimeter  and  the   radius  of  the  infcribed  circle, 

we  have  A  x  OE  z=  ^c;  and  therefore  OE  i=:?fl.  But 

2  b 

AD  being  =:  AE,  and  BF  =:  BE  ;  it  is  manifefir  that  the 
fum  of  the  fides,  CA  +  CB,  exceeds  the  bafe  AB,  by 
the  fum  of  the  two  equal  fegments  CD  and  CF ;  and  fo 
is  greater  than  half  the  perimeter  by  one  of  thofe  equal 
fegments  CD  ;  that  is,  CA  +  CB  =  ^  +  CD  :  but 
(by    trigonometry  J    as    I    (radius)   :    n    (the  tangent  of 

DOC)  :  :!fi(OD)  ;  DC  =1    ^;  whence  CA  + 
o  b 

CB  (=  1^  +  CD)|^  4  —  ;  which,  taken  from   {b) 

b 


the  whole  perimeter,  leaves  \b 


nnd' 


•=.  the  bafe  AB. 


Make  new  p  + 


2na" 


c ;  then  will  BC  zzczz  x  :  alfo 


(by  trigonometry)  it   will  be,   as  i  (radius)  :  m  (the  fine 

of 


7^ 
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of  ACG)  :  :  X  (AC)  :  ?nx  =  AG  ;  half  whereof,  mul- 
tiphed  by  c —  x  (BC),  gives >  =:  «%  tne  area 

2 

of  the  triangle:  from  whence   a-  comes    out  :=  fj  d: 


yp 


laa 
m 


PROBLEM    XrX. 


The  hypoihenufe^  AC,  of  a  right-angled  triangle  P^^Q^ 
end  the  fide  of  the  injcrihsd  fquare  B.£DF,  being  given  ; 
to  deter ?nine  the  other  two  fides  of  the  triangle. 

Let  DE,  or  DF  =  «,  AC  =:  <^,  AB  =  ;^,and  BC^r;-; 
_  then  it  will  be,  z.'^  x'.  y  wx 
—  i7(AF)  :  a  (FD) ;  whence 
we  have  ax  =z  yx  — 'ya^  and 
confequently  xy  zz.  ax  -\-  ay. 
Moreover,  xx  -\-  yy  'rz  bb  : 
to  which  equation  let  the 
double  of  the  former  be  add- 
ed, and  there  arifes  x'^  +  ixy 
-f  y'^  zz  b'^  +  2ax  -f-  2ay  -, 
that  is,  Ic  -f  _)]^=Z*^  -}-  2a 
X  A^  +  _>',  or  X  -^  y\ * —  7.ax  x  -\- yzib'^;  v/hcre,  by  con- 
fidering  x  -\-  y  as  one  quantity,  and  com}>leting  tiie 
fquare,  we  have  a-  +  y\'^ —  2a  X  .v  -f-  ;;  +  ^-  —  Z**  +  ^''v 


whence  x  +  >'  —  a  ■=:  v  b^  -\-  a\  and  at  +  ;/  iz  V'u^  +  b* 
-f-  ^;  which  put  =  r;  then  by  fubftituting,  c  —  x  in- 
li^ead  of  its  equal  (yj  in  the  equation  xy  *=:  ax  +  ^i-y^ 
there  will  arife  ex  —  x^  zz  ac  ;  whence  x  v/ill  be  tound 
zi:  i;C  +  \^\cc  — ac^  and  y  =  {c  —  \/ ^cc  —  ac. 

It  appears  from  hence  that  ^,  or  its  equ-d  y/ aa  +  bb 
+  tf,  cannot  be  lefs  than  4r/,  and  therefore  b^  no:  lefs 
than  8f?^;  becaufe  the  quantity  -^cr—  ac^  unde*  the 
radical  fign,  would  be  negative,  and  its  fquare  root  im- 
poflible  ;  it  being  known  xhat  all  fquares,  whether  from 
pofitive  or  negative  roots,  are  pofitive  j  fo  that  there 
cannot  arife  any  fuch  things  as  negative  iquares, 
•*^  unlefs 
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unlefs  the  conditions  of  the  problem  under  confideration 
are  inconfiftent  and  impollible.  And  this  may  be  de- 
monftrated,  from  geometrical  principles,  by  means  of 
the  following 

LEMMA. 

The  fum  of  the  fquares  of  any  two  quantities  is  greater 
than  a  double  reSf angle  under  thofe  quantities^  by  the  fquare 
of  the  difference  of  the  fame  quantities. 

For  let  the  greater  of  the  two  quantities  be  reprefented 
by  AB,  and  the  leiler  by  BC  (both  taken  in  the  fame 
right  line).  Upon  AB  and  BC  let  the  fquares  AK  and 
C£    be  conftitut- 

ed;  take    AP    =    H  I  ^ 

BC  and  complete 
the  reiSanglesPH 
and  CF.  There- 
fore, becaufe  AB 
=  AH,  and  AP 
n:  BC,  it  is  plain 
that  PH  and  PD 
are  equal  to  two 
redlangles  under 
the  propofed  quan- 
tities AB  and  BC  ;  but  thefe  two  re6^angles  are  lefs 
than  the  two  fquares  AK  and  CE,  which  make  up  the 
whole  figure  by  the  fquare  FK,  that  is,  by  the  fquareof 
PB  the  difference  of  the  two  quantities  given  ;  as  was 
to  be  proved. 

Now,  to  apply  this  to  the  matter  propofed,  let  there 
be  given  the  quadratic  equation  x-^  +  ^*  =  2^;ir,  ox  x  zz.  a 
±  V aa  —  bb  :  then,  I  fay,  this  equation  (and  confe- 
quently  any  problem  wherein  it  arifes)  will  be  impo/Tlble, 
when  aa  —  bb  is  negative,  or  b  greater  than  a.  For, 
fmce  b  is  fuppofed  greater  than  a^  ihx  will  likewife  be 
greater  than  lax  \  but  ^ax  is  given  •=!  xx  •\-  hb^  there- 
fore ibx  will  be  greater  than  xx  +  bb^  that  is,  the  double 
redangle  of  two  quantities  will  be  greater  than  the  fum 
of  their  fquares,  which  is  proved  to  be  impofftbU* 
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•      PROBLEM    XX. 

The  hafe  AB  (fi)  ^«^  ^he  perpendicular  BC  (b)  of  ei 
right-angled  triangle  A  BC,  being  given ;  it  is  propofed  to 
find  a  point  D  in  the  perpendicular^  fo  that^  if  two  right- 
lines  be  drawn  from  thence^  one  to  the  angular  point  A,  and 
the  other  {DE)  perpendicular  thereto^  the  triangles  DEC, 
ABD,  cut  off  by  thofe  line s ^  Jh all  be  to  one  another  in  a 
given  ratio. 

Let  AB  be  produced  to  F  fo  that  the  angle  BED  may 
be  equal  to  the  angle  BCA ;  putting  AC  =  f,  CD  z=.  Xy 


F  B  A 

and  the  given  ratio  of  the  trianp;le  D  E  C  to  A  BD,  as  w  to ;/ . 
Then,  by  reafon  of  the  fimilar  triangles  ABC,  DBF, 
it  will  be,  a  (AB)  ',b   (BG)  ;  :^  — a'(BD)  :  BE  = 


bx 


J  whence  AE  z=.  a  + 


^^  —  bx 


+  b^  —  bx 


a 

c^—bx 


a  a 

(becaufe  a^  ^  h^  •=.  r*j.     Alfo,  as  ADE  is  a 
a 

right  angle,  the  angles  FAD,  E DC  will  be  equal ;  there- 
fore, the  angles  C  and  F  being  equal  {by  con.)  the  tri- 
anglesAFD,  DCE,  muft  be  fimilar  ;  and  confequently 


AF*(f!l±dl)  :  CD^  [x^)  :  ::^J^(  ^-•^  Xc^—Z-a: 


2a 


the  area  of  the  triangle  AED  :  ( b-—xxax    ^   ^^^  ^^^ 

2Xc*  —  bx 
•f  the  triangle  DEC:  wherefore,  the  area  of  the  tri- 
angle 
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;  — 

4ngle  ABD  being  2£.^iA5,  or  izfiif  we  (hall  have, 


tn:  n\  : JL1112-  :  X llll  (^^   the-  queJiiGn)  ;   and 

mhx       mc^ 


Confequently,  nx^  ■=.  m'Kc'^  —  bx-,  or  a-*  +  = . 


which,  reduced,  s;ives  x  n  y + —  — . . 

n  4^n^        in 

The  geometrical   conftru<5lion  cf  this  problem,  from 

the  equation   x^  +    =:  —  ,  may  be  as  follows.    In 

n  n 

CB  let  there  be  taken,  CH  :  CB  :  :  ?«  :  «,  and  let  HK 

iwn  parallel  to  BA  ;  then  CH  being  =: — ,   and  CK 

n 

,  otir  equation  will  be  changed  to  x^  -\-  x  Y.  CH 


mc 
n 


=z  AC  X  CK,  or  to  CD  x  CD  +  CH  =  AC  xCK* 

Upon  CH  as  a  diameter  let  the  circle  CTHQ_be  defcrib- 
ed,  in  whicn  infcribe  CG  z=  AK  j  and  in  CG  produced, 
take  CS  =:  CA  ;  and  j'rom  S,  through  the  center  O, 
draw  the  right  line  STOQ^,  cutting  tne  circumference 
:,  in  T  and  Q^,  and  make  CD  =:  ST  ;  then  will  D  be  the 
rDoint  required.  For  CG  being  m  A.K,  and  3  c  ::z:  CA  ; 
'%ierefore  will  AC  x  CK  —CSxGS  zi  STx^Q^^^^r. 
37.  3.)  z=  ST  X  S  I  4-  T(i=  CD  X  CD~+1:h;  the 
very  fame  as  above. 


PROBLEM    XXL 

Having  the  perimeter  of  a  ri'jht  angled  triangle  ABC, 
and  three  perpend:cLia-s  JE,  iJY ^  and  DG ,  falling  from 
a  point  within  the  triangle  upan  the  three  Jides  thereof'^  to 
determine  the  fides. 

Suppofe  DA,  DB,  and  DC  to  be  drawn  ;  and  let  DE 
=:tf,DF  =  ^,DG  =  .,AB  =;^,BC  =  ;',AC=i  z, 

T  2  and 


27^ 
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and  the  perimeter,  AB  +  BC  +  AC,  —p:  then,  the 

^^   area  of  ADB  being  ex- 


pounded  by   ff  ;     that 

2 

ofBDCby   ^   ;     that 

of  ADC,   by  'L  J  and 
2 

that  of  the  whole  ABC, 


j^         B    hy  J.  we  therefore  have 


ax 


-f  JL  +  —  =  J- ,  or  ax-{-  hy  -^  cz  •=!  xy  :  more* 

2  2  2  2 

over,  we  have  jr*  +  y*  =  z%  and  a*  +  y  +  z  =  />,  by 
the  conditions  of  the  problem.  Let  z  be  tranfpofed  in 
the  laft  equation,  and  both  fides  fquared,  fo  {hall  x'^-\-2xy 
+  y^  =  />*  —  2/)Z  +  %%  from  which,  if  ;r*  +  y^ 
zz  z*  be  fubtradled,  there  will  remain  2;ry  n  />*— * 
2/)a  =  2^x  +  ihy  4-  2^z  ^^y  the  firft  equation)  :  whence 
ax  +  by  -\-  c  -i-  p  X  z  rz  kpp :  from  this  Jaft  equa- 
tion fubtrad  a  times  a?  -f  y  +  z  =  />,  and  there  will 
remain  hy  —  ^y  +  p  -\-  c  —  a  x  z  z=  |/)^  —  ^p  ; 
alfo,  if  from  the  fame  equation,  b  times  ;«•  -f  y  -f  z 
zi  p  he  fubtradted,  there  will  remain  ax  —  hx  -f 
p  -i-  c  —  b  X  z  zr  I/)*  —  bp'y  which  two  laft  equations, 
by  putting  d  zz  b —  a^  e  ::l  p  +  c —  a^  f  —  \p^  —  ap^ 
g  =.  p  +  f  —  ^,  and  /?  =  f /)*  —  bpy  will  ftand  thas, 
dy  +    ez    —  yi    and  —  dx  ■\-  gz  —by  whence  y  rr 

-ijrii? ,  and  X  zz  >  "J"  •  Let  thefe  values  of  x  andy 
be  fubftituted  in  x^  -f  y'^  =  z^  and  we  fhall  have 
•^ •;^I +  -J. ^  z%  or  i^^rg'-d^ 

X  z*— 2^/+  2^/>Xz  =  — /^— /?^:  put^*+^^— ^* 
=  >^>  ^/+  ^^  =  ^>  and/^  -f  //-   =  ;w ;    fo  {hall  /fz»  — 

2/zz:  —  /wj  whence  z*  —  ^  =  —  ^ ,  and  z  =  _1 

k  k  k 
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'^11 


±y!L^!lri 


^z 


l±  v^/" 


km 


from  which  *•  (  =z 


)  and  y  {  =. 


-f-ez 


)  will  alfo  he  known. 


d      '        '  ^  d 

If  ^,  b  and  c  are  all  equal  to  each  other,  the  point  D 
will  be  the  centre,  and  each  of  the  given  perpendiculars 
a  radius  of  the  infcribed  circle  j  and  the  value  of  z  in 
this  cafe,  will  be  barely  equal  to  f /»  — -  ^  ;  for  the  equa- 
tion, by  —  ay  -{-  p  +  c  —  axz  —  ^p^  —  apy  above  found 
here  becomes  pz  =  f/>*  —  ap. 

But,  if  only  a  and  b  (or  DE  and  DF)  be  equal,  then 
the  equation  will  become  p  ^  c^.a  X  zrrf/>'' — ap ;  and 

therefore  z  z=:   ^^   ^  ^^  ;  in  which,  if  f  be  taken  =  o, 
p-¥c—a 

z  will  be  =  g£.        ^^  ;  where  a  is  the  Me  of  the  in- 
p-^a 

fcribed  fquare. 

PROBLEM    XXII. 

The  perpendicular  CD,  the  difference  of  the  fides^  AD— 
BD,  and  the  vertical  angle  D,  of  any  plane  triangle  ABD, 
being  given  ;  to  determine  theftdes. 

From  B,  upon  AD   (produced  if  need  be)  let  fall  the 
perpendicular  BE  :  let  the  fine  of  the  angle  BDE  =  x, 
its  CO- fine  =  ^  (  the  radius  being  unity);  alfo  let  the 
perpendicular  CD  =  />,  the 
leffer  fide  ^D  zz  x,  and  the 
greater  D  A  =:  ^  +  ^  :  then 
fby  Prop.  9.  in  trigonometry) 
as    I  :  s  :  :  X  :  sx   zz    BE  ; 
and,  zs   I  :  c  :   :  X  :  c.x:  =: 
ED.     Now  AB%  being  ~ 
AD^+  DB'  — ADX2DE 
{E24C.  13.  2.),  will  be  ex- 
pounded by  *•  +  ^j*    +   x"^ 
-r-  X  -{■  d  X  2cxy  or  2A-*   +  ^ 
idx  +  i^  -—  2f A-*  —  2cdx  ;    whence,  by  reafon  of  the 

T  ^  fimilar 
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fimilar  triangles  ABE  and  ADC,  it  will  be,  as  2x^  -f 
2dx  -i-  d*  —  2CX''  —  2cdx  (AB*)  :  j^jc*  (BE^)  :  •  x^ 
-f  2xd  +  dd  (AD*)  :  p"-  (DC^),  and  confequently, 
by  multiplying  extremes  and  means,  jV*  +  7.^V,>^  -f 
j*^V-  bi  2p'*'x^-{-2p^dx-\-p-d'-  —  2^^-rAr^  —  2?\i.v  ;  from 
whence,   by  traufpofiion    and  divifion,  we   have  x'^  + 

2d^^^d^^:t.+   ^x    a-    +    ^M~^  X 

j(  —  L —  z=  0.  Which  eqi^ation  ^nfwering  the  condi- 
tions of  the  fecond   cafe  of  biquadratics,   explained   at 

^.  154,  we  ihall  therefore  have  x^"  -{■  dx    -{-  ^^     '^  ~ 

5^ 


-I-  ^   '       ^  '    ;  and  confequently  x  zz  —  \d  + 


/>v*_^A~yr. 


s^ 


s"- 


Otherwife, 

Suppofing  J,  Cy  and  />  to  be  the  fame  as  before,  put 
half  the  given  diiFerence  of  the  fides  =  ^,  and  half  their 
fum  =  x\  then  the  greater  fide  AD  will  be  :=:  x  -{■  a^ 
and  the  K  ffer  BD  zz.  x  —  ai  wherefore  (by  trigonometry) 
I  '.  5  :  '.  X  —  a  \  s  Xx  —  a  ~  BE  j  and,  i  :  ^  :  :  x  —  a 
:fX;nr;^  =  DE:  but  AB*  is  zz  AD^  +  \:i^^  —  2DE 

X  AD  -=.  X  -\-  aY  -\-  X  —  ^  I  * — 2c  X  a;  — d  Xx-\-a  rz 
2a:*  +  2a^  —  2c X*  +  2fa* ;  whence  by  rcalon  <.f  the 
fimilar  triangles  ABE,  ADC,  it  will  be  2x^  +  2a^ — . 
icx"^  +  2cd'  (AB*)  :  i*  X  'r^^l*  (BE*)  :  :  7T~^]^ 
(AD*)  :  />*  (DC^)  ;  and  confequently  j*  x  a-  —  ^]  *  x 
AT  +  ^]  *  C=  2;t^^  +  2^*  —  2fA-*  +  2*^*  X  />*,  or  i^A-*— 
2iV;tf*  -f  s^a*  =  2/>*JC*  —  2cp^x''  +  2/)'tf*  +  2f/>*^2* ; 
whence,    by  tranfpofition   and  divifion,   ;^  — i  2rvV*  — 

,r  ^  +  —i: — .n  -1 — -  +  — £- —  —  tf*.      Subltitute 
J*  J*  J*  j^ 

/= 
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/=  ^'  +  4  _S^\  and  g  =  «'  X  ^f'  +  ^'P'-  -  a^  ; 
then  the   equation    will    fl^and  thus,    ;(•*  —  zfx'^  =:  ^; 

whence  A?  Is  found  :=.\  f  ±.  ^/^-f  ^. 

If,  inftead  of  the  difterence,  the  fum  of  the  fides  had 
been  given,  in  order  to  find  the  difference,  the  method 
of  operation  would  have  been  the  very  fame,  only,  in- 
ftead of  finding  the  value  of  x  in  terms  of  ^,  by  means 
of  the  equation  s^x^  —  is^a'^x'^  +  s^a^^^i  2pV*  —  Icp'^x'*' 
+  2p'^a'^-\-2cp^a\  that  of  a  muft  have  been  found,  in 
terms  of  Xy  from  the  fame  equation. 

PROBLEM    XXIII. 

Having  one  leg  AB  of  a  right-angled  triangle  ABC  ; 
to  find  the  other  leg  BC,  fo  that  the  re^angle  under  their 
difference  (BC  - —  AB)  and  the  hypothenufe  AC,  may  be 
equal  to  the  area  of  the  triangle. 


Put  AB=^,andBC  =  A-jfoftiall  AC  =  '^aa^xx^ 
ax 

2 


and  — .    —.  ^  —  Q^  y  Q^  ^  ^  y,  by  the  conditions  of  the 

problem.     By  fquaring  both  fides  C^ 

of  this  equation   we  have  \a'^x'^  zz 

X* —  2ax  +  a^    X  aa  -{-   XX  :  in 

which  the  quantities  x  and  a  being 

concerned  exactly  alike,  the   folu- 

tion  will   therefore  be  brought  out 

from  the   general   method  for  ex- 

tradting  the  roots  of  thefe  kinds  of 

equations  (delivered   at  />.  156)  : 

according    to   which,    having   di- 


vided the  whole  by  a'^x'^y  we  get  —  zz  —  —  2  +    

4  ^  X 

X  —  +  —  ;  which,  by  makina;  z  =   —  +  —  j  will  be 
X         a  ^  a  X 

reduced  down  to  |  zz  2;  —  2  X  z,  or  z*  —  2z  zz  | : 

—  •*"    1   ^  — 

whenc«  2;  is  given  =  i  -f  i/|.     But  fince-— +  ~  —  ^' 

T4  we 
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ftituting  the  value  of  z,  becomes  ;t  =  f.  x 

2 


+  V  i  +V^5"— J. 


PROBLEM    XXIV. 

To  draw  a  rtght-Une  DF  from  one  angle  T)  of  a  given 
rhombus  ABCD,y5  that  the  part  thereof  YG  intercepted  by 
one  of  the  fides  including  the  oppoftte  angle  and  the  other  fide 
produced^  may  be  of  a  given  length. 

Let  D£  be  perpendicular  to  AB ;  and  let  AB  (zr  AD) 

=  /7,  AE  -h^  FG 
=  (T,  and  AF  =:  ;r: 
then  TiY-"  (  r   AF* 
G  -fAD^— 2AExAF) 

zz.  XX  -\-  aa  —  ^bx  ; 
and,  by  fimilar   tri- 
angles,  xx  +    aa  — 
^   2^a:(DF*):a'^(AF*) 


:  :   cc    (FG*)   :  x  —.  ^^     (BF*)  j    and    confequently 
XX  -f  ^a —  ^bx  Xxx  —  lax  -^-aa  z=.  ccyx.     Make  ma  zz 
by  and  na  zz  c  -,  (o  (hall  our  equation  become 
XK  +  aa — 2max    X   xx — 2ax-faa  =  n^a^'x^ :  which,   di» 

vided  by  a***,  gives  +  _ 


X    ,    a 
2m  X    —  +  -  —  2  = 


»*  :  this,  by  making  z  =a~   +  f-^  becomes  z—im  X 


z  —  2  =  «* :  therefore  z*  —  2w  +  2  X  z  =  «*  —  4;;/, 
and  z  =  I  +  »»  +  V«*T^^^*  = 
*   +    ^  +   V 


+  «-^r 


,  by  refloring  the  values 


tn  and  «.     From  whence  the  value  of  x  will  be  alfo 

known  j 
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I    known ;  for  ^-  4.  —  being  =r  2,  we  have,  by  reduc- 
\,  a   ^  X 

\     tion,  ;v*  —  azx  =  —  aa',    and  therefore  x  zz  —  X 

2 


z  +  /zz— 4. 

PROBLEM    XXV. 

The  diagonals  AC,  BD,  ^W  «//  /Z^^  <7«^/«,  DAB, 
ABC,  BCD,  ^WCDA,  of  a  trapezium  AB  CD ^  being 
giveny  to  determine  the  fides. 

Let  PQRS  be  another  trapezium  fimilar  to  A  BCD, 
whofe  fide  PQ^is  unity  ;  and  let  QP  and  RS  be  produced 
till  they  meet  in  T :  alio  let  PR  and  QS  be  drawn, 
and  make  R-y  and  Siy  perpendicular  to  TQ^.     Let  the 


(natural)  fine  of  the  given  angle 'BTP,  to  the  radius  i, 
be  put  =  w  ;  that  of  TSP,  or  PSR,  =  « ;  thai  of 
TKQ_=  /)  ;the  co-fmeof  SPQ^=  r ;  that  of  RQv  =  s ; 
AC  =^  ;  BD  =  ^ ;  and  PT  =  A-.     Then  (by  plane  tri^ 

gonometry)  «  :  zw :  :  a-  :  PS  =    ^  ;  and  i :    ^ff  (PS) 

n  n 

'.iriFwzznai:  whence,  fbyEuci^.  2,)QS^  (rzQP* 

+  PS*-.2Pax  P«;=  I  +  ^'  — ^^^^- 

nn  n 

Again    (^y   trigonometry)  p  :  m  :  :  1  +    x  (TQ_)   ; 

QR  =  ^L±-f5i  and  I  :  , :  :  llUll  (QR)  ;  Q^,  = 


ms  -f  ?wjAr 


And   therefore  PR*  (zz  PQ^  +  QR*  — 
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2Pax  Qz;)  :=:  I   +  ^i_+ if±  -  2f!L±i.^if5 .  But 

pp  p 

becaufeof  the  fimilar  figures  ABCD,  PQRS,  it  will 
be,  AC"  :   BD^  :  :   PR^  :  QS%     that  is,  a"  -.  b^  i  : 

,;??•+-  wjr]  * 7ms  -f  2msx  .  w^a" 2rmx 

pp  ■    p-  nn  n     ', 

and  conlequently  a*  -j .  — znh    ^    

nn  n  pp 

.    ih^m'^x'^  ,    b'^m'^x'^       ib'^ms        ib'^msx        , 
-f  + — ^— — :  whence  writ- 

PP             Pf>             P              P 
r a^rn^ b^rn^       _  bbm% bbm^        aarm         » 

^•^  ~'  lin         "Tp"'  T"  pp  «     ' 

/;=^*-«*+   ^'-i^,   wehave>^+2^;.=zK^ 

PP      p : 

which,   rived,    gives    x  •=:  \ —   +    °£  —  £  i    from 

.      *        /     If     f 

whence  SQ^  will  alfo  be  known  :  and  then,  again,  by 
reafon  of  the  fimilar  figures,  it  will  be  as  QS  :  QP 
(unity)  :  :  BD  :  AB  ;  which  therefore  is  known,  like- 
"wife  :  from  whence  the  refl  of  the  fides  BC,  CD,  and 
DA  will  all  be  found  by  plane  trigonometry. 

The  laft  problem  is  indeterminate  in  that  particular 
cafe,  tvhere  the  trapezium  may  be  infcribed  in  a  circle, 
or  where  the  fum  of  the  two  oppofite  angles  is  equal 
to  two  right  ones  ;  for,  then,  there  can  but  orie  diago- 
nal be  given,  in  the  quefiion,  becaufe  the  value  of  the 
qther  depends  entirely  upon  that. 

PROBLEM     XXVI. 

Suppoftng  BOD  to  be  a  quadrant  of  a  given  circle  \  to 
find  the  femi'diameter  CE,  or  CL,  oj  the  circle  CEGL^ 
infcribed  therein  ;  and  likeivife  the  feim-diameter  of  the 
little  circle  «FwP,  touching  both  the  other  circles  DLB, 
LME,  and  alfo  the  right- line  OB. 

Let  BQ^,   Pw,  and  CE,  be  perpendicular  to  BO  j  join 

C,  n  and  O,  n\  and   draw   OC  meeting  BQ^  in  Q, 

and   nr  parallel  to   BO, .  meeting  CE  in  r  :  put  OB 

6  .  (  = 
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(=  BCL=  i,OQ,(  =  '^2  byEuc  Ar^j.  I.)  =^aiid 
Vn  {—  nm)  zz  x.  Then,  by  reafon  of  the  fimilar  tri« 
angles  OBQ..  OEC,  it  will  be,  OQ^:   BQ,:  ;  OC  > 


CE  ;  whence,  by  compo/tthn,  OQ^  +   BQ,  :  BQ^:  :  OL 
(OC  +  CE)  :  CE ;  that  is,  /.    +  i  :  i  :  :  i  :  CE  == 


^  +  I  ^  ^.  I  X  ^  —  I  '       h^— 

—  I  ;  which  let  be  denoted  by  ^,  then  we  fhall  have 
C«  +  Cr  =:  2rt,  and  C«  —  Cr  zz  2x  ;  and  therefore  «/- 
fzr  v^Cw  +  Cr  X  Cw  ~  Cr)  =  2V'^a'.  Moreover  0« 
-f  Pn  being  ~  i,  and  On  —  P«  =:  i  —  2^,  thence  will 
OP  =  /i  —  2;^;  which  alfo  being  -  PE  +  OE 
l2Vax  +  a)  we  therefore  have  'V^  i  —  2;^  n  IV 'ax 
-f  tf  ;  whereof  both  (ides  being  fquared,  there  arifes  1  — 
2x  =  A^ax  +  4^\/  ^^K-  4-  <7%  or  I  —  ^*  —  2x  —  ^ax  =s 
^flV^^;  which,  becaufe  i  - —  aa  \s  2^,  will  be  ^ — 
I  -{■  2ay.x  =  2a'\/ax:  this,  fquared,  gives  «^ —  1  -\-  2a 
X  2gjf4-i  H-2fl"l^  XAT*  =  4^3^';  whence  1  +  2^]*X  a?* 

tX  2<ZA'  —  /^a^x  zz'^aa'i  which,  by  writing 
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b  —  I  inftead  of  its  equal  a^  becomes  2b  il*x  *•*— 

^^  --.  9  X  ixzz.  2/^  —  3  J   therefore  a:^  —  L=^Ll—  X 

lb  —  il*    ^ 

2'^  — 3        r  1. 

2;^  =    =^.:c=rrr-  ;  from  whence  x  is  found  = 

2^—  i]"  

7^  -  9  ±   v/2/>-^    X    27"^'|-  +~7^_^p 


7^— 9  ±  VSZ'^   +   29^*—  112<&-f  78         ,  .   ,      , 

2b-^iV which,  by  writ- 
ing v/Tfor  b,  becomes  7v^2 -~  9  ±j/jl6;Zr^-;7;  = 

2V'2  —  iV      

7V^'2  —  Q  ±  6  V2  =p  8    ,u  .  •  1  13^  2  —  17 

i —   " ^  ^ — ^^  >  that  IS,  equal  to  =^=r.r=— ;, 

21/2— il  2/2—  il 

Qj.  ^qIJlIZI ;   which  laft  is  the  root  required,  the 

2V^2  — i]* 
other  being  manifeftly  too   large  :  but  this  value  will  be 

reduced  ioJ^lHl .     Therefore  OP  (  =:  V  i  —  2x) 

49 

is  given   =z    ^/ili:_il^  =   5^Ili:=7P«;and 

49  7 

coniequcntly  BH  =r  yBQ^;  from  whence   we  have  the 
following  conftru(S^ion. 

In  the  tangent  BQ^,  take  BH  =  |  BO ;  draw  HO, 
cutting  the  circumference  BDL  in  F,  and  make  the 
angle  OFF  =  f  OHB,  and  draw  Vn  parallel  to  BQ^, 
meeting  OH  in«,  the  center  of  the  leffer  circle  required. 

SCHOLIUM. 

In  the  preceding  folution  it  was  required,  not  only  to 
extract  the  fquare  root  of  the  radical  quantities  136  — 

9^ 
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^6  \/2  and  51  —  10/2,  but  likewife  to  take  away  the 
radical  quantity   from  the   denominator  of  the  fraction 

^  ^JZ"  ^      ,   and   confine  it,  wholly,  to  the   numera- 

2v/~2  —  11 

tor  :  all  which  being  fomewhat  difficult,  (and,  for  that 
reafon,  omitted  in  the  introduction,  as  too  difcouraging 
to  a  young  beginner)  I  fhall  therefore  take  the  oppor- 
tunity to  explain  here  the  manner  of  proceeding  in  fuch 
like  cafes,  when  they  happen  to  occur. 

Firft,  then,  with  regard  to  the  extraction  of  roots  out  of 
radical  quantities,  let  there^bepropofed  A  ±  v^H,  A  be- 
ing the  rational,  and  V^  B  the  irrational  part  thereof; 
and  let  the  root  required  be  r.prefented  by  \/  ;f  ±  V^- 
the  fquare  of  which  will  he  x  -\-  y  ±.  2^  xy-,  or  x  -f  _y 
±L  V  /^xy  ;  therefore  we  have  x  -i-  y  ^  ^  4^-;- zz  A  ± -/B. 
Let  the  irrational,  as  well  as  the  rational  parts  of  thefe 
two  equal  auantities  be  now  compared  together ;  fo 
(hall  .V  +  y  hi  Ay  and  /  ^xy  —  /B  :  from  the  fquare 
of  the  former  of  which  equation?  fubtradt  that  of  the 
latter,  whence  will  be  had  xx  —  2xy  +  yy  zz  A^ —  B  * 
and, "by  taking  the  fquare  root,  x — y  zz  V^A*  — B- 
which  added   to,  and  fubtracted  fyom  a-  +  y  iz:  A,  tsfc' 

A  +  V^  A^  —  B,       ,  A  —  / aJ'-ITb 

gives  X  z=  — Z. !,  and^y  =:  ^' 

In  the  firft  of  the   two  cafes  above  fpecified,  the  quan- 
tity whofe  fquare  root  is  to  be  extracted  being  136 

96  V  2,  we  have  A  =z  136,  and  B  zz:  18432  (  =''^^ 
X  2) }  whence  we  have  x  (  ==  A  -f-  V   A^  —  B^  __  -2 

and  y  (  =:  — H Z_  )  zz  64  ;   and  confequently 

Vr—\^J-  V^  —  V^  64  iz:  6V1.  —  8,  the  required 
fquare  root  of  136  — 96/  2.  After  the  very  fame  man- 
ner, the  fquare  root  of  the  other  radical  quantity  51  — » 
10  /  2,  or  51  —  ^200  will  be  found  to  be  5/2  —  i  : 

for, 
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for,  A  being  here  =51,  and  B  =  200,  we  have  x  r:  5^^ 
and  y  zi  I  ;  and  conlequently  V  x —  v^  J  =  5V^  2  —  i« 

What  has  been  faid,  thus  far,  relates  to  the  extra£tion 
of  the  fquare  root  only  ;  but  the  fame  method  is  eafily 
extended  to  the  cube,  biquadratic,  or  any  other  root. 
Let  us  take  an  inftance,  thereof  in  the  cube  root ;  where 
wc  will  fuppofe  the  given  quantity,  out  of  which  the 
root  is  to  be  extraded,  to  be  reprefented  by  A  ±  VB, 
as  before.  Then,  if  the  rational  part  of  the  root  be  de. 
noted  by  x,  and  the  irrational  part  by  \/  y,  the  root  itfelf 
will  be  exprefled  by  ^c-  ±  ^  y,  and  its  cube  by  x^  ±: 
3;v^V  y  4-  3;^  ±:  y  ^  y  :  from  whence,  by  proceeding  as 
in  the  extra6cion  of  the  fquare  root,  we  have  ;t2  -f  -j^xy 
=z  A,  and  3x-^  v^  7  +  j'^  ;'  =:  "/  B.  Let  the  fum  and  the 
difference  of  thefe  two  equations  be  taken,  and  there 
will  come  out  x^-^-^x-  "^  y  +  2^y  +  y^  y  z=  A  +t/B, 
and  x^ —  3^^"/  y  +  ^^y  —  yv^  y  zz  A  — n.\/  B  ;  where- 
of the  cube  root  being  extra6fed  on  both  fides,  we  thence 
have  X  +  Vy—  ATf  y  B]  t,  and  ;f  —  a/  ;;  =  A— ^F3]  t- 
let  the  two  laft  equations   be  added  together,  and  the  fum 

be  divided  by  2  i  fo  (hall  .v  =  'E±^^}L±EEZEI  : 

2 

and  by  multiplying  the  fame  equations  together,  we 
get  x'^  —  y  z=.  A^  —  ^1  j'  ^"^  confequently  y  zz  x^  — 
A''  —  B  I  jt  whence >»  is  likewife  known. 

Umverjally^  let  the  index  of  the  root  to  be  extradled 
be  denoted  by  «,  and  let  the  root  itfelf  be  reprefented 
by;^  ±v/y  (as  above).     Then  this  expreiTion  raifed  to 

the  «th  power,  will  be  at" ± «;»; "      >/y  +  n  X  — j-    x  '^^y 

±  n  X  "       1  X  llT-?  ;c'""^t/"7  &c.  from  whence, 

2  3 

ftill  following    the    fame    method,    we    (hall  here  get 

;,*  ^  «  X  "JUi  ;c*-"^y  &c.  =  A,  and 
2 

nx 
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3 

^et,  therefore,  the  root  of  the  fum,  and  alfo  of  the  dif- 
ference of  thefe  two  laft   equations, 'be  taken,  and  you 

will  have,  x  -\-  */  y  z=.  K  -\-  \/'B]  ",  and  x  c/3  V^  z: 
A  —  y/  B]  '^  ;  which  two  equations  being  added  to- 
gether, ;^  will  be  found  =    A  +  y/B]  ^  ±  A—.  75]^ 

2 

= — ^ !-   ±  . -:= ~7-'   and,    if  the  fame 

^  2  X  A  +  v/Lil^ 

equations     be     multiplied    together,     you     will    have 

A*  c/o;'  r::  A*^"B]  ";  whence  y  zz  x"-  ±  A^^B]^: 
The  ufe  of  which  conclufions  will  apppear  by  the  fol- 
lowing examples. 

Firft,  let  it  be  propofed  to  extract  the  cube  root  of 
the  radical  quantity  26  -f  15  V^  3,  or  26  -|-  V'  675, 
Here,  A  being  =  26,  B  =  675,  and  «  z=  3,  we  have 

X  (  - ii±2^^Zl!f  ± I _3>732±,268 

2  ■■ -1 »  2         ' 

2X26  +  >/675M 

r=  2  ;  andj>  (  =  4—  676  —  675] J  )  =3;  and  confe- 

quently  x  -\-  '^ y  =  2  +  "^  3  ==  the  value  required  for 

2  +  v^3  X  2  +  ^3  X  2  +  ^/3  =  26  +  \/675. 

Again,  let  it  be  required  to  extraft  the  biquadratic 
root  of  161  +  V25920.     In  this  cafe,  A  being  =  161, 

B  =  25920,  and  «  =  4,  we  have  x  (  =   V±^^^^±\\ 


4  ,  236  ±  ,  236     .   _  ^^ 


and 


2  X  321,99  b..!*  -^ 
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^  (  =  4  4-  25921  —  25920  ji  )=5  ;  therefore  the  root 
fought  is,  here,  =  2  +  ^/5. 

Laflly  if  it  were  requirad  to  find  the  firft  furfolid 
root  of  76  +  ^5808;   then,  by  proceeding  in  the  fame 

manner,  x  will  be  found  (  =:   ilZi.— ±l21-  )    =  i^^nd 

jrf  zz  I  —  5776  —  5808"]  T  )  =  3  :  and  fo  of  others. 
But  it  is  to  be  obferved,  that  the  fecond  part  of  the 
value  of  Xy  to  which  both  the  figns  +  and  —  are  pre- 
fixed, is  to  be  taken  affirmative  or  negative,  according 
as  that  or  this  fhall  be  found  requifite  to  make  the  value 
of  X  come  out  a  whole,  or  rational  number  ;  and  that, 
if  neither  of  the  figns  grve  fuch  a  value  of  x,  then  this 
rcethod  is  of  no  ufe,  and  we  may  fafely  conclude  that 
the  quantity  propofed  does  not  admit  of  fuch  a  root  as 
we  would  find.  It  may  alfo  be  proper  to  remark  here, 
that,  if  the  upper  fign  in  the  value  of  x  be  taken,  the 
upper  fign  in  that  of  y  muft  be  taken  accordingly;  and 
that  the  application  of  logarithms  will  be  of  ufe  to  fa- 
cilitate the  extraction  of  the  root  A  +  "/  B  I  ,  as  be- 
ing fufficiently  exad  to  determine  whether  x  be  a  whole 
number,  and,  if  fo,  what  it  is. 

Thus  much  in  relation  to  the  extra£tion  of  the  roots, 
of  radical  quantities ;  it  remains  now  to  explain  the 
manner  of  taking  away  radical  quantities  out  of  the 
denominator  of  a  fradion,  and  tranfplanting  them  into 
the  numerator. 

In  order   to  which,  fuppofing  r  to  denote  a   whole 
number,  it  is  evident,  in  the  firlf  place,  that 
«:''—-/=  x^y  X  x'"^'-i- x'-^^y  +  x'—y  . . .  -f  y'^' ; 
fmce,   by  an  a(itual  multiplication,  the   product  appears 

rx'-\-  x'-'^y  -f  x'-y-^  x^-^y^c.       1 
to  be  }      — x'"''y x'''^y x'~  y.,. /  [  5  where 

all  the   terms,   except   the   firft    and  laft,   deftroy  one 
another.     Hence,  by  equal  divifion,  we  have 
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\    ^    ^  ^""  +  ^"^'y  +  ^''-Y  »..+/-'    And 

X  -^  y  x''  —  /  '  * 

in  the  very  fame  manner,  it  will  appear  that 

X  -\-  y~^  x'^  '±,  f 

where  the  fign  —  or    +,   in  the  denominator,  tak^s 

place,  according  as  the  number  r  is  even  or  odd. 

Let  now  X  ~  A*",  and^y  ==  B«  ;  then  our  equations 
will  become 

Act         Ij"^  p^m         jjr  n  ~ 

From  which  theorems,  or  general  formula^  the  mat- 
ter propofed  to  be  done  may  be  efteded  with  great  fe- 

cility :  for,  fuppofmg^^l-—,  or  —^^   to  be   a 

fra6tion  having  radical  quantities  A'",  B"in  the  deno- 
minator, it  is  plain,  that  its  equal  value,  given  by  the 
faid  equations,  will  have  its  denominator  entirely  free 
from  radical  quantities,  if  r  be  fo  alTumed  that  both  rm 
and  r«  maybe  integers. 


To  exemplify  which,  let  the  fradlon  — ==r ,  or 

/  2  —  I 

.  be  propounded  j  then,   A  being  3  2,  B  =  i, 

m  =  f  and  «  =  i,  weihall,  by  taking  r  =  2,  have  {frmt 

_      1 

Themm  i ) L =  '1^  "^  '  =  /T  +  i. 


•S]^- 


U  Again, 
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Again,  let  the  given  fra£lIon  be  — ^^.^ ^ 


®^  — ' — — •"•''!  •      ^^  which  cafe,   A  being  =  cxj 

B  =  c*+xS  ?«  =  I,   and  «  =  I,  we  fhall,  by  taking 
r  =3  4,  have ■     = 

£x]^^CX    X  f*    4-   X^I^+fATl      Xf^  +  A-*]!    C*-i'X*]i 


If  the  numerator  is  not  an  unit,  you  may  proceed 
in  the  fame  manner,  and  multiply  afterwards  by  the 
numerator   given.     Thus,  in  the  cafe  mentioned  at  the 

\/  2  —  I 


beginning  of  this  fcholium,  we  had  given        __ 

2v/2  —  iV* 

which  may  be  reduced  to  \/'2  —  i   x  — ^ x 

2^/2  —  I 

~^'      >  or  to    ^T—  I   X    -JL_    X   —1-  : 

2v/  2  —I  ^i—  I  «z  — I 

but ! is  found  (by  Theorem  i)  to  be  =  ll_i_jLf 

8f-- I  ^  -^  ^  8  —  1 

zz  -Jl i :  whence  our  expreffion  becomes  -/  2  —  i     i 

_7  -_ 

2v:2+J[  ^  iv;i:  JU  :   which,  by  multiplica. 
7  7  __ 

tion,  ^c,  is  reduced,  at  length,  to  11 Zl— . 

49 

PROBLEM      XXVII. 

Having  one  leg  AC,  of  a  right-angled  triangle  ABC, 
to  find  the  other  leg  BC,  fo  that  the  hypotheneuje  h^  JJmll 
ite  a  mean  proportional  between  the  perpendicular   CD" 
falling  thereon^  and  the  perimeter  of  the  triangle, 

^  Put 
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Put  AC  =  ^,  and  BC    =:  Jt? ;    then    will  AB   = 

J AC  X  BC  ^N         ax 

yxx  +  aa^    and  CD  (r=  r ~; 


therefore,  ^j  the  quejli^ 
ony  X  -^a  -\-  \/xx  +  aa 


av 


;  and  confe- 


\/xX  +  <7^ 

,    ax^-\-  a^x     ,  - 

quentjy +^'*' A. 

•=z  XX  +  aa :  whence  a'^x*  +  2a^x^  +  a^a'*  = 
xx  +  aa  —  axV  x  ^^a-  +  aa.  Divide  by  a^x^  (according 
to  the  rule  at  page  156)   fo   (hall    —    -h  2  +    —  = 


fL  -\-  f.  —  I!     X   ~    +  —  .*  which,  by  making  z  =z 


—  +   — ,  is  reduced  to  z  +  2  =  z  —  i^*  X  2,  or  %^ 

n  X 

—  22;*  :=  2.     This,   folved   (by   the  rule   for  cubics) 

2    ,    I    ;     ,  \-\  ,1  4 

gives  z  =  --+_.x35  +  /ii6i\^+-X 


3      35+7iiH'' 


ri!:  2,359304  :  whence  x  (  = —  x  z  ±  v^za  —  4)  will 

2 
likewife  be  known. 

PROBLEM     XXVIII. 

T*i6^  3^  AB,  and  the  perpendicular  BE,  e/'  a  rights 
tingled  triangle  ABE  being  given  ;  /V  «j  propofed  to  find  a 
point  ( C )  in  the  perpendicular ^  from  whence  two  right  lines 
CA  and  CD  being  drawn^  at  right  angles  to  each  of  her  y 
the  two  triangles  A  CD  and  KBQy  formed  from  thence 
Jhall  be  equal, 

Suppofe  DF  parallel  to  AC,  and  let  AF  be  drawn  : 
putting  AB  =tf,BE  =  ^,BC  n  A-jan^  AC  (v'^-^-f  x*) 

U  2  .  '—  y. 


i^l 
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r:  y.  Then,  fince  FD  is  parallel  to  AC,  the  triangle, 
ACF  will  be  equal  to  ACD,  or  ABC;  and  therefore 
CF  =  BC  =  x'y  whence  we  have  EF  {  =  EB  —  BF) 

=  ^--2;c,andEC(=:EB 
—  BC)  z=.  h  '•^  x:  more- 
over by  reafon  of  the  fi- 
milar  triangles  ABC  and 
CDF,  we  have,^  (AC): 
X  (BC)  :  :  x  (CF)  :  FD 

_    XX 


Whence,  becaufe  of  the 
parallel  lines  AC  and  FD, 

itwillbe,'!:!(FD):^— 2;r 

.    y 

(EF)  :  :  ^^  fAC)   :  ^  — a'(CE);   and  confequently 

l^jgi  .^  j(3         : 

=  ^  —  2x  X  y^OT  bx^  '^x^:=.b  —  2Ar  x  >*  ; 

J 
which   equation,   by  writing  c*    +  *•*,  inftead  of  its 
equal,  j;*,  becomes  bx^—x^  ==  ba^  +  bx'^^^lai^x — 2^-^; 
whence  we  have  x^  +  ^a^x  =  ^«%  and  therefore  x  zz 

2         4    27    y. 


raa 


baa 


4       ^• 


PROBLEM    XXIX. 

Three  Vines  AO^  BO,  CO,  drawn  from  the  angular 
points  of  a  triangle  io  the  center  of  the  infcribed  circle^ 
^^^"g  gi-y^n  ;  to  find  the  radius  of  the  circle  and  the  fides 
of  the  triangle. 

If,  upon  CQ^ produced,  the  perpendicular  BQ^be  let 
fall,  and  the  radii  O  E,  OF  be  drawn  to  the  points  of 
conta6^,  the  triangles  BOQ^and  AOF  will  appear  to  be 
equiangular ;  becauf*  all  the  angles  of  the  triangle 
ABC  being  e.qu^l  to  two  right  ones,  the  fumof  all  their 

■halves, 
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halves,  OCB  +   OBC   +   OAF  will  be  equal  to  one 

right  angle  ;  but  the   two   fornner  of  thefe,   OCB  + 

OBC,    is  equal  to  the  external  angle  QOB  ;   therefore 

QOB   +   OAF  =  a  right  angle  =  QOB   +  OBQ.> 

and   confequently  ^  r» 

OAF   zz  OBCL. 

Put  now  AO  —  a^ 

BO  =  ^,  COz=t*, 

and   OF    =:     a-: 

then,  becaufe    of 

the  fimilar   trian-  //  /  \v[ 

gles,  we  have  a  :  ^ 

x::  b  :  OQ,=: 

^  J  whence  BQ^ 
a 

=  4»  _  ^    A  F 

aa    ' 

and  BC^  (=z  CO^  +  BO*  +  2CO  x  OQ^)  =  b^-hc^ 
^  ^  .     But   BC»  :  BQ:  :  :  OC»   :  OE* ;    that  is, 

a  aa 


whence  we  get  this  equation,  viz,  ax^  x  ab"^  +  ac^  +  ibex 
•zzL  b^c^  X  a'^ —  x^\  which,  by  redudlion,  will  become 

;,3  4.  ?  +  ff  4-  -  X    ;c-  =  ^:  whence  x  may  be 
2c        lb       2a  % 

found,  and  from  thence  the  fides  of  the  triangle. 

If  two  of  the  given  lines,  as  OC  and  OB,  be  fup- 
pofed  equal,  the  refult  will  be  more  fimple  :  for,  by 
writing  b  for  c  in  the  equation  ax"^  X  ab'^  +  ac"^  +  ibex 

=  ^^^^  ^  zlm^'  ^^*  ^^  ^^^^  ^^^^  ^^^^^  ^  ^^  '^  ^-^ 
~  M  X  «-  —  x"^;  which,  divided  by  ^*  x  «  +  ;>c,  gives 

2ax^   =z  b^  X    a  —  x ',  whence   x^    +    ~  4^*>  ^"^ 

2a 

2  i6^«  4^  4« 

U  3  From 
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From  the  fame  equations  .  the  problem  may  be  re- 
folved,  when  the  diiiauces  from  the  three  ani^ular 
points  to  the  circumference  of  the  infcribed  circle  are 
given :  for,  denoting  the  faid  diftances  by  f^  g^  and  hy 
you  will  have  AO  =:  a-  +/,  BO  x-\-g,  and  QO  —  x 
+  h  J  which  values  being  wrote  in  the  room  of  a^  by 
and  Cy  there  will  a  rife  an  equation  of  fix  dimenfions  : 
by  means  whereof  x  may  be  found. 

PROBLEM     XXX. 

To  draw  a  line  NM  to  touch  a  circle  D,  given  in  mag~ 
nitude  and  pfitior/yfo  that  the  part  thereof  ACyintsrcepted 
by  two  other  lines  BK,  BL,  gi'Oen  in  pofttion^  Jhall  be  of  a 
given  length. 

Suppofe  CP  and  DE  to  be  perpendicular  to  AB,  and 
DF  and  DG  to  AC  and  PC,  refpedively  ;  and  let  DA 
DC,  and  DP  be  drawn ;  putting  DE  zz  a^  DF  —  by 
AC   =  f,  BE  ==  dy  PC  ^xy  PA  —  y,  and  the  tan- 


gent  of  the  given  angle  BCP,  to  the  radius  i,  rr  /. 
Then,  by  trigonometry y  I  :  t\  '.  x  \tx  =.  BP  ;  there- 
fore DG  (  =  PE)  ==  d  — tx;    which,  multiplied    by 

^       ^        ^^ ^y*  ^ 

|PC,   or  — ,  gives — ,  for  the  area  of  the  tri- 

2  2 

tngle  CDP  :  in  like  manner  the  area  of  the  triangle 
PDA  will  be  found  =   ^;   and   that  of  ADC  ii:   ^''. 

which  three,  added  together,  are  equal  to  the  whole  area 


ACP  i  that  is. 


dx — tx"^  i^yi^^  —  ^'y . 


+  ~  +  —   =  ~  i  and  confe- 
2  2  2 


quently 
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quently  be  -^  dx  —  tx"^  ■=.  xy  —  ay.     Let  both   fides 
of    this    equation    be   fquared,     and    you    will    have 

ic  +  dx  —  tx^,''  -  ";r^^^^  X  /  =  IT^^^^  y^ 

c^—x"-',  that  is,  h^c^  +  ^hcdx  —  2ktx''  +  d'-x''  —  2dtx^ 


whence  i  +  t""  X  ^^—  2a  +  2^r  x  ^^  +  a'^ —  <^'*+  ^''  —  2^^r 
Xa-^  +  2uc''  +  2iKd  Xx  —  «V+  ^V~o  :  from  which 
the  value  of  x  may  be  found  ;  and  then,  the  value  of 
y  [■=.\/ c^  —  a:*)  being  known,  the  pofition  of  the  points 
A  and  C,  through  which  the  line  muft  pafs,  will  alfo 
become  known. 

If  the  given  angle  B  be  a  right  one,  the  point  B  will 
coincide  with  P  ;  and  therefore  t  in  this  cafe  being 
n  O,  the  equation  v/ill  become  x'^  —  'lax'^  +  a^  — c^-^d^ 
Xx^  ■\-  2ac^-\r2bcdXx —  ^V  +  ^V  =  O. 

When  the  circle  touches  the  right-line  AB,  a  will 
then  be  equal  to  h  :  and,  in  that  cafe,  the  equation 
will  be  I  +  r  X  x"^ — '2a^2dtXx^-\-a^  —  c'^-\-a-  ^  2act 
X  A-  -f  2ac^  4-  2acd  :=■  O,  becaufe  the  two  laft  terms 
—  <?"<:*  +  ^V  deflroying  each  other,  the  whole  may, 
here,  be  divided  by  x, 

Laftly,  if  Z>  be  n:  o,  or  the  line  AC,  inftead  of 
touching  a  circle,  be  required  to  pafs  through  a  given 
point,  the  equation  will  then  become  1 '-{-  t^  x  x'^ — 
"ioT^t  X  x^  -\-  >  —  <:*+ i^X  x^-\-2ac'^x — /zV  =0* 

PROBLEM      XXXL 

Stippoftng  hQ^perpendicular  to  AF,  and  the  given  right 
line  AF  (50)  to  he  divided  into  five  equal  parts,  in  the 
point  Sy  B,  C,  D,  and  E  ;  to  find  a  point  P  in  the  perpendi-* 
cular  AQ,  firom  which  ^  if  five  right  lines  he  drawn  to  the 
points  B,  C,  D,  E,  and  F,  the  jum  of  the  outermofi  PF  + 
PE  Jhall  he  equal  to  the  jum  of  the  three  innermojt  PD  + 
PC  +  PB. 

Put  AP  =  Aj_then  {hy  Euc,  47.  i.)  BPizy'i     ;-f  ;f^ 
^^  —  v^4^Q  +  x^y  is'c,  and  confequently,  y/Too  -{-  x^ 
4-   y'400  4-  Ar^    +    v/900  4-   ^^  —  /1600  -f  x"^  — 
U  4 
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V  2500  +  a:*  =  o.     Now,   by   refleaing   a   little  on 
the  nature  of  the  problem,   it  is   eafy  to  perceive  that 

i^  PF  +  PE  mult  be 
greater  than  90,  fee- 
ing AF  +  AE  is  = 
90  ;  whence  it  ap- 
pears that  PD  + 
PC  +  PB  muft  alio 
exceed  90,  and  that 
PC  (confidcred  as  a 
mean  between  PD 
and  PB)  muft  be 
greater  than  30 ; 
hence  I  conclude,  that  the  value  of  AP,  as  It  is  fome- 
thing  lefs  than  PC,  will  be  fomewhere  about  30  ; 
and  therefore  I  write  30  +  eiox  x\  and  then,  rejefting 
all  the  powers  of  ^,  above  the  firft,  as  inconfiderable, 
our  equation  ftands  thus,  v/ 1000 +  60^  +  V  iifio^toe 
+  v/ 1 800 +  60^  —  /25oo4-6o^  —  /340o-|-6c^  =  o» 
which,  by  the  method  explained  in  page  174,  will   be 

transformed  to  v^iooo  +    __i£22_?-^      4  V1300  -f 

100 


_V'3400 


130  180 

v/3400  X   3^  . . 

-.^3 i-   =    0;    this,   contraaed, 

340 

gives  I  ,  8  +  I  ,  37^  =  0 ;  whence  ^  rr  —  i,  3,  and  coii- 
fequently  a-  =  28  ,  7,  nearly.  Let,  now,  28  ,  7  be  put 
—  at;  and  then,  by  proceeding  as  above,  we  (hall 
have  ,0083  +  1,43^  —  o  ;  hence  ^  =z  —  ,0058,  and 
X  =  28,6942  ;  which  is  true  to  the  laft  figure. 

PROBLEM    XXXIL 

The  perimeter^  AB  4-  BC  +  AC,  and  the perpendl- 
cular  CP  of  a  triangle  ABC  whofe  fides  are  in  harmonic 
proportion  ( AB  :  BC  :  :  AB  —  AC  :  AC  —  BC)  being 
given  i  to  determine  the  triangle. 
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Let  ahc  be  another  triangle,  fimilar  to  the  propofed 
one  ;  and  let  ab  =  i,  ^c  =  a-,  ac  zriy^  C?  =  ^,  and 
AB  +  BD  +  AC  =  b  :  then,  half  the  fumof  the  three 

fides  of  the  triangle  abc  being  — ijLlLL.,  if  from  the 
fame,  each  particular  fide  be  fubtradied,  and  all  the  re- 


a 


r 


/ 


mainders  be  multiplied  continually  together,  and  that 
produdl,  again,    by  the  faid  half  Turn,  we   fhall   have 


lilllZ  X  ^'^^' 


ixl±l 


i^-x^y 


,    equal 

to  the  fecond  power  of  the  area  ahc  (by  prob.  15}  : 
which,  as  the  bafe  is  unity,  alfo  exprefTes  \  of  the  fquarc 
of  the  perpendicular.  But  the  fquares  of  the  fides, 
as  well  as  the  fides  of  ^'^nilar  triangles,  are  propor- 
tional,  {ffc.  and  therefore  1  +  at  +  j] "^ :  3^  :  : 
i+^—^'Xi — A-  +  V  X>'  +  A-  —  I   X  I  +  X  H-j 


whence  we  have  /^a^  xi-Vx-\  y^i  +  x  —  jxi  — *•  -^-y 
X  yj^x-^  I  X  bb  :  but  the  fides  AB,  AC,  and  BC,  be- 
ing given  in  harmonic  proportion,  therefore,  i,  j?,  and  a-, 
muft  likewife  be  in  the  fatne  proportion  ;  chat  is,  i  :  x 
:  ;  I  — y  :  y  —  x ;  whence  y  —  x  =  x  —  a^,  and  there- 

fore  y  rr  -— ^  ;    which,  fubftituted     above,    gives 


I    -f   A- 


4^' 


X     l-^-^X+x"^  _  I-f  A= 


I+A- 


X  l:t2fz^  X  ^'»'  +  'y^— r 


1+^ 


l+A- 


I+A- 


X^%or4^^X  i^^x-^-x'^y^  i  +  Ar]^r:i+A:*x  i +  2a---;^^ 
X  2x  +  x'^'^i  Ab^\  from  which  x  will  be  found,  and 

alfo 
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alfo  j'  (  = 


7.x 


)  j  and  from  thence  the  required  fides 


I    +   * 

of  the  fimilar  figure  ABC,  will,  by  proportion,  be  like- 
wife  known. 

PROBLEM    XXXIII. 

Let  there  be  three  equi-different  arches^  AB,  AC,  and 
AD  ;  and^fuppofmg  the  fine  and  co-fine  of  the  mean  AC, 
of  the  leffer  extreme  AB,  and  of  the  corrnnon  difference  BC 
(or  CD)  to  be  given^  it  is  propofed  to  find  the  fine  and 
co-fine  of  the  greater  extreme  AD. 

Upon  the  radius  AO  let  fall  the  perpendiculars  B^, 
tr,  and  D^ ;  join  B,  D,  and  from  the  center  O,  let 
the  radius  OC  be  drawn,  cutting  BD  in  n  :  alfo  draw 
«R  parallel  to  Cr, 
meeting  AO  in  R  : 
then,  becaufe  of  the 
fimilar  trianglesOC^r 
and  0«R,  it  will  be, 
OC:On::Cc:nR', 
and,OC:0«::0^: 
OR:  whence  we  have 

.R=  £i21^,  and  OR  =  9l^  :  but,  fmce  BC  is 

OC  uc 

equal  to  CD  (and  therefore  B«  equal  to  D«),  ;zR  will, 
it  is  plain,  be  an  arithmetical  mean  between  Bb  and  Ddy 

and  fo  is  equal  to  half  their  fum,  or —  :  and,  for 


AZ~^ 


the  very  fame  reafon,  OR  will  be  equal  to 


O^    +    O^ 


,    Bb  4-  Dd      Cc  X  On        1  O^  +  Od 

confequently Z =  — -_- —  ,  and ±: 

2  OC  2 


OoiOn 

'  OC 
Oc  X  20n 
OC 


whence  Di  ~ 


CcX20« 

OC" 


B^  and  O^  rr 


O^ ;  which,  if  the  radius  OC  be  fuppofed 

unity,  will  become  D^  z=z  Cc  X  20n  • —  B^  ;  and  Odzz 
Oc  X  lOn  —  O^ :  from  whence  we  have  the  two  fol- 
lowing theorems. 

Theor, 
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Theor.  i.  If  the  fine  of  the  mean  of  any  three  equi^ 
different  arches  (the  radius  being  fuppofed  unity)  be  multU 
■plied  by  twice  the  co-fine  of  the  common  difference^  andjrom 
the  product ^  the  fine  of  either  extreme  be  jubtra£ted^  the 
remainder  will  be  the  fine  of  the  other  extre?ne. 

Theor.  2.  And  if  the  co-fine  of  the  mean  of  three  equl- 
diff'erent  arches  be  multiplied  by  twice  the  co-fine  of  the  com- 
mon difference^  and  the  co-fine  of  either  extreme  be  fub- 
traSied from  the  produ£i^  the  remainder  will  be  the  co-fine 
of  the  other  extreme, 

PROBLEM      XXXIV. 

The  fine  and  co-fine  of  an  arch  being  given^  to  find  ike 
fine  and  co-fine  of  any  midtiple  of  th^t  arch. 

Let  the  given  arch  be  reprefented  by  A,  its  fine  by  x^ 
and    co-fine   by   \y^  the    radius    being   unity.       Then, 
fince    the  arch  A  may  be  confidercd  as  an    arithmetical 
mean  between  o  and  2A,  we  fhall,  by  the  firft  of  the 
two  preceding  theorems,  have 
fine  of  2  A  (  ~  fine  of   A  x^  —  fine  of    o)  •=!  xy  % 
fine  of3A  (rz  fine  of2A  xj — fine  of    A^)  —  xy'^ — x-y 
fine  of  4A  ( zz  fine  of  3A'x>'  —  fine  of  2 A  =  xy^—  xy 

—  xy)  —  xy"^  —  7.xy ; 

fine  of  5A  ( —  fine  of 4 A  x  jv  —  fine  of  3 A  m  xy'^^^xy^ 

—  xy"^  -\-  x)  z=L  xy"^ — ^^  Z^'f' "^  ^ '■> 

fine  of  6 A  (  =z  fine  of  5  A  x ;'  —  fine  of  4A  rz  xy^-  —  3^73 

-)r  xy —  xy'^-\-'ixy)  —  xy' — ^xy^  +  ^^yi 
fine  of  7 A  ( =:fine  of  6Pi.xy  —  fine  of  5 A  =  xy^  —  ^xy'^ 
3A-/  —  xy^-i-  3^-/—  A-;  =  xy^  —  5a'/  H-  bxf  —  x  : 
whence,  univerjally^  the  fine  of  the  multiple  arch  wA, 
where  n  denotes  any  whole  pofitive  number,  whatever, 
will  be  truly  exprefl'ed  by  x  x  into  this  feries  ; 

I  12  123 

^V.     Moreover,  from   the  fecond  theorem,    we  have 
Co-fme  of  2A  (  zz  co-fine  of  A  x^  —  co-fine  of  0  n 


—  i 
^  2 


Co-fine 


I 
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Co-fine  of  3  A  (:=:  cofine  of  2  A  x^  —  co-fine  of  A  =r 

2  2  2 

Co-fine  of  4«  (z=  co-fine  of  3 A  "Ky  —  co-fine  of  2A  = 

>'"•  —  3/_/  — ^  )  ^.y^  — 4/-f  2^ 

2  2  2  ' 

whence,   univerfally^  the  co-fine  of  the  multiple  arch 

«A  will   be  truly   reprefented  hy  L.  —  J. -f-  — 

.2  2  2 

2  223  22 

X  -'^     X  -H?  X  ^"""^  ^c*   which  feries,  as   well  a$ 

3  4 

that  for  the  fine,  is  to  be  continued  till  the  indices  of  y 
become  nothing,  or  negative. 

But,  if  you  would  have  the  fine  exprefled  in  terms 
of  X  onlyy  then,  becaufe  the  fquare  of  the  fine  4-  the 
fquare  of  the  co-fine  is  always  equal  to  the  fquare  of  the 
radius,  and  therefore,  in  this  cafe,  A-^+fy^zz  i,  it  is 
maniftlt  that  the  fines  of  all  the  odd  multiples  of  the 
given  arch  A,  wherein  only  the  even  powers  of  y  enter, 
may  be  exhibited  in  terms  of  x  only,  without  futd 
quantities:  {o  that  4  —  4^-^  being  fubftituted  for  its 
equal  y%  in  the  fines  of  the  aforementioned  arches,  we 
ihall  have 

ift.  Sine  of  3  A  =3*' —      4^'^  5 
ijd.    Sine  of  5  A  =:  5a: —    20a'+    16 x^  \ 
3d.    Sine  of  7A  =  7A' —   56^3  +  112^5— 64A-' ; 
4th.  Sine  ofgA  =  qa — \20x^-'rA'^'2-x^ — 576^-^  + 256^'; 

And,  generally^  if  the  multiple  arch  be  denoted  by 
«A,  then   the  fine  thereof  will  be  truly  reprefented  by 

nx'-^^-A X^^  -f  —  X X iXA'— -X 

12.3  12.34.5  I 

X ^x ^x  ;t^  +  -x X 2x 

2.3       3.4        5-^  I      2-3      4-5 

±:L^x£:=:l?x^'b'.. 
6.7      8.9 

From 


to  Geometrical  Problems,  301 

From  this  feries  the  fine  of  the  fub-multiple  of  any 
arch,  where  the  number  of  parts  is  odd,  may  alfo  be 
found,  fuppofmg  (s)  the  fme  of  the  whole  arch  to  be 
given :  for  let  x  be  the  required  fine  of  the  fub-multiple, 
and  n  the  number  of  equal  parts  into  which  the  whole 
arch  is  divided  ;  then,  by  what  has  been  already  (hewn, 

we  (hall  have  nx x X  x^  +—  X X 

I  2.3  1         2.3 

^LmS  X  x^  ^c.  =  /  .*  from  the  folution  of  which  equa* 
4-5 

tion  the  value  of  x  will  be  known.  Hence  alfo,  we 
have  an  equation  for  finding  the  fide  of  a  regular  po- 
lygon infcribed  in  a  circle  :  for  feeing  the  fine  of  any 
arch  is  equal  to  half  the  chord  of  double  that  arch,  let 
f  V  and  ^w  be  wrote  above  for  x  and  s  refpedively,  and 

then  our  equation  will  become —  —  _  x X  -^^ 

212.38 

I       i  .  3        4  •  5      32  I 

rp- —  I      v^    .   n       n^ — i     rr — o     v^  c^ 


a.3        4        1/2.3      4.5       16 

prefling  the  relation  of  chords,  whofe  correfponding 
arches  are  in  the  ratio  of  i  to  «.  But,  when  the  greater 
of  the  tw©  arches  becomes  equal  to  the  whole  peri- 
phery, its  chord  (w)  will  be  nothing,  and  then  the  equa- 
tion, by  dividing   the  whole   by   nv^   will  be  reduced  to 

,  ~£:zi  X  !i  +  £z:i  X  ±z2  X  ^  -  ±1.' K 

2.3        4        2-3        4-5       16       2.3 

w*—  Q       w*—  21       1)^ 

.^ — 2  X -2  X  —-  ^c,  =:  0 ;  where  n  is  the  num- 

.4  •  5         5-6        64 
ber  of  fides,  and  v  the  fide  of  the  polygon. 


From  the  foregoing  feries,  that  given  by  Sir  Ifaac 
Newton^'m  Phil  7r^«/.' mentioned  \np,  242  of  thisTrea- 
tife,  may  alfo  h^  eaiily  dt-rived.  For,  if  the  arch  A  and 
its  fine  X  be  taken  indefinitely  fmall,  they  will  be  to 
one  another  in  the  ratio  of  equality,  indefinitely  near,  by 

what 
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what  has  been  proved  at  p,  246  ;  in  which  cafe,  the  ge- 
neral expreflion,  hy  writing  A  inftead  of  ^,  will  become 

I        2.3  I        2.3        4.5 

I  ^  2.3  ^  4.5  "^  6.7 

Therefore,  if  n  be  now  fuppofed  indefinitely  great,  fo 
that  the  multiple  arch  «A  may  be  equal  to  any  given 
arch  z,  the  fquares  of  the  odd  numbers,  i,  3,  5,  ^r.  in 
the  fadors  «*  —  1,  n^ — 9,  n^ — 25, ^r.  maybe  reje(9:ed 
as  nothing,  or  inconfiderable,  in  refpe6l  of  «*  5  and  then 

the  foregoing  feries  will  become  « A  — 4-   

2.3         2.3.4.5 

7  A  7 

^  l^c.  wherein,  if  for  wA,  its  equsd 


2.3.4- 5-6- 7 


2^ 


z,  be  fubftituted,  we  fhall  then  have  2  —  + 

2.3 

^V.  which  is  the  fine 


2.3.4-5        2.3.4.5.6.7 

of  the  arch  z,  and  the  fame  with  that  before  given. 

Moreover  the  aforegoing  general  expreflions  may  be 

applied,  with  advantage,  in  the  fOiution  of  cubic,   and 

certain  other  higher  equations,  included  in  this  form, 

_         „ ,  .     n — ?  a  n — 4.      n — 4         n  —  ^ 

<ui%,%'''^a7p    "-+   ^    X  aV    *— 1   X  2  X 

2«  2«  3« 

fl3^--^  +  ^Zi  X  ^  X  ^Zl7  X  a^z"^'  ^c,    =  /. 
^n  3«_       4« 

For,  if  z  be  put  zzyJ^-i  the  equation  will  be  tranf- 

formed  to  — p  X  into  this  feries 
n  I 


'  12  12      3 

^c.  =/,  and  confequently  1  —  -  x>"-*  +-  x'!lli 
"^^  22  22 

x  >• 
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v«-4—  1  X  ^"^^  X  ^^^  xjf"'^^^^*  =^-  •  ^roiii 


223 


whence,  as  it  is  proved  above,  that  the  former  part  of 
the  equation  (and  therefore  its  equal)  reprefents  the  co- 
fine  of  n  times  the  arch  whofe  co-fme  is  f  j,  we  have  the 
following  rule  : 

Finely  from  the  tables^  the  arch  whoje  natural  co-fme  is 

iJL  (or  its  log.  co-fme  ;n  log,  f /•—  ~  log*  —J  the  radius 

n 

being  unity  ;  tah  the  «th  part  of  that  arch^   and  find  its 

^o-fme^  which  multiply  hy  1  J  'L.^  andtheproduSf  will  be 

^    n 

the  true  value  of  z,  in  the  propofed  equation  z"  —  ^z""" 

+  inl  X  «*z«-^  —  ^-Hi  X  mi  X  ^^z"""^  ^Jc. 
in  in  3» 

Thus,  let  it  be  required  to  find  the  value  of  z,  in  the 
cubic  equation  z^  —  432z  -=.  1728  ;  then,  we  fhall 
have  «  =  3,   a  zz^  432,  and  /=  1728  ;   confequently 

iZ-  ( =z      ^  ^)    =  ,5,     and   the   arch     correfponding 

thereto  =  60°  ;  whence  the  co-fme  of  (20°)  |  thereof 
will   be  found  ,9396926  ;   and  this,  multiplied  by  24 

(   =  2y  -f  )  gives  22,55262  for  one  value  of  z.    But 
n  ' 

befides  this,    the  equation  has  two  other  roots,    both 

of  which   may  be   found  after  the  very  fame  manner  : 

for,  fmce  0,5  is  not  only  the  co-fme  of  60°,  but  alfo  of 

60°  H-  360°,  and  6o<'  +  2  x  360^^  let  the  co-fme  of  ( 140°) 

J  of  the  former  of  thefe  arches  be  now  taken ;  which 

is  —  ,7660444,  and  muft  be  exprcffed  with  a  negative 

iign,  becaufe  the  arch  correfponding  is  greater  than  one 

right  angle,    and  lefs   than  three.      Then,   the  value; 

thus 
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thus   found   being,  in    like  manner,  multiplied  by  24 


=  ./ 


),  we  fhalj  thertce  get  —  18,38506  for  an- 


other of  the  roots  :  whence  the  third,  or  remaining  root 
will  alfo  be  known  ;  for,  feeing  the  equation  wants  the 
fecond  term,  the  pofitive  and  negative  roots  do  here  mu- 
tually deftroy  each  other  ;  and  therefore  the  remaining 
root  muft  be  —  4,16756,  the  difference  of  the  two  for- 
mer>  with  a  negative  fign. 

PROBLEM    XXXV. 

From  a  given  circle  ABCH  k  tspropofed  to  cut  off  a 
fegment  ABCyfuch,  that  a  ri^ht  lineDE  drawn  from  the 
middle  of  the  chords  AC,  to  make  a  given  angle  therewiihy 
Jhall  divide  the  arch  BC  of  the  femi-fegment  into  two  equal 
parts  BE  and  EC. 

Let  the  chord  BC  be  drawn,  and  upon  the  diameter 
HDB  let  fall  the  perpendicular  EF  :  put  the  radius  OB 

of  the  circle  ==  r,  and  the 
tangent  of  the  given  angle 
CDE  (anfwering  to  that 
Q  radius)  =  f,  and  let  OF 
:=:  z;  then  will  £F  — 
V  rr  —  zz,  and  BC  (  n 

2EF)  =  2V;73r^and 
confequently     BD     I  ^^■ 


BC^ 

BH 

2  .  r  +  z 


)  _  4^*-  42" 


2r 


from 


which  taking  BF=  -—  2,  we  have  DF =111^21135 

r 
But,  by   trigonometry,  EF  :  DF  :  :  rad.  :  tang.  DEF, 

that  is,  y/  rr  —  zz  :  — — Zl?  :  :  ri  t.    Whence 


we  have  r + 2zl  *  X  r  —  z]  *  =:  /*  X  r*  —  z* ;  where 

the 
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the  whole  being  divided  by  r —  z,  their  refults  r  4-  2%|  * 
X   r  —  z  =:    /^    X    r    -t-    % .'  which,  ordered,   gives 

^ 1 :  X  z  =  _  X  rr  —  tt. 

4  4  ^______ 

Put    ?^^.  =  ^,  and  JL  %  rr  —  tt  —f\  then  it 

4  4        ■     . 

will  be  'X?  -^  ^z  —/.     Therefore  find,  from  the  tables, 

the  a^fch   vvhofe  co-fine  is  — lA — -  ("the  radius  beino- 

unity);  take  \  thereof,  and  find  its  co-fine j  which^ 
multiplied  by  i*^  ^a^  gives  the  true  value  of  z  (fee  the 
iaji  problem.) 

Thus,  for  example^  let  the  radius  03  {z=.r)  =:  i, 
and  the  given  angle  CDE  zn  25°,  whofc  tangent  (t)  is 
therefore  n:  ,4663;  whence  ^a  ir  ,23188,  and  |/=± 
,09782. 

Now,  by  logarithms^  it  will  be  log.   ~f —  log.  4  <?  — - 

f  log.  {a  ~  —  1.9425328  -  log.  ---^-^  =1:  log.  co- 

fine  of  28"^  50^  5  whereof  the  third  part  is  9^  36  j^,  whofj 
log.  co-fine  (to  the  radius  i)  15  —  1.9938009;  which 
added  to  the  f  log.  of  !.«  (  zz  —  1.68263 16)  gives 
— .  1.6764925  rr  log.  of  0,47478,  whofe  double  ,94956, 
is  the  true  value  of  z,  or  P'O:  whence  the  correfpond- 
Ing  arch  BE  =z  18°  16^^  andconfequently  BC  (zziBE) 
~  36''  33''.-r-By  means  of  this  problem  that  portion  of  a 
fphericai  furface  reprefenting  the  apparent  figure  of  the 
fKy  is  determined* 

PROBLEM    XXXVL 

The  bafe  AB,  and  the  d'^fference  of  the  angles  at  the 
hafe  being  given^  while  the  anghs  themfehes  vary  j  to  find 
the  locus  of  the  vertex  Y.  of  the  triangU. 

Let  the  bafe  AB  be  bifeded  in  O^  and  the  angle  BOD 
fo  conftituted  as  to  exceed  its  fupplement  AOD  by  the 
given  difference  of  EAB  and  EBA  ;  and  let  ED,  APQ^, 
liSF  be  perpendicular,  and  EPF  parallel  to  OD  : 
then,  fince  the  angle   BCE   (BOD)  as  much  exceeds 

X  AC£, 
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ACE,  as  CAE  exceeds  CBF,  it  is  evident  that  the  fum 
of  the  two  angles  BC£>   CBE,  of  the  triangle  BCE, 

is  equal  to  the  fum 
of  the  two  angles 
ACE,  CAE  of  the 
triangle  ACE ;  and 
confequently,  that 
the  remaining  an- 
gles AEC  and  BEC, 
are  equal  the  one  to 
the  other :  there- 
fore, by  reafon  of 
the  fimilar  triangles 
EFB,  EAP,  we 
have  EF  :  EP  :  : 
BF  :  AP,  that  is, 
OD  -f  0(i:  OD 

-  Oa  :  :  QA  -f 

DE  :  QA  —  DE  ; 
whence,  by.  com- 
pofition  and  divi- 
fion  2OD  :  20Q^ 
:  :  2Q:^  :  2DE  5 
wherefore  OD  X  DE  is  =  OQ^  x  Q.A ;  which  is  the 
known  property  of  an  equilateral  hyperbola  with  re- 
ipe£t  to  its  afymptote. 

PROBLEM    XXXVII. 

To  find  the  folidlty  of  a  conical  ungula  BFCB,  cut  0^ 
ly  a  plane  BRFSB   pajjing  through  one  extremity   of  t 
hafe  dia?neter. 

Let  EPF  be  parallel  to  the  bafc-diamcter  BC,  cut- 
ting AD  the  axis  of  the  cone  in  P  ;  alfo,  let  An  be  per- 
pendicular to  BF  J  join  P,  «,  and  let  RS  be  the  conju- 
gate axis  of  the  elliptical  fecStion  BRFSB  :  then  the 
purt  ABF,  above  the  faid  fe<ftion,  being  an  oblique  el- 
liptical-cone,  its  folidity  will  be  exprelicd  by  ,7854  X 

SR  X  BF  X  ^ ,  that  is,  by  the  area  of  its  bafe  BRFSB 
3 

drawn 
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drawn  into  y  of  the  perpendicular  height.  But  the 
triangles  BCF  and  A?n  will  appear  to  be  equi-an-f 
guiar  5  for,  APF  and  A«F  being  both  right-angles, 
the  circumference  of  a  circle,  defcribed  on  the  diame- 
ter AF,  will  pafs  through  P  and  n  \  and  fo  the  angles 
AF«  (BFC)  and  AP«,  as  well  as  AFP(FCB)  and  A«P, 


infiding  on  the  fame  arch,  are,  refpe£lively,  equal. 
Hence  we  have  BC  :  BF  :  :  A«  :  AP  ;  and  therefore 
3F  X  A«  ~BC  X  AP  :  this  value  being  fubftituted  above^ 
the  content  of  the  part  ABF  becomes  SR  x  BC  x  AP  x 
,2618  :  which, becaufe  SR  is  known  to  be  =:  VbC  xEF 
is  farther  reduced  to  BC  X  AP  x  v'BCxEF  X  ,2618! 
This  fubtra£^ed  from  BC^  X  AD  x  ,2618,  the  content 
of  the  whole  cone  ABC,  leaves 

BC*xAD  — BCx  APx/BCl<EF  x  ,2618  for  the 
required   folidity   of  the   tingula  BCF;  which,  becaufe 

^P>^^^;andAP  =  DPxEF 


AD  = 


4uced  to 


BC  — EF' BC—  EF 

BC^^EFxv^BCxEJb 
BC-TfF 


will  be  re- 


X,26i8DPxBC, 


5C  a 


PRG^ 
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PROBLEM     XXXVIII. 

Let  A  and  B  be  two  equal  weights^  made  faft  to  the 
ends  of  a  thready  or  perfe£ily  flexible  line  pFnQj^y  fupported 
by  two  pinsy  or  tach^  P?  Q.>  in  the  fame  horizontal  plane ', 
over  which  pins  the  line  can  freely  JJide  either  way  ;  and  let 
C  be  another  weighty  fa/lened  to  the  thready  in  the  middky 
between  P  and  Qj,  now  the  quejlion  /i,  to  find  the  pofition  of 
the  weight  C,  or  its  dijlance  below  the  horizontal  line  PQ) 
to  retain  the  othg-  two  weights  A  and  B  /"«  equilibria. 

Let  PR  (=  1PQ_)  be   denoted  by  a,  and  R«  (thr 
diftance  fought)  by  a-  5  and  then  ?;j,  or  Q«>  will  be  re* 


prefbnted  by  \/^*  +  ^^»     Therefore,  by  the  refolution  of 

forces^   it  will  be,  as  '^ a^    -f  x^   (P«)  :  x  (R«)  ;  ;  the 

whole  force   of   tlie  weight  A  in  the  diredtion  ?»,  t9 

..      Jl    .  its  force  in  the  direction  «R,  whereby  it  en- 

deavours  to  raife  the  weight  C ;  which  quantity  alfd 
expreffes  the  force  of  ihe  weight  B  in  the  fame  direc- 
tion :  but  the  fum  of  thefe  two  forces,  iince  the  weights 
are  fuppofed  to  reft   in  equillbrio,  muft  be  equal  to  ihat 

n  Ax 

of  the  weight  C  j  that  is,  — ■  =  C  ;  whence  wc 

have  ^AV  =  C V  +  CV,  and  ccnfcquemly  x  = 
aC 
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PRO  BLEM    XXXIX. 


Yo  determim  the  pofitidn  of  an  inclined  plane  AE,  alon£ 
^hich  o  heavy  body  defendincr  by  the  force  of  its  own  gra- 
vity  fram   a  given  point    v,  jhali  reach  a   right4ine  BP, , 
given  by  pofttion^  in  the  leafi  time  pojftble* 

Through  the  given  point  A,  perpendicular  to  the 
horizon,  let  there  be  drawn  the  right-line  RB,  meeting 
BP  in  B  ;  alio  conceive  the 
i'emi  circle  AER  to  be  de- 
fcribed,  touching  BP  in  E ; 
then  let  AE  be  drawn,  which 
will  be  the  pofition  required  ; 
becaufe  th^  time  of  defcent  a- 
long  the  chord  At.  being  equal 
to  that  along  any  other  chord 
An^  it  will  confequently  be 
lefs  chan  the  time  of  the  defcent 
along  A^,  whereof  A»  is  only 
a  part:  therefore,  if  AQ^aiid 
OE  be  now  made  perpendi- 
cular to  BP,  we  fhali  have  (by 
reafon  of  the  iimilar  triangles) 

AB  :  AQ^  :  :  AB  +  AO  :  (QE)  AO  ;  whence  by 
multiplying  extremes  and  Tcans,  AB  x  AO  =  AQ^X 
AB  4-  AQ.  X  AO  ;  therefore  AB  x  AO  —  AQ,  X  AO 

=  AQ^  X  AB,  and  AO  (0£)z=  ^Q>^-^^;  from  which 

^      ^  '      Aii— AQl 

BE  and  AE  are  alfo  given. 

The  geometrical  conltru£lion  of  this  problem  is  ex- 
tremely eafy;  for.  if  AQ^  (as  above)  be  drawn  perpen- 
dicular to  BP,  and  the  angle  OAQ^be  bifeded  by  AE, 
the  thing  is  done  :  becaufe,  OE  being  drawn  parallel 
to  AQ^,  the  angle  UEA  is  =z  QAE  =  EAO;  and  (o^ 
AO,  being  ~  OE,  the  femi-circle  that  tou«hes  BP»j 
will  pafs  through  A. 

X3 
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PROBLEM    XL. 

A  ray  of  light,  from  a  lucid  point  P  in  the  axis  AP  0/ 
a  cc?icave  fpherical  furface,  is  refleSted  at  a  given  point  E 
in  that  fur  face  ;  to  find  the  point  D  where  the  refie^ed  ray 
meets  the 'axis. 

Draw  EQ^  perpendicular  to  AP,  and  from  the  center 
C  let  CE  be  drawn ;  alfo  make  CE  =  a,  CQ_=  ^,  CP 

=  r,  CD  =  ;^; 
andf^;'  Euc,  12.3.) 
P£  will  be  - 
\/n^  +  f*  +  ^bc  : 
wherefore,  the  an- 
gles of  incidence 
and  refleftionjCEP 
Jp  Q         ^       Q      A    ^^^    CED     being 

equal,  we  have,  as 
PC  (c  :  CD  rx)  :  :  PE!  (/^-  +  r  +'^)  :  ED  = 

X  -^ a^   -{-   c"^    -i-    2U  ^      -tr         r         ^,  r  r 

. (  allaj    ror    the    lame    realon,    we 


have  PE   X     ED  --  PC    x    CD    =    ECS   that  is, 
ex  =z  a^  ;  which j  reduced,  gives 


X    X  <2^  -f  <:     -j-    20c 


X  zz f ,  fhewing  how   far  from  the   center  the 

a""  -y  ibc 
xzy  cuts  the  axis.  But  if  the  lucid  point  P  be  fup- 
pofed  infinitely  remote,  fo  that  the  ray  PE  may  be  con* 
lidered  as  parallel  to  the  axis  AP,  the  expreifion  will  be 
more  fimple  j  for  then  «%  in  the  divifor,  may  be  reje6ted 
as  nothing  in  coniparifon  of  ihc  5  that  being  done,  CD 

or  ;r  becomes  •=.  . —  ;  which,  therefore,   ifE  be  taken 
rear  the  vertex  A,  will  be  ==  |^,  very  nearly, 

PROBLEM     XLL 

To  find  the  magnitude  and  pojition  of  an  image  fortnid 
ly,  refraP/ion  at  a  given  lens. 

Let  MN  be  the  given  lensj  DOBCF  the  axis  thereof, 

and 
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aitd  D«  the  obje6l  vvhofe  image  FH  we  would  find ;  alfo 
letCB  be  the  radius  of  that  furface  of  the  lens  MBN^ 
which  is  neareft  the  obje6^,  and  OB  that  of  the  other 
furface ;  make   RC^  perpendicular  to  DF,  and  from 


w,  to  any  point  E  in  the  furface  of  the  lens,  draw  th^ 
incident  ray  «E,  and  let  the  continuation  thereof  b^ 
EI5  and  let  the  diredion  of  the  fame  ray,  after  the 
fi?-ft  refra<9:ion  at  E,  be  E2  ;  and,  after  it  is  refraded  a 
fecond  time,  at  e^  let  its  ciire£^ion  be  ^3H  ;  draw  CE 
,and  O^R,  and  make  nd'O  parallel  to  DF,  calling  O^,  h  ; 
CB,  <:;  BD,  d\  Dw, /)  ;  and  the  diftance  of  the  point 
E  from  the  axis  DF,  x ;  and  let  the  fine  of  incidence 
tre  to  the  fine  of  refraction,  out  of  air  into  glafs,  as 
m  to  n.  Then,  the  thicknefs  of  the  lens  being  looked 
upon  as  inconfiderable  in  refped  of  the  focal  diftance 
Yiy  we  ihall  have,  as  i  .  x  —  p  (Ei)  \\  d  -^  c  [wu]  : 
dxjc-  cx-^dp--  cp  _.^ J  .  ^j^.^j^  ^^^^^  ^^  ^^  ^^^  gj^^^ 


d^  +  ex  —  cp^_  P     , 


therefore  m  :  n 


.  dx  ^cx^  cp . 
d  ~' 


nxdx  -{-  ex  —  cp 


dm 


C2.  Moreover,^  (O^)  :  a-(BE)  : : 

b  ^  c  XX  _  GR.^hej^ce  R2  (=  CR 

dx  -{-  ex  —'  cp  ^ 


dm 
cp — ex —  dx 


but«:  m :  i 
5  and  therefor* 
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^^  ^  ^  bn  d         ' 

Let^  be   now   taken  zz  o,  and   then  C35  will   become 

J--  ,  which  let  be  reprefented  by  C3,  and  draw  B^,  pro- 
ducing the  fame  till  it  meets  ^3,  produced,  in  H  :    then 

23  being  ( =C^  _  C3)  =  l±l^-^E«2f±Z^', 

a  bn  ^ 

and   the   triangles    H3^  and  HEB  equiangular,   it   wilj 
be,  as  (EB— ^3) ~ — ^  :  (B^)  c  : : 

(EB)  A-  :  BH  =  -"^. =:  the  requir- 

m—^nx  b-^cxd — nlfc 
ed   diftance   of   the    image   from   the    lens;  and  as   c 

(BC) :  -I  (C^)  :  :  BH  (or  BF) :  FH  =  ^J2  =: 

Jltt . (=  HF)   the  magnitude  or 


m-—n  X  b  -^  c  X  d  —  nbc 

the  image,  or  its  linear  amplification. 

C  O  R  O  L.     I. 

Becaufe,  the  values  of  BH  and  HF  are  alike  afFe£led 
by  h  and  c,  it  follows  that  both  the  diftance  and  mag- 
nitude of  the  image  will  remain  unaltered,  if  the  place 
of  the  lens  be  the  fame,  let  which  fide  you  will  be  turned 
towards  the  objedt. 

C  O  R  O  L.     ^, 

\iA  be  made  infinite,   or  the  diftance  of  the  obje£t 

from  the  lens  be  fuppofed  indefinitely  great,  BF,  will  be- 

nhc 
con\e  j2E-:rr---r-==rs=s=.  \  v\  hich  is   the  principal  focal  dif- 
■     in  —  hxh  -{-  c 

tance,  at  which  the  parallel  rays  urHte,  and  this  dif- 
t^nqe,- when  both  fides  of  the  lens  have  the  fame  con- 
vexity, or  ^  is  —  c,  will  become  z=   — ^ :  but  in 

/  .  2m  —  2« 

a  plano-convex^  where  b  is  infinite,  it  will  be  = 


771  —  n 

and 


IE 
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and,  in  a  menifcus^  where  b  is  negative,   or  one  furface 


concave  and  the  other  convex,  it  will  be  


nbc 


m 


'TiXb  -^  c 


The  fame  anj^ered  otherwife^  allowing  alfofor  the  thicks 
nefs  of  the  lens, 

Suppcfing,  as  before,  th^  F  is  the  place  of  the  image 
of  an  objedt  at  D,  let^^R  and  DS  be  fuppofed  perpen- 
dicular to  the  axis  FBQ,>  interfedting  the  continuation 


of  E^  (the  intercepted  part  of  the  ray  DE^F)  in  r  and 
J,  and  meeting  the  radii  O^,  CE  (produced)  in  R  and 
S  ;  likewife  let  E<2  and  ec  be  perpendicular  to  QF ,  and 
Et;  and  Ew  parallel  thereto  :  then,  becaufe  the  ray  is 
fuppofed  to  be  indefinitely  near  the  axis,  ac  may  be 
taken  for  the  thicknefs  of  the  lens,  which  let  be  de- 
noted by  t  \  putting  b¥  -zz  %^  ce  •=.  y,  ^E  -zz  x^Ob  zz.  by 
CB  zz  c,  and  BD  zz.  d  {as  before).  By  fimilar  tri- 
angles, Qa  (c)  :  aE(x)::CD(c  +  d):DSzz  iiii±4 

c 
and,  by    the  law  of  refra<Sl:ion,  tn  '.  n   ;  \  DS  :  Sx  = 


X  y,  c  -^-  d 


m 


I  — -^  X  ^  ^  ^  ^  ^ 
m  c 


:    whence  Dj    (=  DS  —  Si)    =: 
and    vs   (=  <?£  —  Ds)    = 


X  X.  r 


5x4        The  ApjfLiCATioN  of  Aighbra,  ^c. 


^  X  r  —  X.  ,  by  making  r  =  -^,  and  -7  =:  i  —  r, 
£  m 

^-^ow,  vs  :  Ev  (BD)  ::  aE:  ^Q.(B(^0   that   15, 

*•  X  r  —  ^:d::x:  —f-—^    =    BQ:j     which  is 
f  cr   —  qd 

given  from  hence. 

Again,   in  the  very  fame  manner,  Oc  (bj  :  ce  (y)  :  ; 

OF  {b  -f  -z)  :  FR  zz  lii±j!;  and  /«  :  «  :   :   FR^ 

b 

Rr  =  ±  X  ■!:iS  :  whence  FriTH  x  J'^"^^^ 
m  b  m  b 

=  ?1 —   "^  %  and  zt^r  (Fr  —  r^)  =:  y  x   £f  —  r  ;  and 

therefore >Ki(  HI  ^^^L£f  )  =  _li_  ..  from  which  fub- 

qjur  q-z.  -^br 

tracking  the  value  of  BQ^,   found  above,  we  get  this 

equation,  viz,  f —  — 1 z=  /;  whence  the  va- 

qz.  —  br      cq  —  qd 

luc  of  z,  by  making  the  given  quantity  /  + f ==  ^, 

re  —  qd 

comes  out  •=.  — L*_-^  .     But,  if  you  had  rather  have  the 

fame  in  original  terms,  it  is  but  fubftituting  for^ ;  v^bencc) 

-  ,    -,.  rbcd-{-rbtyirc''^qd 

zfter  reduction,  z  tz: \  - : 

qd  y:  b  •\-  c  —  rbc  -J-  qtxrc  —  qd 
which,  by  reftoring  m  and  «,  becomes 

mnbcd  -^  nbt  x  nc  —  m  -^  n  x  d 


m  —  nY.?ndy.b-\-c —  Tnnbc-^vi  —  nKty^nc  —  m — ny.d 
where,  if  t  be  taken  ~  o,  we  (hall  have 

nhrd 

2  -.  .  -        ,  the  vQry  fame  as  was 

" .       m —  n  X  d  X  b  +  c. —  nbc 
found  by  the  preceding  method. 


A  P  P  E  N- 


J 


t    315    1 

APPENDIX: 

CONTAINING      THE 

CONSTRUCTION 

OF 

Geometrical    Problems^ 

WITH 

The  Manner  of  refolving  the  fame 
numerically. 

PROBLEM    I. 

The  bafe-i  the  fum  of  the  two  fides^  and  the  angle  ai 
the  vertex  of  any  plane  triangle  heing  giveUy  to  defcrihe  the 
triangle, 

CONSTRUCTION. 

RAW  the  indefinite  right-line  AE,  in  which 
take  AB  equal  to  the 
fum  of  the  fides,  and 
make  the  angle  ABC  equal  to 
half  the  given  angle  at  the  ver- 
tex, and  upon  the  point  A,  as 
a  center,  with  a  radius  equal 
t6  the  given  bafe,  let  a  circle 
nQm  be  defcribed,  cutting  BC 
in  C  ;  join  A,  C,  and  make  the 
angle  BCD  =  CBD,  and  let 
CD  cut  AB  in  D  ;  then  will 
ACD  be  the  triangle  that  was 
to  be  conflruded. 


D 


3i6 
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DEMiiNSTRATION. 

Becaufe  the  angles  BCD  and  CBD  are  equal,  there- 
fore is  CD  =  DB  (Euc,  6.  i.jand  conlequently  AD  + 
DC  =z  AB  :  like  wife,  for  the  fame  reafon,  the  angle 
ADC  r:BCD  +  CBD,(iiz/^.  32.  i.)  is  equal  to  2CBD. 
Q,.  E.  D. 

Method  of  Calculation, 
In  the  triangle  ABC  are  given  the  two  fides  AB,  AC, 
and  the  angle  ABC,  whence  the  angle  A  is  known  ; 
then  in  the  triangle  ADC  will  be  given  all  the  angles, 
and  the  bafe  AC  ;  whence  the  fides  AD  and  DC  will 
alfo  be  known. 

PROBLEM    II. 

7he  angle  at  the  vertex^  the  bafe^  and  the  digerence  of  the 
Jidei  being  given^  to  determine  the  triangle, 

CONSTRUCTION. 
Draw  AC  at   pleafure,  in  which  take  AD  equal  to 

the  difference  of  the  fides, 
and  make  the  angle  CDB 
equal  to  the  complement 
of  half  the  given  angle  to 
a  right  angle ;  then  from 
the  point  A  draw  AB  e- 
qual  to  the  given  bafe,  fo 
as  to  meet  DB  in  B,  and 
make  the  angle  DBC  z= 
CDB,  then  will  ABC  be 
the  triangle  required. 

DEMONSTRATION. 

Since  (by  conftruaion)  the  angles  CDB  and  DBC  are 
equal,  CB  is  equal  to  CD,  and  therefore  CA  —  CB  =: 
AD  :  moreover,  each  of  thofe  equal  angles  being  equal 
to  the  complement  of  half  the  given  angle,  their  fum, 
which  is  the  fupplement  of  the  angle  C,  muft  therefore 
be  equal  to  two  right  angles  —  the  (whole)  given  angle. 
and  confcquently  C  ==  the  given  angle.     Q^.  E.  D. 

Method  of  Calculation, 

In  the  triangle  ABD  are  given  the  fides  AB,  AD, 
A  and 


>    \ 
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and  the  angle  ADB,   whence  the  angle  A  will  be  given, 
and  confequently  BC  and  AC. 

PROBLEM    III. 

The  angle  at  the  vertex^  the  ratio  of  the  Including  fides^ 
and  either  the  bafe^  the  perpendicular^  or  difference  of  the 
Jegments  of  the  bafe  being  giveuy  to  defer ibe  the  triangle. 

CONSTRUCTION. 
Draw  CA  at  plcafure,  and  make  the  angle  i^CB 
equal  to  the  angle  given  ;  take  CB  to  CA  in  the  given 
ratio  of  the  fides,  and  join  A,  B  :  then,  if  the  bale  be 
given,  let  AM  be  taken  equal  thereto,  and  draw  MK 
parallel  to  CiV  meeting  CB  in  E,  and  make  lD  parallel 
to  AB  ;  but  if  the  perpendicular  be  given,  let  iali  CF 
perpendicular  to  AB,  in  which  take  CH  equal  to  the 
given  perpendicular,  and  draw   DHE  parallel   to  AB  j 


G  M  N 


laftly,  if  the  difference  of  the  iegments  of  the  bafe  be 
given,  take  FG  =  AF,  and  join,  C,  G,  and  take  GN 
equal  to  the  difference  of  the  fegments  given,  drav/ing 
NE  parallel  to  CG,andED  to  BA  (as  before;}  then  will 
CDE  be  the  triangle  which  was  to  be  conftrud^ed, 

DEMONSTRATION. 
Bccaufeof  the   parallel   lines  AB,   DE ;  ME,  AC; 
and  NE,  GC ;  thence  is  DE  =  AM,  and  EI  ~  NG  ' 
and  alfo  CD  :  C£  ;  :  C A  :  CB  (Euc.  4.  6.)  Q^.  E.  D. 

Method 


$^? 
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Method  of  Calculation. 
Let  AC  be  aflumed  at  pleafure*,   then  the  jt         -  / 
to  BC  being  given,  BC  will  become  known  ;  m..:  ..     . 
fore  in  the  triangle  ACB  will  bcr  given  two  fides  and  ihq 
included  angle,  whence  the  angle;  B  and  A,  or  E  and  D 
will  be  found  ;  then  in  the  triangle  EDC,  EHC,  or  EIC, 
according  as  the  bafe,  perpendicular,  or  the  difference  of 
the  fegments  of  the  bafe  is  given,  you  will  have  one  fide 
and  all  the  angles,  whence  the  other  fides  will  be  known. 

PROBLEM    IV. 

l^e  angle  at  the  vertex^  and  the  fegments  of  the  hafe^  made 
hy  a  perp.mdicular  falling  from  the  f aid  angle^  being  given^ 
to  defcribe  the  triangle, 

CONSTRUCTION, 

Let  the  given  ferments  of  the  bafe  be  AD  and  DB  ^ 
bire<£l  AB  by  the  perpendicular  EF,  and  make  :he  angle 

EBO  equal  to  the  difference 
between  the  given  angle  and 
a  right  one,  and  let  BO  meet 
EF  in  O  5  from  O,  as  a  cen-^ 
ter,  with  the  radius  OB,  de^ 
fcribe  the  circle  BGAQ_,  and 
draw  DC  perpendicular  to 
AB,  meeting  the  periphery  of 
the  circle  in  C  ;  join  A,  C  and 
C,  B,  then  will  ACB  be  the 
triangle  that  was  to  be  conllrudled. 

DEMONSTRATION. 
The  angle  ACB,  at  the  periphery,  (landing  upon  the 
jirch  AQR,  is  equal  to  FOB,  half  the  angle  at  the  cen- 
ter, (landing  upon  the  Uiwq  arch;  but  EBO  is  equal 
to  the  difference  of  the  given  angle  and  a  right  one  (by 
conflruaion)  therefore  ACB  (EOB)  is  equal  to  the  anglq . 
given.     Q,.  E.  D. 

Method  of  Calculation, 
Draw  CFG   parallel  to  AB  ;  then  it  will  be,  as  the 
bpfe  AB  :  to  the  difference  of  fegments  CG  ( :  :  EB  : 
Cf )  ;  :  the  fine  of  the  given  an^lc  at  the  vertex  (EOB) : 

to 
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to  the  fine  of  (COFziCBG)  the  difference  of  the  angles 
at  the  bafe  *,  whence  the  angles  themfelves  are  given. 

After  the  fame  manner  a  legment  of  a  circle  n^^ay  be 
defcribed  to  contain  a  given  aqgle,  when  that  angle  h 
greater  than  a  right  one,  if,  inftead  of  BO  being  drawn 
above  AB,  it  be  taken  on  the  contrary  fide, 

PROBLEM     V. 

Having  given  the  bafe^  the  perpendicular,  and  the  angle  ai 
the  vertex  of  any  plane  triangle,  to  confirud  the  triangle, 

CONSTRUCTION. 

Upon  AB  the  given  bafe  (fie  the  preceding  figure)  let 
the  legment  ACGB  of  a  circle  be  defcribed  to  contain 
the  given  angle,  as  in  the  laft  problem  ;  take  EF  equal 
to  the  given  perpendicular,  and  draw  FC  parallel  to  aB, 
cutting  the  periphery  of  the  circle  in  C  ;  join  A,  C  and 
B,  C,  and  the  thing  is  done  :  the  demonftration  whereof 
is  evident  from  the  laft  problem.  ^^ 

Method  of  Calculation^ 
In  the  triangle  EBO  are  given  all  the  angles  and  the 
fide  EB,  whence  EG  v.'ill  be  known,  and  confequentl/ 
OF  (=  DC  —  EG)  s  then  it  will  be  as  EB  :  OF :  : 
the  fine  of  EOB  (the  given  angle  at  the  vertex)  to  the 
ilne  of  OCF,  thecompbrnent  of  (COF  or  CBG)  the 
diiterence  of  the  angles  at  the  bafe  ;  whence  thde  an- 
gles themfelves  are  likev/ife  given. — This  calculation 
is  adapted  to  the  logarithmic  canon  ;  but  by  means  of  a 
table  of  natural  fines,  the  fame  refult  may  be  brought 
out  by  one  proportion  only :  for  BE  being  the  fine  of 
BOE,  and  OE  and  OF  co-fines  of  BOE  and  COF 
(anfwering  to  the  equal  radii  OB  and  QC)  it  will  there- 
fore be,  BE  :  EF  :  \  fine  B(  >£  ( ACB)  :  confine  BOE 
+  co'fme  COF  j  from  which*  by  fubtra^ting  the  co-fine 
of  BOE,  the  co-fine  of  COF  (  =  CBO)  is  fbund. 

PROBLEM    VI. 

l^he  angle  at  the  vertex,  the  fu?n  of  the  two  inclining 
fides,  and  the  difference  of  the  ferments  of  the  bafe  being 
given-i  to  defcribi  the  trion^U^ 

'^  CON- 
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CONSTRUCTION. 
Draw  the  right  line  AC  at  pleafure,  in  which  take 
AB  equal  to  the  difference  ,of  the  fegments  of  the  bafe^ 
and  make   the  angle  CBE  equal   to  half  the  Supplement 

of  the  given  angle ; 


and  from  A  to  BE 
apply  AE  equal  to 
the  given  fum  of  the 
fides  J  make  the  an- 
gle EBD  =:  BED 
and  let  BD  meet  A  E 
in  D,  and  from  the 
center  D,  with  the 
radius  DB^  defcribe 
the     circle    DBC\ 

cutting  AC  in  C,  and  join  D,  C  j  then  will  ACD  be 

the  triangle  required. 

DEMONSTRATION. 
The  angle  EBD  being  =:  BED,  therefore  is  DE  = 
DB  =  DC,  and  confequently  AD  +  DC  i=:  AE. 
Moreover  the  angle  CDE,  at  the  center,  is  double  to 
the  angle  CBE,  at  the  periphery,  both  ftanding  upon 
the  fame  arch  C£  ;  which  laft  (by  conJlruSfion)  is  equal 
to  half  the  fupplement  of  the  given  angle,  therefore  CDE 
is  equal  to  the  whole  fupplement,  and  confequently  ADC 
equal  to  the  given  angle  itfelf..     Q^.  E.  D. 

Method  of  Calculation, 

In  the  triangle  ABE,  are  given  the  two  fides  AB,  AE> 
and  the  angle  ABE,  whence  the  angle  A  will  be  given  J 
then  in  the  triangle  ABD  will  be  given  all  the  angles  and 
the  fide  AB^  whence  AD  and  DC  (DB)  will  be  alfo 
given. 

PROBLEM.     VIL 

The  angle  at  the  vertex-^  the  fum  of  the  including  fides  ^ 
and  the  ratio  of  the  fegments  of  the  bafe  being  given  j  to 
determine  the  triangle. 

CONSTRUCTION. 
Let  AG  be  to  GB,  in  the  given  ratio  of  the  fegments 
of  the  bafe,  and,  upon  the  right-line  AB,  let  a  fcgment 

of 
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of  a  circle  be  defcribed,  capable  of  containing  the  given 
angle;  draw  GC  per- 
pendicular to  AB, 
meeting  the  periphe- 
ry in  C  ;  join  A,  C 
and  C,  B,  and  in  AC, 
produced,  take  CH 
=  CB  ;  join  fi,  II, 
and  in  HA,  take  HD 
equal  to  the  given  fum 
of  the  fides,  draw  DE 
parallel  to  AB,  and 
£F  to  BC  ;  then  will  DEF  be  the  triangle  required. 

DEMONSTRATION. 

Let  Fn  be  perpendicular  to  DE.  Whereas  (hy  r^;/- 
Jiru5iion)  Q\l  is  equal  to  CB,  and  FE  parallel  to  CB^ 
therefore  is  FErzFH  ( Euc.  4.  6.)  and  confequently 
FE  +  FD  =  HD:  alfo,  becaufe  FE  is  parallel  to  CB, 
therefore  is  the  angle  DFE  — ACB  :  moreover,  the 
triangles  ABG,  DEF,  being  eguiangular,  it  will  be,  as 
AG:  GB:  :D«:«E.     ^E.D. 

Method  of  Cakidation. 
From  the  center  O,  conceive 'AO  and  OC  to  be 
drawn  ;  fuppofing  KOI  perpendicular,  and  CI  parallel 
to  AB  :  then  it  will  be,  as  AK  is  to  CI  (KG)  fo  is  the 
line  of  AOK  (  =  ACB,  fee  Froh,  4.)  to  the  fme  of 
COI,  the  difference  of  the  angles  ABC  and  BAC  ; 
which  are  both  given  from  hence,  becaufe  their  fum  is 
given  by  the  queftion :  therefore  in  the  triangle  DHE 
are  given  all  the  angles  and  the  fide  HD,  whence  the  bafc 
DE  will  beknov/n. 

PROBLEM    VIIL 

Having  the  angle  at  the  vertex^  the  difference  of  the  in^ 
chiding  fides 'i  and  the  difference  of  the  fegments  of  the  bafe-t 
to  defcribe  the  triangle. 

CONSTRUCTION. 

Take  AB  equal  to  the  difference  of  the  f;?gments  of 
the  bafe,   and  make  the  angle   AB«   equal   to  half  the 

Y  given 
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^iven  angle;  from  A  to  B«  apply  AE  =  the  differ- 
ence of  the  iides ; 
produce  AE,  and 
makp  the  angle  EBO 
-BEO,  andletBO 
meet  AE,  produced 
in  O,  and  from  the 
center  O,  at  the  dif- 
tance  of  OB,  de- 
fcribe  the  circumfe- 
^^^^__^^^^  renceof  a  circle,  cut- 

^  ■"  ting  AB  produced  in 

Cjoin  O,  C  ;  then  is  AOC  the  triangle  fought. 
DEMONSTRATION. 
Becaufe  the  angle  EBO  is=:BEO  (by  conJiruSflon)  ; 
therefore  is  EO  =z  BO  zz  CO,  and  confequently  AO 
— OC  =  AE.  Furthermore  becaufe  the  angle  AOC 
is  double  to  ADC,  and  ADC  =z  ABE  (Euc»  CoroL  22. 
3.)  therefore  is  AOC  alfo  double  to  ABE.     ^.  E.  D. 

Method  of  Calculation. 
The  two  fides  A B,  A E,  and  the   angle  ABE  being 
given,  the  angle  A  will  from  thence  be  found ;  then  in 
the  triangle   ABO  will  be  given  all  the  angles  and  the 
fide  AB,  whence  OB  (OC)  and  OA  will  be  known. 

PROB.LEM    IX. 

The  angle  at  the  vertex^  the  difference  of  the  including 
fides^  and  the  ratio  of  the  fegments  of  the  hafe^  being  given^ 
to  determine  the  triangle, 

CONSTRUCTION. 

Let  AG  be  to  GB,  in 
the  given  ratio  of  the  feg- 
ments of  the  bafe,  and  up. 
on  the  right-line  AB  let  a 
fcgment  of  a  circle  ACB 
be  defcribed  (by  Prob.  4.) 
capable  of  the  given  an- 
A  ^'      B      gle;    draw  GC    perpendi- 

cular to  AB,  meeting  the  periphery  m  C,  and  join  A,  C 

and 
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and  B,  C;  in  AC  take  AP=:BC,  and  draw  BP;  alfo, 
in  AC,  take  CQ^equal  to  the  given  difference  of  the 
fidesj  drawing  Q_E  parallel  to  PB,  and  ED  to  BA  ;  then 
will  CDE  be  the  triangle  which  was  to  be  defcribed. 

DEMONSTRATION. 

The  angle  DCE  is  equal  to  the  given  angle  by  con« 
ftruclion ;  alfo  EQ^being  parallel  to  BP,  D£  to  AB, 
and  APizBCi  therefore  muft  DQ  =  EC  (Euc.  4.6.) 
and  confequently  DC  -^  EC  =1  CQ.  Moreover,  if 
CG  be  fuppofed  to  cut  DE  in  «,  then  D« :  En  :  :  AG 
:  GB.     ^  £.  D. 

Afethod  of  Calculation, 

Let  Qm  be  equal  to  CE,  and  let  Em  be  drawn.  It 
will  be,  as  AB  is  to  AG— BG,  fo  is  the  fine  of  AC3 
to  the  fine  of  the  difference  of  CBA  and  CAB  (by  Prob. 
4.)  ;  then  in  the  triangle  DE;«  will  be  given  all  the  an- 
gles and  the  fide  D/w,  whence  DE  will  be  given. 

PROBLEM    X. 

The  angle  at  the  vertex^  the  perpendicular^  and  the  dif* 
ference  of  the  fegments  of  the  hafe^  being  given^  to  eonftruSl 
the  triangle, 

CONSTRUCTION. 
Draw  RS  at  pleafure,  in  which  take  DE  equal  to  half 
the  difference  of  the   fegments  of  the   bafe,   and  make 
EC    perpendicular   to  RS  and   equal  to  the  given  per- 


pendicular,  and  the  angle  DEw  equal  to  the  difference 
between  the  given  angle  and  a  right  one  ;  join  D,  C, 
and  draw  E>nO  parallel  to  CE,  and    in    DC  take  the 

Y  2  point 
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point />,  (o  that  ?ip  (when  drawn)  may  be  equal  to  «E  j 
draw  CO  parallel  to  «p,  meeting  D«0  in  O  ;  and  upon 
O  as  a  center,  with  the  radius  OC,  defcribe  the  circle 
BCA,  cutting  RS  in  B  and  A ;  join  A,  C  and  B,  C, 
and  the  thing  is  done. 

DEMONSTRATION. 
Join  O,  B  and  O,  A :  fmce  OC  is  parallel  to  />«, 
therefore  is  OC  :  DO  :  :  pn  :  «D,  or  OB  :  DO  :  : 
?/E  :  ;zD  ;  and  confequently  the  triangle  OBD  fimilar 
to  the  triangle  «tD  Chy  Euc.  7.  6.)  Therefore,  feeing 
the  angle  DEw  is  (hy  conJlru£iion)  equal  to  the  excels  of 
the  given  angle  above  a  right  one,  ACB  muft  be  equal 
to  the  angle  given  (hy  Prob.  4.)  Moreover,  fmce  AD 
is=DB,  AE — BE  will  be  equal  to  2DE,  which  is 
the  given  difference  of  the  fegments  (by  conJiruSlion), 
^  E.  D. 

Method  of  Calculation. 
In  the  triangle  CDE,  right-angled  at   E,   are  given 
both  the  legs  |3e  and  EC,   whence  the  angle  EDC  will 
be  known,  and  confequently  ODC  ;  then,  as  the  radius 
is  to  the  fine  of  DBO  ( :  :  OB :  DO  :  :  OC  :  DO )  fo  is  the 
fine  of  ODC  to  the  fine  of  OCD  ;  whence  DOC,  the 
difference  of  the  angles  ABC,  BAC,  (fee  Prob.  4.)  is 
alfo  given,  and  from  thence  the  angles  themfelves. 
P  R  O  B  L  E  M    XL 
The  angk  at  the  vertex^  the  perpendicular^  and  the  ratiS 
of  the  fegmenti  of  the  bafe^  being  given^   to  CQnJlru6l  the 
triangle. 

CONSTRUCTION. 

Take  AF  to  FB  in  the 
given  ratio  of  the  feg- 
ments of  the  bafe,  and 
upon  the  right-line  AH 
defcribe  a  fegment  of  a 
circle  ACB  capable  of 
the  given  angle ;  make 
FC  perpendicular  to  AB 
meeting  the  circumference 
of  the  circle  in  C,  in  which 
take 
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take  CG  equal  to  the  given  perpendicular  ;  draw  DGE 
parallel  to  AB,  meeting  AC  and  CB  in  D  and  E  j  and 
then  DCE  will  be  the  triangle  required. 

DEMONSTRATION. 
Becaufe  of  the  parallel  lines  DE  and  AB,  it  will  be 
as  AF  :  DG  (:  :  CF  :  CGj  :  :  FB  :  GE,  or  AF  : 
FB  :  :  DG  :  GE  ;  whence  it  appears,  that  DG  and 
GE  arc  in  the  ratio  given. '  Alfo  the  angle  DCE  and  the 
perpendicular  CG  are  refpe6lively  equal  to  the  given 
angle  and  perpendicular,  by  conftru6tion.     ^  E.  D, 

Method  of  Cakvlaiion. 
As  AB  is  to  AF— BF  (fee  Prob,  4..)  fo  is  the  fine  of 
ACB  to  the  fine  of  the  difference  of  A  and  B  ;  whence 
both  A  and  B  will  be  given,  becaufe  their  fum,  or  the 
angle  at  the  vertex,  is  given:  then  in  the  triangles  DGC, 
EGC,  will  be  given  ail  the  angles  and  the  perpendicular 
CG,  whence  the  fides  will  alfo  be  known. 

PROBLEM    XII. 

The  bafe^  the  fum  of  the  fides  ^  and  the  difference  of  the 
singles  at  the  bafe^  being  given^  to  defcribe  the  triangle, 

CONSTRUCTION. 

At  the  extremity  of  the  bafe  AB,  ere6t  the  perpen- 
dicular BE,  and  ^ 
make  the  angle 
EBC  equal  to 
half  the  given  dif- 
ference of  the  an- 
gles at  the  bafe  j 
from  the  point  A, 
to  BC,  apply  AC 
equal  to  the  fum 
of  the  fides;  and 
make   the     angle 

CBD   =  BCA;   A  H"^  '^^ 

then  will  ABD  be  the  triangle  required. 

DEMONSTRATION. 
From  the  center  D,  with  the  radius  CD,  defcribe  the 
Y3;  femi- 
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femi-circle  CHF,  and  join  F,  B.  Then,  whereas  by 
conftrudion  the  angle  CBD  is  =  BCD,  therefore  is 
DB  ~  DC;  whence  it  appears  that  AD  +  DB  is  = 
AC,  and  that  the  femi-circle  muft  pafs  through  the  point 
B :  therefore  the  angle  CBF,  ftanding  in  a  femi-circle, 
being  a  right  angle,  and  therefore  :=;  ABE,  let  FBE, 
■which  is  common,  be  taken  away,  and  there  will  rtmain 
ABF  =  EBC;  but  DF  being  equal  to  DB,  it  js  mani- 
feft  that  ABF  (EBC)  is  equal  to  half  the  difference  of 
the  angles  ABD  and  DAB.  ^  E.  D. 
Method  of  Calculation, 
As  the  fumof  the  lides  (AC)  istothebafe  (AB)  fo 
is  the  fme  of  ABC,  or  of  the  complement  of  half  the 
given  difference,  to  the  fme  of  (C)  half  tlie  angle  at  the 
vertex  ;  whence  the  other  angles  BAD  and  ABD  are 
aifo  given. 

PROBLEM  XIII. 
The  hafe^  the  difference  of  thefides^  and  the  difference  of 
the  angles  at  the  bafcy  being  given,  to  determine  the  triangle, 
CONSTRUCTION. 
At  the  extremity  B  of  the  given   bafe  AB,  make  the 

angle  ABD  equal 
to  half  the  given 
difference  of  the 
angles  at  the  bafe  ; 
and  from  A  to  BD 
apply  AD  =  the 
difference  of  the 
fides;  draw  ADC, 
B  ^  and  make  the    an- 

gle DBC  =  BDC,   and   ABC  will  be  the  triangle  re- 
quired. 

DEMONSTRATION. 
Becaufe  the  angle  DBC  is  =  BDC,.CD  will  be  =: 
C;^,  and  AC  will  exceed  BC  by  AD.  Moreover,  fmce 
A-f  ABD  zr  (CDB)  CBD  (Euc.  32.  i.)  therefore  is 
A -1-2 ABD  (  =  CBD  +  ABD)  =  ABC,  and  confe- 
quently  ABC  —  A  =  2ABD,  equal  to  the  difference 
given.  ^E*D, 
I 


Method 
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Method  of  Calculation,, 

In  the  triangle  ABD  are  given  the  two  fides,  AB  and 
AD,  and  the  angle  ABD,  whence  the  angles  A  and 
ADB  will  be  given,  and  from  thence  the  angles  CBA 
and  ACB. 

,    PROBLEM     XIV. 

The  difference  of  the  angles  at  th>?  bafe^  the  ratio  ofthefides^ 
end  cither  the  baje ,  the  perpendicular^  or  the  difference  of  the 
feg/ncnts  of  the  hafe^  being  given^  to  defcribe  the  triangle. 

CONSTRUCTION. 

Draw  AC  at  pleafure,  and  make  the  angle  A  CD  equal 
to  the  given  difFerence  of  th6  angles  at  the  bafe,  and  take 
CD  to  CA  in  the  given  ratio  of  the  fides;  draw  ADE, 
upon  which  let  fall  the 
perpendicular  CQj,  take 
QE  equal  to  QD,  and 
join  f.,  C  ;  then,  if  the 
bafe  be  given,  let  AB  be 
taken  equal  thtreto,  and 
draw  BF  parallel  to  CA 
(meeting  ClL  in  F)  and 
FG  parallel  to  EA  ;  but 
if   the   perpendicular   be 

given,  let  Ct*    be   taken       A  K  D  B  d      Ei 

equal  thereto,  and  through  P  draw  FPG  parallel  to^E  > 
laftly,  if  the  difference  of  the  fegments  oi  the  bafe  be 
given,  then  let  AR  be  taken  equal  to  that  difference, 
draw  RH  parallel  to  CA,  and  FHG  to  EA  ;  then  will 
CFG  be  the  triangle  required. 

DEMONSTRATION. 
Siiice  QE  =  QD,  and  the  angle  EQC  =  DQC, 
thercrfore  is  CE  =  CD,  and  the  angle  E  —  QDC  = 
A  +  ACD  (Euc.  32.  I.)  and  therefore  E— A=:ACD; 
whence,  by  reafon  of  the  parallel  lines  AE,  GF,  i5^c,  vve 
have  GFC— FGC  =  ACD,  alfo  FG  =  AB,  GH  = 
AR,  and  CF  :  CG  :  :  CE  (CD) :  CA.     3,  E,  D. 

Y  4  Method 
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♦  Method  of  Calculation, 

Let  C  A  and  CD  be  exprefled  by  the  numbers  exhibit- 
ing the  given  ratio  of  the  fides:  then  in  the  triangle  ACD 
will  be  given  two  fides  and  the  included  an^le  ACD  ; 
whence  the  angle  CAE  (CGF)  and  CEA  (CFG)  W\\\ 
he  given,  and  from  thence  the  fides  CO  and  CF. 

PROBLEM    XV, 

TJje  hafe^  the  perpendicular^  and  the  difference  of  the  angles 

fit  the  hafcy  being  given,  to  conftruSi  the  triangle, 

C  O  N  S  T  R  U  C  1^  I  O  N. 

BIfe6t   the  given  bafe  AB  by  the  perpendicular  DF, 

in  which   take    DE   equal   to  the   given  height   of  the 

triangle ;  draw    CEGH  parallel  to   AB,  and'  make  the 

angle  EDH  equal 
to  the  given  dif^ 
ference  of  the  an- 
gles at  the  bafe  ; 
draw  EAQ^,  and 
take  Q,  therein, 
fo  that  OP  = 
DHj  and  paral- 
lel to  Qp,  draw 
AO,  meeting  DE 
in  O;  upon  O,  as 
a  center,  with  the 
radius  OA,  defcribe  the  circle  AGFCB,  and  from  the 
point  G,  where  it  cuts  the  right-line  CH,  draw  GA  and 
G^y  then  will  AGB  be  the  triangle  required. 
D  E  M  O  K  S  T  R  A  T  I  O  N. 
Let  OG  and  BC  be  drawn.  By  reafon  of  the  paral- 
lel lines  Q13  and  AO,  it  will  be  QD  (DH):  AO  (OG) 
:;  ED  :  EO;  therefore  the  two  triangles  EHD^  EGO, 
having  one  angle  E,  common,  and  the  fides  about  the 
other  angles  D  and  O  proportional  are  equiangular 
(Euc.  7.  6.)  and  confequently  EOG  =  EDH.  More- 
over, becaufe  DOEF  is  perpendicular  both  to  AB  aiid 
GC,  and  AD  equal  to  BD,  it  is  evident  that  the  circle 
paffes  through  the  point  B,  and  that  the  arches  FC,  FG,^ 

as 


Geometrical  Problems. 


329 


»s  well  as  the  angles  ABC,  BAG,  are  equal;  and  con- 
fequently  that  the  angle  GBC  is  the  difference  of  the 
angles  BAG,  ABG  :  but  this  difference  GBC  is  equal 
to  EOG,  or  EDH  (Euc.  20.  3.)  that  is  equal  to  the 
difference  given.     ^.  E.  D. 

Method  of  Calculation, 

Firft,  in  the  right-angled  triangle  AED  are  given 
both  the  legs  AD  and  DE,  whence  the  angle  DEA  will 
be  given  ;  then  it  will  be,  as  the  radius  is  to  the  fine  of 
the  angle  H,  the  complement  of  the  given  difference 
(: :  DH  :  DE  :  :  DQ^:  DE)  fo  is  the  fine  of  DEA  to  the 
fme  of  Qj  whence  AOE  (QDE)  will  alfo  be  given; 
from  which  take  GOE,  and  there  will  remain  AOG, 
equal  to  twice  ABG,  the  leffer  angle  at  the  bafe,  / 

PROBLEM     XVI. 

Thefum  ofthefides^  the  difference  of  the  fegments  of  the 
bafe^  and  the  difference  of  the  angles  at  the  bafe^  being givm^ 
to  defcribe  the  triangle. 

CONSTRUCTION. 

Make  AD  equal  to  the  fum  of  the  fides,  and  the 
angle  AD E  equal  to, half  the  difference  of  the  angles 
at  the  bafe  ;  from  A  to 
DE  apply  AE  pqual  to 
the  given  difference  of 
the  fegments  of  the  bafe  ; 
make  the  angle  CED 
zz  EDC,  and  from  the 
point  C,  where  EC  cuts 
AD,  with  the  radius  EC, 
defcribe  the  femi-circle 
FEB,  cutting  AE,  produced  in  B;  join  B,C,  and  the 
thing  is  done. 

DEMONSTRATION. 

Upon  AB  let  fall  the  perpendicular  CQ. 

Becaufe  EQ^is  r=  BQjEuc,  3.  3.)  therefore  will  AQ^ 
—  BQ^=:  AL  :    alfo,  becaufe  the  angles  CED,  EDC, 
are  equal   (by  conflru6lton )  CD   will  be  z=  CE  =:  CB, 
and  confequently  AC  +  CB  =  AD.     Moreover,  ABC 

— BAC 
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(Euc,  32. 


I.)   = 


^BAC  =  BECr-BAC  =  ACE 
2ADE  (Euc.  20.  30     ^.  E.  D. 

Method  of  Calculation, 
In  the  triangle  AD£  are  given  the  fides  AD,  A£,  and 
the  angle  D,  whence  the  angle  A  will    be   given  ;  then 
in  the  triangle  ACE  arfe  given  all  the  angles  and  the  fide 
AE,  whence  AC  and  CB  (CE)  v.Ill  be  given  likewife. 

PROBLEM    XVII. 

The  difference  of  the  angles  at  the  bafe^  the  ratio  of  the 
fegments  of  the  bafe^  and  either  the  fum  of  the  fides^  the 
difference  of  the  fide  s^  or  the  perpendicular^  being  given^t9 
conjlruct  the  triangle, 

CONSTRUCTION. 

Let  AC  be  to  BC  in  the  given  ratio  of  the  fegments 
of  the  bafe;  and  upon  AB  let  a  fegmcnt  of  a  circle 
BPA  be  defcrrbed   (by  Prohiem  /^.)    to  contain  an  angle 

equal  to  the  difference 
of  the  angles  at  the 
bafe  ;  raife  CP  per- 
pendicular to  AC,  cut- 
ting the  periphery  of 
the  ciicle  in  P,  and  in 
AC  produced,  take  CD 
zz  CB,  and  draw  PA, 
PB  and  PD  :  then,  if 
the  perpendicular  be 
given,  take  PK  equal 
thereto,  and,  through  F,  draw  EFG  parallel  to  AD; 
t)ut  ff  the -fum  or  difference  of  the  fides  be  given,  let  a 
fouth  proportional  PE,  to  AP  ±  PU,  AP,  and  the  faid 
fum  or  difference  be  taken,  and  draw  EFG  as  above ; 
then  will  PEG  be  the  triangle  required, 

DEMONSTRATION. 

Since  CP  is  perpendicular  to  AD,  and  CD  =  CB,  the 
angle  D  will  be  equal  to  DBP  -  A -f  BPA  :  whence, 
becaufeEG,  is  parallel  to  AD,  PGE  will  be  =  PEG 
-4.  BPA  (Euc.  29.  I.)  and  confequemly  PGE— PEG 

=ABP, 
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2=  ABP,   which,  by  conftrudion,  is  equal  to  the  given 
difFerence  of  the  angles  at  the  bafe* 

Again,  by  reafon  of  the  paraliel  lines  AD  and  EG, 
it  will  be,  EF  :  FG  : :  AC  :  (BC)  CD.  Likewife,  for 
the  fame  reafon,  AP  ±  PD  :  PA :  :  PE  ±  PG  :  PE  :  : 
given  fum'or  diff.  of  fides:  PE  (hy  conJiru£lion)  and 
confequently  PE  ifc  PG  =  the  faid  given  fum  or  dif- 
ference.    ^.  E,  D. 

Method  of  Calculation, 

Firfl",  it  will  be  as  AB  is  to  AD,  fo  is  the  fine  of  APB 
to  the  fine  of  APD  {by  Proh,\.)\  then  in  the  triangle 
PGE  will  be  given  all  the  angles,  and  either  the  perpen- 
dicular, or  the  fu'TJ  or  difference  of  the  fides,  whence  the 
fides  themfelves  are  readily  determined. 

*  Note,  The  perpendicular  cutting  the  circle  in  two 
points,  indicates  that  this  problem  is  capable  of  two  dif-^ 
ferent  folutions. 

PROBLEM    XVIII. 

The  difference  of  the  ftdes^  the  difference  of  the  fegmenti. 
of  the  bafe^  and  the  difference  of  the  angles  at  the  bafe^  being 
given^  to  defcrihe  the  triangle. 

CONSTRUCTION. 

Draw  the  indefinite  line  AQ,  in  which  take  AD 
equal  to  the  given  difference  of  the  fides,  and  make  the 
angle  QDH  e- 
qual  to  the  com- 
plement of  half 
the  difference  of 
the  angles  at  the 
bafe  \  from  A  to 
DH  apply  AC 
rzthe  given  dif- 
ference of  the 
fegments  ;  and 
having  produced 
the  fame  to  L,  make  the  angle  DCE  equal  to  CDE,  and 
let  CE  meet  AQ^  in  E,  and  upon  the  center  E,  with 
the  radius  EC»  defcribe  an  arch,  cutting  AL  in  B  ;  join 
Ej  B,  fo  fhall  AEB  be  the  triangle  required. 

DEMON. 
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DEMONSTRATION. 

Upon  AB  let  fall  the  perpendicular  EP. 
Becaufe   the  angle  DCE  =z  CDE,  therefore  is    ED 
=  EC,  and  confequently  AE— EB  (  =  AE  —  EC  = 
AE— ED)   =  AD.     Alfo,   fmce  EB  =  EC,  therefore 
willPB  =:PC,  and    confequently  AP— BP( AP— PC) 
ET  AC.       Moreovrer,   the  angle    EBC    being  =  ECB 
f£uc,  5.  I.)  and  ECB— AiizCEA  {Euc.  32.   i.)  it  h 
plain  that  EBC  —  A  =1:  CEA  equal  to  the  given  differ- 
ence,  becaufe  the    triangle  EDC  is  ifofceles,  and    the 
angle  at  the  bafe  equal  to  the  complement  of  half  the 
faid  difference,  by  conftrudion.     ^  E.  D, 
Method  of  Calculation, 
Tn  the  triangle  ADC  are  given  two  fides  and  the  angle 
ADC,  whence  the  angle  A  will  be  knovvn;  then  in  the 
triangle  ACE  will  be  given  all   the  angles  and  the  fide 
AC,  whence  AE  and  CE  ( BE)  will  alfo  become  known. 
PROBLEM     XIX. 
The  perpendicular,  the  difference  of  the  angles  at  the  bafe, 
und  the  difference  of  the  fegments  of  the  bafe^  being  given,  to 
conftru£i  the  triangle. 

CONSTRUCTION. 
Upon  AQ.,  equal  to  the  given  (difference  of  the  feg- 
ynents  of  the  bafe,  let  a  fegment  of  a  circle  QCA  be 
defciibed,  capable  of  the  difference  of  the  angles  at  the 

bafe;  bifecSl  AQ^with 
the  perpendicularTL, 
in  which  let  TE  be 
taken  equal  to  ihc 
given  perpendicular; 
draw  EC  parallel  to 
AQ^,  cutting  the  pe- 
riphery of  the  circle 
in  C ;  alfo  draw  CP 
lo  perpendicular  to  AQj 
and  in  AQ, produced 
take  PB  =  PQ^;  join  C,  A  and  C,B  ;  then  will  ACB 
te  the  triangle  required. 

DEMON. 
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DEMONSTRATION. 

Since  [by  conjiruclion)  CP  is  perpendicular  to  QB^ 
^ndPB  equal  to  PQ_,  thence  will  the  ana;]e  B  =  PQC, 
and  B  (PQC)— BAG  =  ACQ^=  difference  of  angles 
given  :  alfo,  for  the  fame  reafoii,  will  CP  =  TE,  and 
AP-~BP  -  AP—  PQjz:  AQ,  ^.  E.  D. 
Method  of  Calculation. 

From  the  center  O,  conceive  OA,  and  OC  to  be 
drawn  :  then  in  the  triangle  AOT  will  be  given  all  the 
angles  and  the  fide  A'F,  whence  OT  and  OE  will  be 
given,  then  it  will  be  as  AT:  OE  :  :  fine  of  AOT 
( ACQ^) :  fme  of  OCE  ;  whence  all  the  angles  in  the^ 
figure  are  given. 

PROBLEM     XX. 

The  fegmenis  of  the  h.ije^  and  the  Jum  of  the  fides  of  any 
plane  triangle,  being  giveu,  to  determine  the  triangle. 

CONSTRUCTION. 
Frorri'  the  greater  fegment  AQ^,  take  QF  equal  to  the 
lefTer   fegment  BQj    make  QL   perpendicular   to   AB, 
and  draw  AI,  mak- 
ing any  angle  with 
AB  at  pleafure,  in 
which  take  AE  e- 
qual  to  the  given 
fum    of   the  fides, 
and    join    B,    E ; 
make     the      angle 
AFGrzAEB,  and 
bifea    EG    in  H, 
and    from    B    as   a 
center,  with  the  ra- 
dius EH,  defcribe  wzCw,   cutting  the  perpendicular  QL 
in  C  J  join  C,  A  and  C,B,  and  the  thing  is  done. 

DEMONSTRATION. 

From  the  center  C,  with  the  radius  CB,  let  the  circle 
BDLKF  be  defcribed;  and  let  AC  be  produced  to  meet 
its  periphery  in  D.  By  reafon  of  the  fimilar  triangles 
AEB,  AFG,  it  will  be  as  AE  :  AB::AF:  AGj 
whence  AG.  x  AEzzAF  x  AB  j  but  (by  Euc,  37.  ?.) 

AF 
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AF  X  AB  =  AK  X  AD  ;  therefore  is  AG  x  AE  =  AK 
X  AD  :  whence,  as  EG  and  DK  are  equal,  by  con- 
ilru^iion,  it  is  evident  that  AG  and  AK,  as  well  as  AE 
and  AD^  muft  be  equal.     ^.  E,  D. 

Method  of  Calculation. 
As  AE  :  AB  :  :  AF  :  AG  ;  which  taken  from  AE| 
and  the   remainder  divided  by  2,   gives  BC  (EH)  the 
Jefler  fide  of  the  triangle. 

PROBLEM    XXr. 

The  fegments  of  the  hafe^  and  the   difference  of  the  fide  i^     j 
heing  given^  to  defcribe  the  triangle. 

CONSTRUCTION. 

Take  AF  equal  to  the  difference  of  the  given  feg- 
ments  AQ,,  BQ_^,  (fee  the  preceding  figure)  and  draw  A I 
making  any  angle  with  AB  at  pleafure,  in  which  take 
AG  equal  to  the  given  difference  of  the  fides;  join  F,  G, 
-and  make  the  angle  ABErzAGF,  and  from  the  center 
B,  at  the  diftance  of  lEG,  defcribe  nQm,  cutting  the 
perpendicular  QL  in  C ;  join  C,  B  and  C,  A,  then  will 
ACB  be  the  triangle  that  was  to  be  conftrudled.  The 
demonftration  of  which  is  fo  very  little  different  from  the 
foregoing,  that  it  would  be  needlefs  to  give  it  here. 

L  E  M  M  A. 

If  a  given  right-line  hB  he  divided  in  any  given  ratio^ 
at  C,  and  the  right-line  CBO  be  taken  to  AC  in  the  ratio 
c/'BC  to  AC — BC  ;  andfro?n  O  as  a  center  at  thedifiancc 
of  OQ"i  a  circle  CPD  be  defcribedy  and  two  right -lines 
AP,  BP  be  drawn  from  A  and)^^  to  meet  any  where  in  the 
periphery  thereof  \  I  fay  thefe  lines  luill  be  to  one  another 
ftvery  where)  in  the  given  ratio  of  AQ  to  CB. 

For,  fmcc  CO  :  AC  : :  BC :  AC— BC,  therefore 
by  compofition,  CO  :  AO  :  :  BC  :  AC  ;  and  by  per- 
mutation, CO  :  BC  :  :  AO  :  AC;  whence,  by  di- 
Tifion,  CO  :  BO  :  :  AO  :  CO,  or  PO  :  BO  : :  AO: 
PO :  wherefore,  feeing  the  f^des  of  the  triangles  POB, 
AOP,   about  the  common  angle  O,    arc  proportional, 

thofc 
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thofe  triangles  muft  be  fimilar  (Euc.  6.  6.)    and  there* 
fore    the    other    fides    alfo  proportional,    that    is,  PO 


(CO)   :  AO:  :  BP  :   AP:  vfhcnCQ  (hy  the  fecondfep) 
BC  :  AC  :  :  BP  :  AP.     ^  E.  D, 

PROBLEM     XXII. 

Tbefegments  of  the  bafe,  and  the  ratio  of  the  fides  ^  heing 
given^  to  determine  the  triangle, 

CONSTRUCTION. 

Let  AQj  and  QB  be  the  fegments  of  the  bafe  5  and 
let  the  whole  bafe  AB  be  divided  at  C,  in  the  given 
ratio  of  the  fides  ; 
take  CO  to  AC, 
as  BC  to  AC—  P^ 

BC,  and  with  the 
radius  CO  de- 
fcribe  the  circle 
CPD    and     raife  A  C  Q    E        O  D 

QP  perpendicular  to  AO,  meeting  the  periphery  in  P ; 
join  A,  P  and  B,  P  ;  then  will  ABP  be  the  triangle  re- 
quired. The  demonftration  of  which  is  manifeft  from 
the  preceding  lemma. 

Method  of  Calculation. 
Since  the  ratio  of  AC  to  CB,  and  the  length  of  the 
whole  line  AB  are   given,  thence   will  AC    and    CB 

be  given,  and  confequently  OC  ( —- s7^)>    ^^<^"* 

V  AC  -—  BC/ 

*      whence 
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whence  the  perpendicular  PQ^(=r  sf  CQ,  X  DQ,)  is 
likewife  given. 

PROBLEM     XXIII. 
Having  the  bafe^  the  perpendicular^   and  the  ratio  of  the 
Jidesy  to  defcribe  the  triangle. 

CONSTRUCTION. 

Let  the  bafe  AB  be  divided  at  C,   in    the  given  ratio 
of  the  fides,   and   let  the  circle  CPD   be  defcribed  as  in 
y^    j^  the  jaft  problem  j 

P^^i^^^:^  in  OR,    perpen- 

dicular to  AD, 
take  On  equal  to 
the  given  perpen- 
dicular, and,  thro* 
ny  draw  P«P  pa- 
A  C        B        OQ        /      Drallel  to  AD,  cut- 

ting the  periphery  of  the  circle  in  P ;  join  P,  A  and 
P,  B,  and  the  thing  is  done.  The  truth  of  this  is  alfo 
evident  from  the  preceding  lemma. 

Method  of  Calculatidn. 
Upon  AD  let  fall  the   perpendicular   PQ,,  and  join 

0,P:  thenPOfzr^^    ^    ^^)  will  be  given;    there- 
V      AC  —  BC/  ^ 

fore,  in  the  triangle  OPQ^,  are  given  OP  and  PQ^,   from 

whence  not  only  OQ_,  but  AQ^and  BQ^are  alfo  given. 

Note.  The  parallel  P«P  cucting  the  circle  in  two 
points,  (hews  that  this  problem  admits  of  two  different 
Solutions. 

PROBLEM    XXIV. 

The  difference  of  the  fegments  of  the  hafe^  the  perpendi- 
cular^ and  the  ratio  of  the  fidesy  being  given^  to  conJlruB 
the  triangle, 

CONSTRUCTION. 

Let  AB  be  the  difference  of  the  fegments  of  the  bafe 
{^pe  the  la/}  figure)  and  let  every  thing  be  done  as  in 
the  preceding  Problem  .'"  take  Qh  n  Q^,  and  join  P,  b\ 
then  will  A^i  be  the  triangle  required.     The  reafons  of 

which 
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which  are  obvious  from  what  has  been  faid  already  ; 
and  the  numerical  folution  is  allb  evident  from  the  laft 
problem. 

PROBLE.M     XXV. 

The  ratio  of  the  fegntents  of  the  bafe^  the  perpendicular^ 
und  the  ratio  of  the  fides  being  given^  to  conJlruSi  the  tri-  - 
angle. 

CONSTRUCTION. 

Draw  any  right-line   ABC   at  pleafure,  in  which  take 
AE   to  EB  ill  the  given  ratio  of  the  fides,  and  AF  to 


P         A  "F.  F  B    T 

FB  in  the  given  ratio  of  the  fegments  of  the  bafe,  and 
make  FQ^  perpendicular  to  AB,  and  equal  to  the  given 
height  of  the  triangle ;  make  alfo  EC  :  AE  :  :  BE  :  AE — 
BE,  and  with  the  radius  CE  defcribe  the  circle  ERS,  and 
from  the  point  R  where  it  interfeds  the  perpendicular 
FQ^draw  RA  and  RB,  and  draw  QP  and  QT  parallel 
to  RA  and  RB ;  then  will  PQT  be  the  triangle  that 
was  to  be  defcribed. 

DEMONSTRATION. 
By   the  foregoing    lemma,  AR :  BR  :  :  AE  :   BE; 

therefore  by    reafon  of   the    parallel    lines,    it  will    be 
QP  :  QT  (:  :  RA  :  RB)    : :  AE  :  BE      And,    for  the 
fame  reafon,  PF  :  TF  :  :  AF  :  BF.     ^,  E.  D. 
Method  of  Calculation. 
Having  afTumed  AB  at  pleafure,  there  will   be  given 

BE,  AE,  BF  and  CE  ( =z  ^^^LM)  whence  RF 
V       AE—  BE/ 

(=^EF  X  CE  4-  CF)  is  alfo  given;  then,  in  the 
right-angled  triangle  BRF,  will  be  given  both  the  legs 

Z'  BF 


338 


The  Construction  of 


BF  and  RF,  whence  the  angle  B  is  given  ;  lailly,  in  the 
triangle  FQT  v-'iil  be  given  all  the  angles  and  the  fide 
FQ^,  whence  Q^F  and  TF  will  be  given,  and  conic- 
quently  FQ^and  FP. 

PROBLEM     XXVI. 
.  Tg  dfvt<Uagiv£H  angle  ABC  Into  two  parts  CBF,  ABF, 
fi  that  their  pies  may  obtain  a  given  ratio. 

C  O  N  S  T  R  U  C  T  I  O  NT. 

In  BA,  and  CB  produced,  take  BE  and  BD  in  the 
given  ratio  of  the  fine  of  CBF  to   the  fine  of  ABF  ; 
.  dravir   DE,  and   parallel 

thereto   draw    BF,  and 
t'ao.  thing  is  done.     For, 
hy    trigonometry^      BE  : 
BD  :  :  the   fine   of  D 
(  =  CBF^:  thefme  of 
BlD(  =  ABF).  Hence 
the  numerical  folution  is 
aifo  evident ;     fince    it 
will   be,  as  the  fum  of 
BE  and  BD  is   to  their  difFerence,  fo  is  the  tangent  of 
half  the  given  angle  ACB  to   the   tangent  of  halt"  the 
difFerence  of  the  two  required  parts  FBC  and  FBA. 

PROBLEM     XXVIl. 

To  divide  an  angle  given  into  two  parts ^  fo  that  their 
tangents  tnay  he  to  each  other  in  a  given  ratio. 

CONSTRU  CTION. 
Take  any  two  right  lines  AD,  BD,  which  are  in  the 
ratio  given,  and  upon  the  whole 
compounded  line  AB  let  a  fcg- 
n;en:  of  a  circle  BCA  be  de- 
fcribed,  capable  cf  the  angle 
given  i  make  DC  perpendicu- 
lar to  AB,  meeting  the  peri- 
phery in  C,  and  draw  AC  and 
BCj'then  will  A  CD  and  BCD 
be    the  two     angles   required. 

The 
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The  reafon  of  which  is  evident,  at  one  view,  from  the 
(coiiftrudion.  The  method  of  folution  is  alfo  very  eafy ; 
for  it  will  be,  as  AB  is  to  AD  — DB,  fo  is  the  fine  of 
ACB  to  the  fine  of  B— A  (fee  Problem  Jif.)  whence  B 
and  A,  and  alfo  BCD  and  ACD  are  given. 

PROBLEM    XXVm. 

To  divide   a  given  angle  i\BC   into  two  parts^  fo  that 
their  fee arits  may  obtain  a  given  ratio, 

CONS  T  RUCTION. 

.  Take  BE  to  BT  in  the  given  ratio  of  the  fecants ; 
Join  T5  E^   and   let  BF   be    drawn    perpendicular    t® 


ET,  and  the  thing  is  done.      The  tcuth   of  which   is 
manifeflr,  from  the  confi:ru6tion. 

Method  of  Calculation, 
The  angle  EBT  and  the  ratio  of  the  fides   BE,  and 
BT  being  given,  the  angles  E  and  T  will  alfo  be  given^ 
and  confequently  their  complements  EBF  and  FBT. 

PROBLEM   XXIX. 
From  a  given  point  O,   to  draw  a  right  line  OF,  to  cut 
^5  right-lines  AC,  AB,  given  by  pofitiony  fo    that  the 
"parts  thereof y  OE,  OF,  intercepted  between  that  point  and 
■ihofe  lineS'i  ^^>  ^^  ^^  ^^^  another  in  a  given  ratio, 

^  CONS^TRUCTION. 

From  O,  through  A^  tiie  point  of  concouifeof  BA 

and  G^kt  OAD  be  drawii,  in  which  take  AD  ta  AQ 

<>  /^  1  in 
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m  the  given  ratio  of  FE  to  EO,  and  draw  DF  parallel 


to  AC,  cutting  AB  in  F  ;  join  F,  O,  and  the  thing  is 
done}  as  is  manifeft  from  Euc,  2.  6. 

Method  of  Calculation. 
Since  the  point  O  and  the  lines  AC  and  AB  are  given 
by  pofition,  OA  and  all  the  angles  at  the  point  A  are 
given ;  therefore,  from  the  given  ratio  of  AD  and  AO, 
AD  will  be  given  likewife ;  then  in  the  triangle  DAF 
will  be  given  AD  and  all  the  angles  (becaufe  FDA  =: 
CAO)  y  whence  AF  is  alfo  given. 

PROBLEM   XXX. 
To  divide  a  given  arch  CD  into  two  fttch  partSy  that 
the  rectangle  under   their  fines  may  be  of  a  given  mag^ 
nitude. 

CONSTRUCTION. 
Upoi>  the   radius  OC  let  fall  the  perpendicular  DP", 

in  which  (pro- 
duced if  need  be) 
takeFGzzfOC; 
and  thereon  con- 
ilitute  a  re£langle 
:^1HG  equal  to 
the  given  re£l. 
Angle;  and  fup- 
pofuig  HI  to  cut 
the  circumference 
inE,  draw  OB  to  bifeaDEj  then  will  CB  and  DB 
be^the  parts  required..  DEMON- 
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DEMONSTRATION. 

Draw  CM,  and  DNE  perpendicular  to  the  radius 
OB,  and  N«  and  E^  perpendicular  to  DF, 

It  is  evident  by  conftru6tion,  that  the  triangles  OCM, 
and  DN«  are  fimilar  (becaufe  N«  is  parallel  to  CO, 
and  ND  to  CM)  ;  therefore  OC  :  CM :  :  DN  :  N« 
.(=:iE^),  and  confequencly  CMxDN  =  OC  X  |  Ef 
zz.  J  OC  xEe  zn  FG  X  Ee  —  the  given  redlangle  by 
conftrudion,     ^  E.  D. 

Adethod  of  Calculation, 
Dividing  the  mealure  of  the  given  re6langle  by  half 
the  radius,  FI  will  be  given,  which  added  to  OF,  the 
co-fine  of  CD,  gives  the  co-fine  (OI)ofCE,  the  dif- 
ference of  the  two  parts;  whence  the  parts  themfelves 
will  be  known. 

PROBLEM    XXXI. 

Having  the  ratio  tf  the  fines  ^  and  the  ratio  of  the  tan" 
gents  of  two  angles^  to  determine  the  angles, 

CONSTRUCTION. 

Let  AD  be  to  ED  in  the  given  ratio  of  the  fines,  and 
AD  to  FD  in  the  given  ratio  of  the  tangents  ;  and 
about  the  center  D,  with  the  interval  DE,  let  the  femi- 


^  A  E    P         B        N     K 

circle  ERK  be  defcribed  ;  and,  upon  AF,  defcribe  an- 
other femi- circle,  cutting  the  former  in  H,  and  through 
H  draw  AR,  and  join  H,  D  ;  then  will  DHR  and  D  AR 
be  the  two  angles  required. 

DEMONSTRATION. 
Join  F,  H,  and  draw  DQ^  perpendicular  to  AR. 
The  angle  AHF,   Handing  in  a  femi-circle,  being  a 
right  one,  the  lines  FHand  DQjire  parallel  (by  Euc,  2j.i.) 

Z  3  and 
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and  therefore  AD  :  FD  :  :  AQ^:  HQ^ :  :  tang,  of  DHQ: 
tang.  DAQ.  Likewife  DA  :  DE  (DH) :  :  fine  of  DHQ;;; 
fine  of  DAQ,  as  was  to  be  (hewn. 

Method  of  Calculation.  * 

If  AR  be  fuppofed  to  meet  the  periphery  in  R,  and 
RN  be  drawn  parallel  to  HF,  meeting  AK  in  N  j  then 
will  DN  =  DF,  and  AN  :  AR  :  :  AF  :  AH  ;  but 
(by  Euc.  37.  3.)  AR:  AK:  :  AE  :  AH;  whence,  by 
compounding  the  terms  of  thefe  two  proportions,  he 
AN  :  AK  :  :  AF  X  AE  :  AH^  whence  AH,  as  v/ell 
as  AD  and  DH,  being  known,  the  angles  A  and  K  will 
alfo  be  known. 

PROBLEM    XXXn\ 

To  draw  from  a  point  A  in  the  circumference  of  a  given 
circle^  two  fubienfes  AB  and  AD,  zvhich  Jhall  be  to  one 
another  in  the  given  ratio  of  ju  to  n^  and  cut  off  two  arches 
AB  and  ABD,  in  the  ratio  of  ito  ■^. 

CONSTRUCTION. 

Draw  the  diameter  AH, 


and  take  the  fubtcnfe   AQ_, 
in    proportion    thereto,    as 
n  —  m   io   itn-,  from   the 
center  O  draw   OB  paral- 
lel to  AQ^,    meeting   the 
periphery    in   B  ;  join    A, 
B,  and  make  the  lubtenfes 
BC  and    CD  each    equal 
to  AE,  and  draw  AD,  and 
the  thing  is  done. 
DEMONSTRATION. 
Join  H,  Q.,  and  draw  BE  and  CF  perpendicular  to 
AD. 

The  angle  AOB  (QAH)  at  the  center,  landing  up. 
on  the  ajch  AB,  is  equal  to  the  angle  BAD  at  the  cir- 
cumference, Itanding  upon  double  that  arch  ;  therefore, 
AQH  being  equal  to  AEB  or  a  right  angle  (Euc,  31.3.) 
the  triangles  AQ_H,  AEB,  muft  be  equiangular,  and 
confcquently    AB  :  AE  :  :  AH :  hQj  but,    by   con- 

ihuction. 
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flru(Slion,  AH  :  AQ^  :  :  2m  :  n — w,  whence  AB  :  AE 
\  '.  irn  \  n  —  7n:  or  AB  :  2AE  :  :  lm\  in — 2;^  j  there- 
fore {by  comiiofttion)  AB  :  AB  -}-  2AE  (:  :  2in  \  7.n)  : : 
m  :  n.  But'  AB  beingziBCziCD,  EF  is-BC^AB^ 
DF  -  AE,  and  AD  ■=.  lAE  4-  AB.  Hence  AB  :  AD 
::m  :n,     ^  £.  D. 

Method  of  Calculation, 
Let  AP  be  perpendicular  to  OB;    then,  h^c.?.M{Q  of 
the  fimilar  triangles  OAP,  AHQ^,   it   v-  11    be  as  AO  : 
OP,.(:  :  AH  :  AQJ  :  '.2m  :  n — m(hy  conJhidihn)y 


n — m   X  AO      ^^  .  ,^ 

therefore  OP  = —. -,  (BP  =  AO 


nm 


OP)  = 


yn — n  y.  kO 


y 


2W 


and  confequently  AB  (y'2AOxBP)  = 


yn 


m 


X  AO  \  whence  AD  is  ah'b  given. 


PROBLEM    XXXIIL 

The  area  and  hypothettufe  of  any  right-angled  plane  tri^' 
angle  being  given,  to  defcribe  tjje  triangle,     - 

CONSTRUCTION. 

Upon  the  given  hypothenufe  AB,  as  a  diameter,  let 
the  femi-circle  ACB  be  defcribed,  and  upon  OB,  equal 
to  half  AB  (hy  Euc.  41.  i.)  conftitute  the  redangle  OE 


equal  to  the  given  area  of  the  triangle,  and  let  the  lide 
thereof,  E  F,  cut  the  periphery  of  the  circle  in  C  5  join 
A  J  C,  and  B,  C,  and  the  thing  is  done. 

Z  4  DEMON- 
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DEMONSTRATION. 

The  triangle  ABC,  ftanding  upon  the  whole  diameter 
AB,  is  equal  to  Ihe  re6tangle  OE,  of  the  fame  altitude, 
ftandiiig  upon  half  AB  (by  Euc.  41.  i.)  which  lafl  {by 
conJiriiTlion)  is  equal  to  the  area  given. 

Method  of  Calculation, 
Join  O,   C,   and   let  CD    be   perpendicular  to  AB ; 
then   it  will  be,  as    AO'  (AO  x  OC)  :    AO   X  DC 
(  :  :  OC  :  DC)  :  :  radius  :   line  of  DOC  ;    which,    in 
words,  gives  this  theorem. 

As  the  jquare  of  half  the  hypothenvfe  of  any  right-angled 
plane  titangU  is  to  the  area,  fo  is  the  radius  to  the  Jine  of 
double  the  lejfer  of  the  two  acute  angles. 

N,  B,  Smce  no  fine  can  be  greater  than  the  radius,  it 
is  plain,  that,  if  the  fquare  of  half  the  hypothenufe  be 
not  given  greater  than  the  area  cf  the  triangle,  the  pro- 
blem will  become  impoflible  ;  in  which  cafe  the  fide  Ei\ 
iiiilead  of  cutting,  will  pafs  quite  above  the  circle, 

PROBLEM    XXXIV. 
To  defcrihe   a  right-angled  triayigle,  whofe    area  Jhall  be 
equal  to  a  given  fquare,  and  the  fum  of  its  tivo  legs  equal  to 
a  given  right-line  AB. 

CONSTRUCTION. 
Upon  AB  let  a  femi-circlc  be  defciibed  ;   make  ACD 

:r  half  a  right  arw 
gle,  and  CD  ~  twice 
(PQ_)  the  fide  of  the 
given  fquare ;  draw 
h^  parallel  to  AB, 
meeting  the  circum- 
ference in  E,  and  EF 
perpendicular  to  AH, 
interfet^lipff  AB  in  \\ 
in  which  produced 
take  FG  -  FB,  and  draw  AG  ;  fo  (hall  AFG  be  the 
triangle  required. 

DEMONSTRATION. 
It  is  evident  that  AF  -)-  FG  =  AB  j  and  alfo  that  the 

area 
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sreaAFG=:|  AF  X  FG  =1  AF  xFB  =f  FE^  (  = 
fDH")  =  ICD^  =  PQ:.    ^  E.  D. 

Method  of  Calcula  t'lon . 
If  the  radius  CE  be  drawn,   in  the  right-angled  tri- 
angle CEF,  there   will   be  given    CE    (=:iAB)  and 
EFl^   (  =  2PQ^)   whence   CF  (  =  /|AB^~^2PQ2) 
will  be  known,  and,  from  thence,  both.  AF  and  FG. 

L  E  M  M  A, 

T'he  area  of  any  right-angled  triangle^  ABC,  is  equal 
to  a  re£iangle  under  half  its  perimeter  and  the  excefs  of  that 
half  perimeter  above  the  hypothenufe^  or  longefl  fide, 

DEMONSTRATION. 
In  the  propofed  triangle  let  the  circle  EGF  be  in- 
fcribed,  and  from  the  center  D,  to  the  angular  points 
A,  B,  C,  and  the  points  of  contact,  E,  F,  G,  let  the 
right-lines  DA,  DB,  DC,  DE,  DF,  and  DG  be  drawn. 
It  is  plain  that  the  fum  of  the  three  triangles  ADB, 
BDC,  and  ADC,  is 
equal  to  the  whole 
triangle  ABC;  but 
the  triangle  ADB  is 
equal  to  the  rect- 
angle f  AB  X  Y^G', 
and  fo  of  the  .reft : 
therefore  the  fum  of 
the  redangles  f  AB 
X  DG  +  \  CB  X 
DF  +  fAC  X  . 
DE  is  equal  to  the  "^ 
whole  triangle  ABC;  but  the  fum  of  thefe  redangles 
(by  Euc.  1.2.)  is  equal  to  the  rectangle  under  half  the 
perimeter  AB  +  BC  +  AC  and  the  femi-diameter 
DG,  which  laft  reftangle  is,  therefore,  equal  to  the 
triangle  given.  But  the  angles  E  and  G  bein^  right 
ones  (Euc,  17.  3.)  and  the  fide  AD  common,  and  alfo 
DE  equal  to  Di},  thence  will  AE  =  AG  (Euc.  47.  i.) 
And  in  the  fame  manner  will  CE  =:  CF  ;  confequentiy 
AC   (AE    +    CEJ  will  be  =  AG  +  CF3    whence  it 

appears 


340  The  Construction  of 

appears  that  the  hypctheiiufe  is  lefs  than  the  fiim  of  the 
two  legs  by  BG  -f  BF,  or  twice  the  radius  or  the  in^ 
fcribcd  circle,  and  therefore  lefs  than  half  the  perimeter 
by  once  that  radius,  or  DG  :  whence  the  propofition  is 
manifelL 

PROBLEM    XXXV. 

The  perimeter  and  area  of  a  right-aK^led  triangle  being 
givcHytQ  defcrihe  the  triangle. 

CONSTRUCTION. 

Ivi.w.c  AB  c'[ual  to  the  given  perimeter,  which  bife<5l 
in  C,  and  upoii  rJ..  iet  a  re6langle  ACDE  be  con- 
fHtuted   equal   to    the   given  area ;    take    CF   =:  CD 


and,  from  F  through  D,  draw  the  indefinite  line  FFI,  to 
which,  from  B,  apply  Bl  —  AF  ;  then,  upon  AB  let  fall 
the  perpendicular  IK,  fo  Ihali  BIK  be  the  triangle  that 
was  to  be  conllrudted.  . 

D  E  M  O  N  S  T  R  A  T  I  O  N. 

Since  (by  corijiri'MiQn)  CD  is  =r  CF,  therefore  is  IIC 
-:  FK,  and  conf^quemly  IK  •\-  IB  +  BK  -  FK 
-f-  AF  -f  BK  —  AB.  Again,  the  excefs  of  the  half 
perimeter  AC  abo\e  the  hypothcnufe  Bl  (AF)  being  zz; 
CP^  zz.  CD,  it  is  evident  {from  the  -pr em' fed  lemma)  that 
the  area  of  the  triangle  will  be  zn  ACDE  =:  the  given 
area  by  conft ruction.     ^.  E.  D. 

Method  of  Calculation. 

Dividing  ^i^^  area  by  half  the  perimeter,  CD  (=:  QY"^ 
will  be  given  ;  then,  in  the  triangle  BFI,  will  be  given 
BF,  Bl,  and  the  ?ngle  F  (  =  45°) ;  whence  the  angle 
B  will  alfo  be  known,  and  from  thence  BK  and  Bf . 

PRO- 
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PROBLEM    XXXVI. 

To  make  a  right-angled  triangle  equal  to  a  given  fquare 
A  BCD,  ivhofe  Jides  Jhall  be  in  arithmetical  progrejjion. 

CONSTPvUCTION. 

_3AB 
In  AB  produced,  take  BF —'-^)     and     upon    AF 

fjefcribe    tlie    femi-circle    AEF,  cutting  BC   produced 


Y    Q 


join  E,  Qjand    the   thing   is 


fore 

6 


in  E  5  take  BQ^-— -» 

done, 

DEMONSTRATION. 

Since,  by  conftrudion,  QB  :  BE  :  :  4. :  3,  therefoi 
will  BQ^ :  EB^-  :  :  16  :  9,  ana  BQ^  +  BE'^  :  BE^  :  :  i 
+  9(^5)  ■  9,  thatis,  EQ2:  BE^  :  25  :  9  (Euc.^rj,  i.); 
whence  EQ^:  BP^  :  :  5  •  3  ( Euc.  22.  6.)  therefore  the 
fides  BE,  BQ^and  EQj  being  to  one  another  in  the 
ratio    of  the    numbers   3,    4,  and  5,  are    in  arithmetical 

progrcifion.     And,  becaufe  BQ_is  z=  -—  ,    thence   will 
EB  X  BQ,^2EB-^2BF  x  AB_  ^3.  ^^  ^ 

Method  of  Calculation, 

3AB 

Seeing BF  is  =  — -5    (BE  /AB   x  BE)  will  be  = 

ABi/|iwhenceBa(^)a^id  EQ.  (  — )  will   be 

likewife  given. 

PRO- 
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PROBLEM    XXXVIL 

In  a  given  circle  CIHK,  to  defer ibe  three  equal  circles 
£,  F  and  G,  which  Jhall  touch  one  another^  and  alfo  the 
periphery  of  the  given  circle, 

CONSTRUCTION. 

From  the  center  C  let  the  right  lines  CH,  CI  and 
CK  be  drawn,  dividing  the  periphery  into  three  equal 
parts,  in  the  points  H,  I  and  K;  join  I,  K,  and  in 
CK  produced  take  KL  rz  ilK j  draw   IL,  and  paral- 


lel thereto  draw  KF  meeting  CI  in  Fj  make  HE  and 
KG  each  =  IF,  and  upon  the  centers  F,  E  and  G, 
through  the  points,  I,  H  and  K,  let  the  circles  FrI, 
EwH,and  GnK.  be  defcribed,  and  the  thing  is  done. 

DEMONSTR  ATION. 

Draw  FE,  FG  and  EG. 

Becaufe  (by  confiru^ion)  HE,  IF,  and  KG  are  equal, 
CE,  CF,  and  CG  will  likewife  be  equal,  and  FG  pa- 
rallel to  IK  (by  Euc.  2.  6.)  and  therefore,  KF  being 
parallel  to  IL.  (by  conflru£iion)  the  triangles  IKL  and 
FGK  are  equiangular ;  whence,  IK  being  zz  2KL, 
FGis  =  2GK  (2p>)  (Euc.  4.  6.)  whence  it  is  mani- 
feft  that  the  circles  F  and  G  touch  each  other. 

More- 
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Aioreover,  the  angles  ECF,  ECG  and  FCG,  as 
"V^'ell  as  the  containing  fides  CE,  CP',  and  CG  being 
equal,  EF,  EG,  and  EG  muft  alfo  be  equal  (by  Eiic. 
4.  I.)  and  therefore  EF  or  EG  =  2  FI  or  2GK;  whence 
it  is  evident  that  the  circles  E,  F  and  E,  G  alfo  touch 
one  another.  But  all  thefe  circles  touch  the  given  cir- 
cle, becaufe  they  pafs  through  given  points  H,  I,  K  in 
its  periphery,  and  have  their  centers  in  right  lines  join- 
ing the  center  C  and  the  points  of  concourfe. 

Method  of  Calculation, 
In  the  triangle  FGK  w^e  have  given  the  angle  FGK 
(150°)  and  the  ratio  of  the  including  fides  (vix,  as  2 
to  i)  vi'hence  the  angle  FKG  will  be  given  i  then  in 
the  triangle  FCK  will  be  given  all  the  angles  and  the 
iide  CK,  whence  CF  and  alfo  FI  will  be  given.  But, 
if  you  had  rather  have  a  general  theorem  for  exprefling 
the  ratio  of  FI  to  CI,  then  let  EC  be  produced  to  meet 
FG  in  r.  Therefore,  the  angle  rFC  being  =:  30"*, 
Cr  will  be  —  |CF ;  whence  (by  Euc,  47.  i.)  FI  or 
Fr  (v/FC^  — Cr»)  is  =  EC  X  ^h  and  therefore  CI 
=  EC  +  FC^^5  confequently  CI :  EC :_:  i  -\-yJ:  i; 
whence,  by  divifion,  CI :  FI  (  :  :  i  +  V| :  v^l)  : :  y/| 
+  1:1. 

PROBLEM    XXXVIII. 

In  a  given  circle  CEHG  to  defcribe  five  equal  circles 
K,  L,  M,  N,  and  O,  which  Jhall  touch  one  another^  and 
the  circle  given, 

CONSTRUCTION. 

Let  the  whole  periphery  EGH  be  divided  into  five 
equal  parts,  at  the  points  E,  F,  G,  H,  and  I  {by  Euc, 
II.  2.)  and  draw  CE,  CF,  CG,  CH  and  CI;  join  G, 
H,  and  in  CH  produced  take  HP  =  |GH;  draw  PG, 
and  parallel  thereto  '  draw  HM,  meeting  CG  in  M ; 
take  FL,  EK,  lO  and  HN,  each  equal  to  MG,  and 
upon  the  centers  K,  L,  M,  N  and  O,  let  circles  be 
defcribed  through  the  points  E,  F,  G,  H  and  I,  and  the 
thing  is  done. 

The 
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The  demonftratiort  whereof  is  evident  from   the  lafl 

gropofition:  and  in  the  fame  manner  may  6,  8,  or   lO^ 

t-r.  equal  circles  be  infcribcd  in  a  i^iven  circle,  to  touch 
one  another. 

The  method  of  calculation  in  this,  or  any  other  cifc^ 
wiji  alfo  be  the  />.me  ks  in  the  lall  problem  ;  for  in  the 
triangle  A/JNH  wijl  be  given  the  ratio  of  NM  to  NH 
(as  2  to  i)  and  the  included  angle  MNH  equal  to 
126^  120%  1I2-P,  cr  io8%  ^c.  accordincras  the  num- 
^fj^^^""*^^^^  's  5,  6,  8,  or  10,  feV.fVcm  which  the  angle 
MHN  wnl  be  given;  then  in  t'ne  triangle  CMH  wiU  be 
given  all  the  angles,  and  the  fide  CH,  to  find  CM. 

P  R  O  B  L  E  M    XXXIX. 
T/>s  perimeter    cf  a    right-angled  triangle^   -whofefiJe's 
are   in  geometrical  l)rogrcJ].on^  being  given  to  dejcribe  the 
Irian '.'le, 

CONSTRUCTION. 

Upon  AC,  equal  40  the  given  perimeter,  defcribc  tl** 
feini-circle  ABC,  and  let  AC  be  divided  in  D,  ac- 
cording to  extreme  and  mean  proportion;  make  DB 
perpendicular    to    AC,    meeting    the  periphery   of  the 

ciixl« 
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circle  ih  B,  and   having  joined  A,  B  and   C,   B,   le< 

AE  and   CE  be  _— — ~~>^B 

drawn     to  bire£t 

the  angles  BAC, 

BCA  i  and,  from 

point  of  interfec- 

tion    E,  let    EF 

and  EG  be  drawn 

parallel  to  B  A  aiid 

BC,  cutting  AC 

in  F  and  G  ;    then  will   EFG  be  the  triangle  that  was 

to  be  conitrudled. 

DEMONSTRATION. 
Since  (by  conflruSiiGn)  AC  :  AD  :  ;  AD  :  DC,  there- 
fore is  AC^  :  AC  X  AD  :  :  AC  x  AD  :  AC  X  DC  (hy 
Euc,  1. 6.)  or  AC^  :  AB^^  : :  AB^  :  BC^^  (by  Cor.  to  Euc.  8. 
6.)  and  confequentiy  AC:  AB  :  :  AB  :  BC  ;  whence, 
the  triangles  ABC,  FEG,  being  equiangular,  FG  :  FE 
:  :  FE  :  EG.  Alio  EF  is  zz  AF,  becaufe  the  angle 
FEA  (  ==  EAB)  =z  FAE  ;  and  in  the  very  fame  man- 
ner is  EG  -  GO;  therefore  EF  +  FG  +  EG  (  rrAF 
4-  FG  4-  GC)  -  AC,  Moreover  the  angle  FEG 
(—ABC)  isarigutangle,  by  Euc.  31.  3.     ^.  E.  D, 


Method  of  Calculation. 


Becaufe  (hy  conjlrualon)  AD  (-V  ^ACy~|AC)  = 
AX  X  v^l  —  i,  thence  is  AB  (./AC  x  AD)  =r  AC 
X  ;y/v^jL_i^    and    BC    (VaC    x    ^\T  =    ADj   r= 

AC  X  -v/^: — f:  but,  by  reafon  of  the  firnilar  tri- 
angles ABC,  FEG,  it  will  be  as  AC  -f  AB  -j-  BC 
:  (FG   -f   F£   +   EG)   AC  ::  ACL:  FG  :  :  AB  :  FE 

:  :  BC  :  EG  ;  or  as  4  Vl^  1+1+^/1:1:: 
AC  :  FG  :  :  AB :  FE  :  :  BC  :  EG  ;  whence  '^Cj,  FE, 
and  EG  are  given. 


PRO- 
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P  R  O  B  L  E  M  XL. 

To  draw  a  right-line  ^Qjto  touch  two  circles  C  and  Oj 
given  in  magnitude  and  pofitiou, 

CON  S  T  RUC  TION. 

Upon  the  line  CO,  joining  the  centers  of  the  given 
circles,  defcribe  the  femi-circle  CDO,  in  which  infcribe 
CD  equal  to  the  difference  ofthefemi-diameters  CF  and 


^-^_B 


r^ 


OE  ;  and  from  the  point  B,  where  CI)  produced  meet^ 
the  periphery  BF,  draw  PB  perpendicular  to  CB  j  then 
will  BP  touch  both  the  circles. 

DEMONSTRATION. 

Join  O,  D,  and  draw  O A  perpendicular  to  PQ^ 

The  angle  CDO,  ftanding  in  a  femi-circle,  is  right  5 
therefore,  the  angles  B  and  A  being  both  right  ones, 
by  conftrudtion,  the  angle  AOD  muft  alfo  be  right, 
and  the  figure  DOAB  a  redangle,  and  confequently 
AO  =  BDz=  BC— -CD^CF  —  CD  -Q'E.chycon. 
JiruSiion).  Wherefore,  feeing  CB  and  OA  are  refpec- 
tively  equal  to  CF  and  OE,  and  both  the  angles  A  and 
B  right  ones,  it  is  evident  that  the  right  line  PQ^ 
touches  both  the  circles.     ^  E.  D. 

The  numerical  folution  of  this  problem  is  extremely 
eafy;  for  fmce  the  two  fides  CO  and  CD  of  the  right- 
angled  triangle  CDO  are  both  given,  the  angles  DCO 
and  AOC,  determining  the  points  of  contatSl  B  and  A^ 
are  from  thence  given,  at  one  operation. 

But  if  it  be  required  to  draw  a  right  line  fab)  to 
touch  both  circles,  and  to  pafs  between  the  centers   C 

and 
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and  O;  then,  inftead  of  takaig  CD  equal  to  the  dif- 
ference of  the  femi-diameters  CF,  C)E,  let  Cd  be  taken 
equal  to  their  fum,  and  the  reft  of  the  procefs  will  be 
exaCily  tne  fame. 

PROBLEM    XLI. 

To  draw  a  right- line   AD  through  two  circles  GAEF, 
HCbR,  givcH  in  magnitude  and  pofttion^  fo  as  ta  cut  off 
fegments  thereof^    >K8w,  C  FD//,  equal  rcfpeSiively  to  two 
g  iven  jegmen  ts  K  Qj^  a  ^  S  P  R  ^ . 

CONSTRUCTION. 

Upon  the  fubtenfes   EF,  SR,  'Votn  the  centcs  G  and 
H,  let  fall  the  perpendiculars   GQ^aiiJ  HP  j  and  from 


the  fame  centers,  at  the  di (lances  GQ^,  HP,  let  two 
circles  GQK,  HPT  be  defer ibed ;  then  draw  a  right- 
line  AD  to  touch  both  thefe  circles,  by  the  laft  propo- 
fition,  and  the  thing  is  done;  for  the  lines  FE^  AB 
being  at  the  fame  diftance  from  the  center  G,  the  feg- 
ments cut  ofF  by  them  muft  confequently  be  equal : 
and,  in  like  manner,  the  fegments  SPK.^,  CTD«^  are 
alfo  equal. 

PROBLEM    XLIL 
To  defer  ihe  the  circumference  of  a  circle  through  a  given 
point  P^  to  touch  two  right- lines  AB,  AC,  given  hy  pojition, 

CONSTRUCTION. 
Join  A,  P,  and  bife61:  the  angle  BAC,  with  the  right- 
line  AK,  and,  from  any  point  Q^  in  that  line,  draw  QT 

A  a  per- 
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perpendicular  to  AC;  then,  from  Q_to  AP,   draw  QS 
=  QJ  '   ^^^w  likewife  PO   parallel  to    SQ^,  meeting 


B 


C 

AK  in  O;  and  from  O,  as  a  center,  with   the  radius 
OF,  defcribe  the  circle  PKF,  and  the  thing  is  done. 
DEMONSTRATION. 

Let  OH  be  perpendicular  to  AC,  and  OW  to  AB  ; 
then,  by  reafon  of  the  parallel  lines,  it  will  be  QS  : 
OP  (:  :  AQ^:  AO)  :  :  Q^f  :  OH  ;  whence  as  QT 
=  QS,  OH  will  be  =  OP;  and  therefore  the  cir- 
cumference PKF  will  pafs  through  the  point  H,  and 
fo,  A  HO  being  a  right-angle,  AC  muft  touch  the  circle 
in  that  point.  Moreover,^ the  triangles  AOH  and  AOW 
being  equiangular  and  having  one  fide  common,  OW 
will  therefore  be  =  OH,  and  the  circle  aifo  touch  AB 
in  the  point  W.     ^.  E.  Z). 

Method  of  Calculation. 

Having  aflumed  AQ^at  pleafure,  there  will  be  given, 
in  the  triangle  AQ_r,  all  the  angles  and  one  fide, 
whence  Ql"  (  rr  QS)  will  be  given  :  then,  iy  the  tri- 
angle AQS,  will  be  given  AQ^,  QS,  and  the  angle 
QAS,  whence  the  angle  AQS  (=;  AOP)  will  be  given. 
Laftly,  in  th(^  p-iangle  AOP  will  be  given  all  the  angles 
and  the  fide  AP,  whence  AO  and  PO  will  be  given. 
Otherwife, 

Say,  as  the  fine  of  OAH  :  radius  ( :  :  OH  :  OA  :  : 

OP 
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OP  :  OA)  :  :  the  fine  of  OAP  :  fine  of  OPA  ;  then, 
in  the  triangle  AOP  v/ill  be  given  all  the  angles  and 
the  fide  AP,  whence  the  other  fides  AO  and  OP  will 
be  found. 

PROBLEM    XLIII. 
%o  dtjcribe  the  circumference  of  a  circle  through  two  given 
points  D,  G,  to  touch  a  right-line  AB,  given  by  pofition, 

CONSTRUCTION. 
Draw  DG,  and  bifecSt  the  fame  by  the  perpendicular 
FC,  meeting  AB  in 
C  ;  join  C,  D,  and 
make  FP  perpendi- 
cular to  AB;  and, 
from  F  to  CD^  pro- 
duced, draw  FS  = 
FP;  make  DH  pi- 
rallel  to  FS,  and 
from  H,  the  inter- 
feition  of  CF  and 
DH,  with  the  radius 
DH,  defcribe  the 
circle  HDQ_,  and  the  thing  is  done. 

DEMONSTRATION. 
Join  H,  G,  and  draw  HT  parallel  to  FP,  meeting 
AB  in  T  ;  then  becaufe  of  the  parallel  lines,  it  will  be, 
FS  :  HD  (  :  :  CF  :  CH)  :  :  FP  :  HT  ;  wherefore,  as 
the  antecedents  FS  and  FP  are  equal,  the  confequents 
HD  and  HT  muft  likewife  be  equal ;  and  therefore  (ince 
HT  is  perpendicular  to  AB,  the  circumference  of  the 
circle  will  touch  AB  in  T  ;  and  it  will  alfo  pafs  through 
the  point  G,  becaufe  the  two  triangles  DFH!,  GFH, 
having  two  fides  and  the  included  angles  equal,  are  equal 
in  every  refpedl.     ^.  E.  D, 

Method  of  Calculation* 

The  angle   FCA,  and    the  numbers    expreffing  FC 

and  DG   being    given,    in  the    triangle  CFD    will   be 

given  (befides  the  right-angle)   both  the  legs  CF   and 

YD-^  whence  CD  and  the   angle  FCD  will  bs  known; 

A  a  2  then 
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then  it  will  be,  as  the  fine  of  FCA  (TCH")  :  fadiuS 
(:  :  TH  :  CH  :  :  DH  :  CH)  :  :  the  fine  of  HCD  :  the 
fine  CDH  ;  therefore  in  the  triangle  HCD  there  will 
be  given  all  the  angles  and  the  fide  CD,  whence  CH 
and  HD  will  be  known. 

PROBLEM     XL  IV. 

Havrng  given  AB,  and  aJjo  AD  and  BG,  perpendicular 
to  k^\  to  find  a  point  T  in  AB,  to  which  ij  two  rights 
lines  DT,  GT  be  drawn^  the  angle  T>'\(jy  formed  by 
thofe  lines^Jhall  be  the  greatejl  pojjible, 

CCVNS  TRUC  TION. 

Defcribc  by  the  laft   problem,    a   circle  GDQ_,  that 
fhail  pafs   through  G   and  D  and   touch  AB,  and    the 
point  of  contact  T  will  be  the  point  required. 
DEMONSTRATION. 
Join  G,  T  and   D,   T  ;    and   from  any  other  point 
R  in  the  line  AB,  draw  RG 
and     RD  j     alfo,     from    the 
point  Q_  where   GR  cuts  the 
circle,   draw  QD  :  then,  the 
angle    GQD,    being    exter- 
nal   with  regard   to  the   tri- 
angle DQR)   will  be  greater 
than  GRD  ;  therefore  GTD, 
{landing  in  the  fame  fegment 
with  GQP,  will  be  alfo  great- 
er than  GRD.     ^.  E.  Z>. 

Method  of  Calculation, 
Draw  DE  parallel  to  AB  ;  then  in  the  triangle  GDE 
will  be  given  DE,  EG  (  =  BG— AD)  and  the  right- 
angle  DEG,  whence  the  other  angles  HDG^  EGD, 
and  the  fide  DG  will  be  found  ;  then  in  the  triangle 
CFP,  fimilar  to  GDE,  will  be  given  all  the  angles  and 

the  fide  FP   (-^^  "*•  ^^)  whence  FC  will  be  given; 

from  which,  by  proceeding  as  -ia  the  laft  problem,  all 
the  reft  will  be  found. 

P  RO- 
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PROBLEM     XLV. 

To  defcrihe  a  circky  iihlch  /hall  touch  two  right-lines 
AB,  ^^-^-t  Ziiim  in  pofition^  and  alfo  another  circle  O, 
given  in  magnitude  and pofiti^n, 

CONSTRUCTION. 

Let  the  an^le  CAB,  made  by  the  concourfe  of  the 
two  lines,  be^'bifevSted  by  AK;  and,  from  any  point 
P  in  this  line,  let  fall  PQ, perpendicular  to  AB,  which 
produce  to  R,  io  that  Qj<.  maybe  equal  to  the  femi- 


diameter  of  the  given  circle  ;  and  through  R,  parallel 
to  A B,  draw  HM,  meeting  KA  produced  in  H ;  draw 
HO,  to  which,  from  P,  draw  P^>  =:  PR,  and  dravV 
OE  parallel  to  P^',  meeting  AK  in  E,  and  cutting  the 
periphery  of  the  given  circle  in  r ;  laftly,  from  E,  with 
the  radius  Er,  defcribe  the  circle  E7-KN,  and  the  thing  is 
done. 

DEMONSTRATION. 

Draw  EG  perpendicular  to  HM,  cutting  AB  in  F : 
then,  by  reafon  of  the  parallel  lines,  PR  :  EG  (  :  :  HP 
:  HE)  :  :  P^  :  EO ;  therefore  PR  being  =  P^  (by 
conJi'uUiony  EG  andEO  muft  likewife  be  e  jual  j  from 
which  the  equal  quantities  FG  and  Or  being  taken 
away,  the  remainders  LF  and  Er  will  be  equ.il ;  and 
A  a  3  there^ 
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therefore  the  circumference  rKN  pafTes  through  F  ; 
but  it  alfo  touches  AB  in  that  point,  becaufe  EF  (by 
conftru5lion)  is  perpendicular  to  AB  ;  it  likewife  touches 
AC,  becaufe  AE  bifeds  the  angle  BAC  ;  laftly,  it 
touches  the  circle  O,  becaufe  the  right-  line  OE  join- 
ing the  centers  O  and  E,  pafTes  through  the  point  r, 
common  to  both  peripheries. 

Method  of  Calculation, 
Suppofing  AO  drawn,  and  AS  perpendicular  to  HM, 
in  the  triangle  AiiS  (befides  the  right  angle)  will  be 
given  AS  (=  rO)  and  the  angle  AHS  (  ==  EAF  =: 
|BAC)  whence  AH  will  be  known  5  then  in  the  tri- 
angle AHO  will  be  given  AH,  AO,  and  the  included 
angle,  whence  AHO  and  HO  will  alfo  be  given :  then 
it  will  be,  as  the  fine  of  EHG  is  to  the  radius  (:  :  EG 
:  EH  :  :  EO  :  EH)  fo  is  the  fine  of  EHO  to  the  fine 
of  EOH  ;  therefore  in  the  triangle  HEO  will  be  given 
all  the  angles  and  the  fide  HO,  whence  EO  and  EH 
are  known  alfo. 

PROBLEM    XLVI. 

To  defcr'ihe  the  circumference  of  a  circle  through  a  given 
'point  P,  fo  as  to  have  given  parts  cut  off  by  two  right-lines 
AB,  AC  given  in  pofition. 

CONSTRUCTION. 

Let  the  arcs  to  be  cut  ofl'  by  AC  and  AB  be  fimilar 
refpedlively  to  the  arcs  ab^  be  of  any  given  circle  abcq^ 
whofe  chords  ab^  be  fubtend,  at  the  center,  any  given 
anj'^les  aqb^  bqc.  Let  the  angle  abc  be  bifeded  by  bd'^ 
take,  in  AB  and  AC  any  two  points,  E,  D,  equi- 
diflant  from  A  ;  and  liaving  drawn  DE,  make  the  an- 
gle LDF  =  qbd,  CDR  =  qba,  and  BFR  =  qbc ;  then 
from  the  inter fcdion  R  of  the  lines  DR  and  FR,  with 
the  radius  RD,  defcribe  an  arch  wS«,  cutting  the  line 
AP  in  S,  draw  RS  and  ARK,  and  alfo  PCL,  parallel  to 
RS,  meeting  AK  in  Q_;  then  from  the  center  Q,  with 
the  radius  PQ^  defcribe  the  circle  KPI,  and  the  thing 
is  done. 

DEMON- 
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DEMONSTRATION. 

Draw  QH  and  QG  parallel  to  RF  and  RD,  meeting 
AB  and  AC  in  H  and  G.  The  angles  BED  and  CDE 
being  equal,  BFD  will  exceed  CDF  by  twice  EDF, 
or  by  twice  qbd^  that  is,  by  as  much  as  (fbc  exceeds  qba^ 
or  laftly,  by  as  much  as  BFR  exceeds  CPR  ;  therefore, 
Teeing  the  whole  angle  BFD  as  much  exceeds  the  whole 
angle  CDF,  as  the  part  BFR  of  the  former  exceeds  the 
part  CDR  of  the  latter,  the  remaining  parts  RFD  and 
RDF  mull:  be  equal,  and  coniequently  FR  =z  RD  izRS. 
But  by  reafon  of  the  parallel  lines  it  will  be,  RF  :  QEi  :  ; 
RD  :  QG  :  :  RS  :  QP  ;  whence,  the  antecedents  RF, 
RO,  RS,  being  equal,  the  confeqqents  QH,  QG, 
Q[\  muft  be  equal  too,  and  the  circumference  pafs 
through  the  points  H  and  G  ;  whence  the  folution  is 
manifelt. 

Method  of  Calculation. 

If  two  perpendiculars   be  conceived  to  fall  from  Q^ 
upon  AB  and  AC,  they  will,  it  is  plain,  be  in  the  given 
ratio  of  the  fines  of  the  angles  Qfil  and  QGL;   there- 
fore the  pofition  of  the  line  AQK.  will  be  given  (from 

A  a  4  Proh^ 
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Prob.  16.)  by  faying,  as  the  lum  of  the  faid  fines  is  to 
their  difference,  fo  is  the  td  igent  of  half  BAG  to  the 
tangent  of  half  BAQ^-^  CA(X- 

Again,  it  will  be  as  fine  Q^^H  :  fine  QHA  (:  •  QH 
:  QA  :  :  QP  :  QA)  :  :  fine  QAP  :  fine  Q^A  ;  there- 
fore, in  the  triangle  AQP,  are  given  ail  the  angles  and 
one  fide  AP,  whence  AQand  PQ^will  be  found. 

PROBLEM    XLVII. 

Having  the  three  perpendiculars^  let  fall  from  the  angles 
of  a  plane  triangle  on  the  oppoftte  fides -,  equal  to  three  given 
right  lines  K^^,  L/,  and  Mm^  to  defcribe  the  triangle. 

C  O  N  S  T  R  U  C  1^  I  O  N. 

Draw  the  indefinite  right  line  RS,  in  which  take 
AB  equal  to  K/f ;  find  a  fourth  proportional  to  M/w, 
L/,  and  K^,  with^ which  as  a  radius,  from  ihe  center  A, 

R / 


L /     P 


'  f? 

let  an  arch  rCs  be  defcrlbed  ;  and  from  B,  with  the 
radius  L/,  let  another  arch  be  defcribed  interfecting  the 
former  in  C  ;  join  A,  C  and  B,  C,  and  upon  RS  let 
fall  the  perpendicular  QC,  in  which  produced,  take 
QP=:L/,  and  draw  PF  parallel  to  RS,  meeting  AC, 
produced,  in  F,  draw  FG  parallel  to  CB,  and  AFG 
will  be  the  triangle  required. 

DEMONSTRATION. 
Draw  FE,  G^  and  A^,   perpendicular  to  the  three 
fides  of  the  triangle. 

^  The 
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The  triangles  ABC,  AGF  ;   AFE,  AG^  j  and  GFE 
AGv,  areequi-angular,  by  conJiru6iion -,    therefore  G^: 

FE  :  :  AG  ;  AF  :  :  AB  (K^)  :  AC  i^^)  : :  Mm 

\    Mm    f 

:hl',  whence,  as  the  confequents  FE  and  J  7  are  equal, 

6y   conjiruciion^   the  antecedents  Gy  and    Mm   mull  be 

equal  likewife.     Again,   BC   (U)  :  AB  (K/f )  {\',YC^ 

:  AG)  :  :  FE  (L/)  :  A^; ;  and    confequently  Ki  =  hv. 

Method  of  Calculation, 

Since  K/^,  L/,  and  M?n  are  given,  ACf  m^i^^N 

\  mm  J 

will  be  known  ;  then  in  the  triangle  ABC  will  be  given 
all  the  three  fides,   whence  the  angles  are  known  ;  M-, 
ly,  in  the  triangle  AFG  will  be  given  ail  the  angles  and 
the  perpendicular  EF,  whence  the  lides  are  aifo  known. 

PROBLEM    XLVIJI. 

The  pc fit  I  on  of  three  points^  in  the  [mm  right -Une^  being 
given  J  it  is  propofid  to  f'nd  a  fourth^  where  lines  ^  drawn 
from  the  former  three^  jhall  make  given  angles  with  each 
other. 

CONSTRUCTION. 

Let  t\i^  three  given  points  A,  B,  and  C  :  make 
the  angles  ACE  and 
CAE  rcf  )e£iively  equal 
to  the  given  angles 
which  the  lines  drawn 
from  B,  A,  and  B,  C 
are  to  make;  and  let 
AE  and  CE  meet  in 
E  J  thro'  A,  C  and  E, 
Jet  the  circumference 
cf  a  circle  AECD  be 
defcribed,  and,  thro'  E 
and  B,  draw  EBD, 
meeting  it  in  D,  then 
will  D  be  the'point  re- 
•^uired. 

DEMON- 
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DEMONSTRATION. 
Join  A,  D,  and  C,  D. 

The  angle  EDA  is  equal  to  ACE,  ftanding  on  the 
fame  fegment;  and,  for  the  like  reafon,  is  £DC  — 
CAE.    ^  E,D,  >      x-j^v.  - 

Method  of  Calculation, 
In  the  triangle  ACE  are  given  all  the  angles  and  the 
A  ^^^'  )y^^"^^  ^^  ^^^^  be  given  j  then,  in  the  triangle 
ABE,  will  be  given  the  two  fides  AE,  AB,  and  tiie  Tn- 
cluded  angle,  whence  ABE  and  all  the  reft  of  the  angles 
in  the  figure  will  be  given. 

PROBLEM    XLIX. 

Three  points  A,  B,  C,  being,  any  how,  given  ;  to  find  a 
fourth, ^  where  lines,  drawn  from  the  former  three  (hall 
tnake  given  angles  with  one  another, 

CONSTRUCTION. 

Join  the  given  points, 
and  upon  the  right-line 
AB  defcribe  a  fegment  of 
a  circle,  capable  of  the 
given  angle  which  that 
line  is  to  fubtend ;  com- 
plete the  circle,  produce 
BA,  and  make  the  angle 
DAQ^  equal  to  the  angle 
which  BC  is  to  fubtend, 
and  let  A  Q^  meet  the  pe- 
riphery in  C^;  draw  QC, 
cutting  the  fame  periphery 
in  Pgoin  A,  P,  and  B,  P, 
and  the  thing  is  done. 

DEMONSTRATION. 
The  angle  ABP  is  equal  to  the  given  angle  which 
AB  was  to  fubtend  (by  confiru£lion)  ;  and  the  angles 
QAB  and  QPA,  (landing  upon  the  fame  fegment,  being 
equal  to  each  other,  their  fupplements  DAQ^and  BPC 
muft  likewife  be  equal.     ^  E,  D, 
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Method  of  Calculation, 
Join  B,  Q^;  then,  in  the  triangle  ABQ^wIll  be  given 
all  the  angles  and  the  fide  AB,  whence  BQ^and  ABQ_^ 
will  be  known  ;  then  in  the  triani^le  CBQ^will  be  given 
two  fides,  and  the  included  angle  ChQ^,  whence  the 
angle  CQ]^,  equal  to  BAP,  will  be  known  :  iaftly,  in 
the  triangle  APB  will  be  given  all  the  angles  and  the 
fide  AB,  from  which  AP  and  BP  will  be  found. 

PROBLEM    L. 

To  draw  a  right -line  EG  through  a  circle  O,  given  in 
'magnitude  and  pofition^  which  Jhall  alfo  cut  a  right-line 
QC  ,  given  by  pofition^  in  a  given  angle^  and  have  its  parts 
EF,  FG,  intercepted  by  the  circle  and  that  right-line-^  in 
the  given  ratio  of  the  two  right-lines  ab  and  be, 

CONSTRUCTION. 

At  any  point  B,  in  the  right-line  QC,  make  the  angle 
QBA  equal  to  the  given  angle,  and  through  the  center 
O,  perpendicular 
to  BA,  draw  DQ^ 
meeting  BA  in 
R,  and  CG  in 
Q^;  bifeil:  ab  in 
dy  and  in  RB  take 
R/)  =r  hdy  and  pq 
zz  bc^  and  draw 
pm  and  qn  paral- 
lel to  DQj  from 
the  point  «,  where 
qn  interfe6i:s  QC, 
draw  «L  parallel 
to  BA,  meeting 
pm  \n?n',  through 
the  points  Q^  and 
m  draw  Qv^F, 
cutting  the  periphery  of  the  circle  in  F,  and  through  F, 
parallel  to  BA,  draw  EFG,  and  the  thing  is  done. 

DEMONSTR  ATION. 
The  lines  GE,  BA,  and  «L,  being  parallel,   the  an* 

gles 
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gles  QGE,  QBA,    ^c.  will  be    equal,    and   likewife 
SF   :   FG  :  :  hm  *.  mn  ;     but  L;«    fl?y   cori/iru^ion)    is 
{=  R/))    =  ^ii*,    and   w«    (=:  pq)    —  be  ;  therefore    SF' 
:  FG  :  :  db  :  bcy  and  confequently  KF   (2  SF)   :   FG 
:  :  ab  {2b J)  :  be,     ^.  E.  D, 

Method  of  Calculation. 
L«  {dc)  :  Lw  [db)  :  :  the  tangent  of  LQ^2  (the  com- 
plement of  the  given  angle  Q.BR)  :  the  tangent  of  LQv/ ; 
therefore,  in  the  triangle  OQF,  will  be  given  one  aiigie 
OQF  and  tw/O  fides,  QO,  FO  ;  whence,  not  only  ttie 
angle  SOF,  but  alfo  SO  and  SF  will  be  known. 

PROBLEM    LI. 

To  apply  ^  or  infer  ibe^  a  given  right -line  AD  between  the 
peripheries  of  two  circles  C  andO^  given  in  magnitude  and 
pofition^fo  as  to  be  inclined  to  the  right -line  QO  joining  thi 
centers,  in  a  given  angle, 

CONSTRUCTION. 

Make  OCB  equal  to  the  given  angle,  and  let  CB  be 
taken  equal  to  the  given  line  ;  upon  the  center  H,  with 
the  radius  of  the  circle  C,  let  the  arch  nOm  be  deicribed. 


cutting  the  circle  O  in  D  ;  then  draw  BD,  and  parallel 
thereto,  draw  CA,  meeting  the  periphery  in  Aj  join 
A,  D,  and  the  thing  is  done. 

DEMONSTRATION. 
Becaufe   (by  conJlruSfion)  CA   and  BD  are  equal  and 
parallel,  therefore   will  AD   and  CB  be  alfo  equal  and 
parallel  (by  Euc,  ^Z*  i.)     ^.  E,  D, 

Method 
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Method  of  Calculation. 

In  the  trbngle  CSO  are  given  t^vo  fiJes  CO  and 
CB,  and  the  angle  OJB,  whence  UB  end  the  a.-.gle 
COB  v^ill  be  known;  then  in  the  triarMe  CBD  will 
be  given  all  the  three  fides,  whence  all  the  angles,  and 
coiilequcntly  DOC,  Will  alfo  be  kno/v^n. 

PRO  BLEM     Lll. 

From  a  givsn  re£i  angle  A  BCD,  to  cut  off  a  gnomon 
ECG,  whofe  breadth  Jhall  be  every-where  the  fame^  and 
wbofe  area  Jhall  he  juji  half  that  of  the  re£langle, 

CONSTRUCTION. 

In  BA  take  BFI  equal  to  BC,  or  AD;  and  in 
DA  produced  tike 
AP  a  mean-proporti- 
onal between  BA  and 
fAD  (fo  that  AP^ 
may  n  the  given  area 
AGFJk).  From  P  to 
the  middle  of  AH 
draw  PO  ;  make  OE 
-  OP,  and  DG  - 
BE  ;  complete  the 
redtangleEAGF,  and 
the  thing  is  done. 

DEMONSTRATION. 
If  the  fcmi-circle  EPQ_,  from  the  center  O,  be  de- 
fcribed,  it   is  plain  that  AQ,=  EH  =  BH  —  BE  — 
AD — DG  r=  AG  ;  and  conlequently  that  AE  X   AG 
=  AE  X  ACt^  AP^     {Euc,  13.  6.)     ^.  E,  D. 

Method  of  Calculation. 

In  the   right-angled    triangle    AOP    are  2;iven  AG 

/       AB— BC\  1 

^= ;  and  AP  (  =  y^JAB  x  ^C)-,  whence 

OP  will  be  known,  and  from  thence  both  AE  and  AG. 


PRO. 
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PROBLEM    LIU. 

Three  points  A,  B>  C,  being  given,  it  is  propofed  to  find 
a  fourth^  ?^  frciu  whence  lines,  drawn- to  the  three  former^ 
Jhall  ohtqin  the  ratio  of  three  gi-iien  lines  a,  b^  and  f,   re^ 
fpediively. 

CONSTRUCTION. 
Having  joined  the  given  points,  take  AF,  in  AB, 
ilfo  make  the  angles  AFG 
C  and  AlK  equal, 
each,  to  ACB  ; 
and  from  the  cen- 
ters F  and  G, 
with  the  radii  b 
and  AK  refpcc- 
tively,  let  two 
arcs  be  defcribed 
interfe(£ling  in  H ; 
from  which  point 
draw  HF  and  HA  ;  then  draw  BP  to  make  the  angle 
ABP  =  AHF,  and  it  will  meet  AH  (produced)  in  the 
point  P,  required. 

DEMONSTRATION. 
Let  BP,    CP,  and    GH   be  drawn.     The   triangles 
ABP,  AHF,  being  equi-angular  (by  conJlruSlion)  it  will 
be  AP  :  BP  :  :  AF    (a)  :    FH  (bj  ;  alfo  AB  :  AP  :  : 
AH  :  AF  i  and  AB  :  AC  :  :  AG  :  AF   (becaufe  ABC^ 
and  AGF    are  likewife  equi-angular)  whence  it  is  evi- 
dent, fmce  the  extremes  of  the  two  laft  proportions  are 
the   fame,  that  AP  X  AH  =  AC  X  AG,  or  AC  :  AP 
:  :  AH  :  AG  ;  therefore  the  triangles  ACP,  AHG  being 
equi-angular  fEuc.  6.  6.)  we  have   AP  :  CP  :  :  AG  : 
GH(AK)  ::  AF  f^;:  Alr^j.     ^E.D, 
Method  of  Calculation. 
In  the  triangles  AFG,  AIK  are  given  all   the  angles 
and  the  fides  AF  and  AI,   whence  AG,   FG,  and  aK 
(GH)  will  be  found  ;  then  in  the  triangle  FGH  will  be 
given  all  the  fides,  to  find  the  angle  HFG  ;  which,  ad- 
ded to  AFG,  gives  AFH  (APB)  from  whence,  and  the 
two  given   Hdes  AF  and  FH  including  it,   every  thing 
elfe  is  readily  determined. 

PRO- 
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PROBLEM   LIV. 

To  defer  the  a  triangle  {ABC)  fmi/ar  to  a  given  one 
AM]>i,  fuch  that  three  lines  ( AP,  BP,  CP)  may  be  drawn 

from  its  angular  points  to  meet  the  fame  point  (P)  fo  as  to 
be  equal    to  three   given    lines  AD,  AF,   and  ABC,  re^ 

fpe  lively. 

CONSTRUCTION. 
Draw    DE     and    KG,    making    the   angles   ADE 
and    A  KG,    each,    equal  to   the  given  angle  N,  and 
interfecting    AN   in  /^  ,\ 

E  and  G  ;  from  the 
centers  D  and  E, 
with  the  intervals 
AF  and  AG, let  two 
arcs  be  defcribed, 
interfedling  in  H ; 
draw  AH,  in  which 
take  AP  =  AD  ; 
and  from  P,  to  AM 
and  AN,  apply  PB  and  PC  equal,  refpedively,  to  AF 
and  AK,  and  let  B,  C  be  joined ;  fo  fhall  ABC  be  the 
triangle  that  was  to  be  determined. 

DEMONSTRATION. 

The  three  lines  AP,  BP,  CP,  are,  refpedively,  equal 
to  the  three  given  lines  AD,  AF,  AK,  by  conftrudion  ; 
we  therefore  have  only  to  prove  that  the  triangle  ABC 
is  fimilar  to  the  given  one  AMN.  Now  fuppofmg  DH 
and  EH  to  be  drawn,  it  will  be  AP  :  PC  (or  AD  :  AK) 
:  :  AE  :  AG  (EH)  ;  whence  the  triangles  APC  and 
AHE  will  be  equi-angular  (Euc.  6.  6.)  and  confequently 
AC  :  AH  :  :  AP  (AD)  :  AE  : :  AN  :  AM  (Euc.  5.  6.) 
:  but  the  triangles  ABP  and  ADH  (having  AP  =  AD, 
PB  zz  DH  (by  corfiruSJion)  and  the  angle  DAP  com- 
mon) are  equal  in  all  refpeds  ;  therefore,  by  fubftituting 
AB  in  the  room  of  AH,  our  laft  proportion  becomes 
AC  :  AB  :  :  AN  :  AM ;  whence  it  is  manifeft  that  the 
triangles  ABC  and  AMN  are  equi-angular.     ^  E,  D, 
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,  Method  of  Calculation. 
In  the  triangles  i^DE,  AKG,  are  given  all  the  an- 
gles and  the  iVdes  AD  and  AK,  from  which  AE,  DE, 
sind  AG  will  be  known;  thn  in  the  trian;:!e  DHE 
will  be  ^iven  all  ihe  fides,  to  find  the  an-le  EDH, 
which  added  to  ADE  gives  ADH;  from  wnence,  and 
the  two  given  fides  including  it,  AH  ( =  AB)  will  be 
known. 

PROBLEM     L  V. 

//?  the  triangle  ace^  hefide:>  the  angle  Cy  are  g'lvm  the  [eg-' 
ments  of  the  fides  ah  and  de^  and  the  angUs  aeb  and  die  jub^ 
tended  thereby  ;    ta  dcjcrlbe  the-  triangle, 

C  O  N  S  1  R  U  C  1^  I O  N. 
Upon   AB,   Lqual  lo  ab^  let   a  figment  of  a  circle  be 
defcribed   to   coiitain   an    angle  equal   to  aeb  :  make  the 
angle  ABF  =:  accy  B/\»  z=  abe-^  and  ihe  Ihie  BF  :=l  edy 


from  the  point  «,  v/here  kn  cuts  the  periphery  of  the 
circle,  tiirough  F,  draw  «FE,  meeting  the  periphery  in 
Ei  join  A,  E,  and  B,  E,  and  draw  EC  parallel  to  BF, 
meeting  AB,  produced,  in  C  ;  and  then  the  thing  is 
done. 

DEMONSTRATION. 

Let  BD  be  parallel  to  FE. 

Since  the  lines  BD,  EF,  and  ED,  FB,  are  parallel, 
therefore  is  ED  =:  BF  (  =  cd)^  and  the  angle  ACE  alfo 
=  ABF  (ace)  Euc.  28.  i.     Moreover,  the  angle   BE« 

(DBE) 


GnoMfiTRicAL  Problems 
both 


ft^nding 


upon  the 


(DBE)  is  equal  to  BA«  (Se), 
iame  fegment  B«.     ^  £.  D. 

Afethod  of  Calculation. 
Join  B,  n',  then  in  the  triangle  AB«  will  be  given 
all  the  angles  and  the  fide  AB,  v.'hence  Bn  will  be  known  ; 
then  in  the  triangle  wBF  will  be  given  B«,  BF,  and  the 
included  angle  wBF,  whence  BFw  (CDB)  and  all  the 
reft  of  the  angles  in  the  figure  will  be  known. 

PROBLEM    LVI. 

To  make  a  trapezium^  whofe  diagonals^  and  tivo  oppofue 
fides^/hall  be  all  of  given  lengths^  and  whereof  the  angle 
formed  by  the  given  fides ^  when  produced  till  they  meet^jhali 
alfo  be  given, 

CONSTRUCTION. 

Draw  the  indefinite  right-line  AC,  and  take  therein 
AB  equal  to  one  of  the  two  given  fides  ;  make  the  angle 
CBG  equal  to 
the  given  an- 
gle, and  let  BG 
be  made  equal 
to  the  other 
given  fide;  upon 
the  centers  A 
and  G,  with  in- 
tervals equal  to 
the  two  diago- 
nals, let  two 
arches  be  de- 
fcribed,  cutting 
each  other  in 
D  i    make  DE 

equal,   and  parallel,  to  GB  5  join  D*  B,  and  E,'A  ;  then 
ABDE  will  be  the  trapezium  required. 

DEMONSTRATION. 
Draw  DG,  DA   and  BE,  and  let   BA   and  DE  be 
produced  to  meet  each  other  in  F. 

The  lines  BG  and  DE  are  equal,  and  parallel  by 
conftru6lion ;  therefore    BE   is  =  DG,   which  laft  (by 

B  b  '  cou' 
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conftru^'ion)  is  equal  to  one  of  the  given  diagonals,  ds 
AD  is  equal  to  the  other  :  moreover,  the  lldes  AB  and 
ED  {B<j)  are  equal  to  the  given  fides,  by  conftrusSlion  5 
and  the  angle  F  is  equal  to  the  given  angle  CBG,  be- 
caufe  DF  is  parallel  toGli.     ^E,D. 

Method  of  Calculation. 
Suppofe  AG  to  be  ^drawn  ;  then  in  the  triangle  ABG 
will  be  given  the  two  iidts  B  A  and  BG,  and  the  included 
angle  ABG,  whence  the  ilde  AG  and  the  other  two 
angles  will  be  known ;  then  in  the  triangle  ADG  will 
be  given  all  the  fides,  whence  the  angle  AGD  will  be 
known,  and  from  thence  the  whole  angle  BGD  ;  laftly, 
in  the  triangle  BGD  will  be  given  the  two  fides  BG 
and  GD,  and  the  included  angle  BGD,  whence  the  fide 
BD  will  likewife  be  known. 

PROBLEM    LVII. 
The  fegments   of  the  bafe  AD y  DB,  and  the  line  DC 

bife^ing  the  vertical  angle  ACB  of  a  platie  triangle  being 
given  J  to  defer  i  be  the  triangle » 

CONSTRUCTION. 
In  AB  produced,  take  DO  to  AD,  as  DB  to  AD 

—    DB,     and 
^   — ' —  from  the   cen- 

ter O,  with  the 
radius  OD,  de- 
fcribe  the  cir- 
cle DCQ.;  alfo 
from  the  center 
D,  at  the  given 
diftance  DC, 
.defcribe  the  circle  mCn^  and  from  C,  the  interfedion 
of  the  two  circles,  draw  CA  and  CB,  and  the  thing  is 
done. 

DEMONSTRATION. 
Since   DO  :  AD  :  :  DB  :  AD~DB  :  therefore   (by 
the  lemma  in  p,  334  )   AC  :  CB  :  :  AD  :  DB  :  whence 
CD  bifeas  the  angle  ACB  fby  Euc.  3.  6.)  ^  E.  D. 

Method 
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Method  of  Calculation. 
Draw  CP  perpendicular  to  AQ. 
Becaufe,  by    conftrudlon,    OD   is    =^-r-|=x tpt) 

therefore  will  DQ^  =         __— -— -  ;  whence,  by  reafoii 
of  the   fimilar   triangles   DCQ^,  DPC,   it   will  be,   as 


2 AD    X   BD.-p^ 


DC:DPz= 


2 AD  X  ^D 


AD  —  BD 

Whence  AC  and  CB  are  given. 

PROBLEM    LVIIL 

Having  given  the  bafey  the  angle  at  the  vertex^  and  tht 
line  drawn  from  thence  to  bije£l  the  bafe  j  to  conjlru^  the 
triangle, 

CONSTRUCTION. 

Upon  the  given  bafe  AB 
defcribe  (by  Prob.  4.)  a  feg- 
ment  of  a  circle  AD^  ca- 
pable of  the  given  angle ; 
and,  from  the  point  F,  m 
which  the  perpendicular 
DF  bifeas  AB,  with  a  ra- 
dius FC  equal  to  the  bife£t- 
ing  line,  defcribe  wCw, 
Cutting  the  periphery  ACB 
in  C  ;  join  A,  C  and  B, 
C,  and  the  thing  is  done.         ^ 

The     demonftration      of  • 
which  is  evident  from  the  conftru£lIon. 

Method  of  Calculation. 
From  the  center  O  let  OA  and  OC  be  drawn  ;  then 
in  the  triangle  AOF  will  be  given  all  the  angles  and 
the  fide  AF,  whence  FO  and  OC  (OA)  will  be  known 
and  in  the  triangle  CFO  will  be  given  all  the  fides, 
whence  the  angle  FOC,  and  its  iupplement  DOC, 
expreffing  the  difference  of  the  angles  at  the  bafe,  will 
alfo  be  known. 

Bbz  PRO- 
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PROBLEM     LIX. 

^  The  haje^  the  difference  of  the  angles  at  the  hafe^  and  the 
line  drawn  from  the  vertical  angle  to  bife^  the  bafe  of  any 
plane  triangle^  being  given  ;  to  defer ibe  the  triangle. 

CONSTRUCTION. 
tJpon  AB,  equal  to  the  given  bafe,  let  a  fegment  of  a 
circle  AHEB  be  defcribed  to  contain  an  angle  equal  to 

the  difference  of  the 
angles  at  the  bafe ; 
bifea  AB  in  C,  and 
take  CD  to  AC  in  the 
duplicate  ratio  of  AC 
to  the  given  bifedling 
line  KL  ;  make  CS 
and  DI  perpendicular 
to  AB,  cutting  the 
circle  in  S  and  1 ;  dravvr 
AI,  cuttting  CS  in  G ; 
,  and   through   G,  dravir 

^       ^  the  chord  EGH  paral- 

lel to  AB  ;  join  Aj  E  and  A,  H,  and  in  AI  take  AN 
equal  to  KL  ;  draw  MNP  parallel  to  EH,  meeting  AE 
and  AH  in  M  and  P  ;  then  vi^ill  AMP  be  the  triangle 
which  was  to  be  conftrutSlcd. 

DEMONSTRATION. 
Since,  (by  conjim^ion)  CG  is  parallel  toDI,  and  KL^ 
:  AC^  :  :  AC  :  CD  ;  therefore  (Euc,  4.  6.)  KL^ : 
AC^  ::  AG  :  GI  : :  AG^  :  GI  x  AG :  but  GI  x  AG 
rr  EG  X  GH  zz  EG^  (Euc,  35.  3.  and^.  3.)  therefore 
K.Lq  :  AC^  :  :  AG^  :  EG^  ;  and  confequently  KL  : 
AC  :  r  AG  :  EG  :  :  AN  :  NM ;  but  AN  is  (by  con. 
Jlru6lion)  equal  to  Kly,  therefore  NM  is  ==  AC,  and 
confequentj  MP  (2MN)  —  AB.  Moreover  the  dif- 
ference of  the  angles  at  the  bafe,  P--rM,  is  (  zr  AHE 
—  AEH)  IT  AEB ;  which  (by  conflruSiion)  is  equal  ta 
the  difference  given.     ^.  E,  D. 

Method  of  Calculation, 
From  the  center  O  draw  OA  and  OI,  alfo  draw  Iv 
parallel  to  EH,  meeting  OS  in  v :  then  it  will  be  (by 
5  (on- 
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conjlrua'ion)  as  KL^  :  AC^  (:  :  AC  :  I^)  :  :  the  fine 
of  AOC  or  AEB,  the  given  difference  of  the  angles  at 
the  bafe,  to  the  fine  of  SOI,  which  added  to  AOS,  gives 
AOI,  whofe  fupplement,  divided  by  2,  will  be  OIG  ; 
from  whence  OGI  and  its  fupplement  OGA  are  given, 
and  confequently  ANM  (equal  to  AGE) ;  then  in  the 
triangle  ANM  will  be  given  AN,  NM,  and  th^  in- 
cluded angle  ANM,  whence  the  angles  M,  A,  F,  will 
alfo  be  given. 

PROBLEM    LX. 
The  perpendicular^  the  angle  at  the  vertex^  and  the  fum 
of  the  three  fides  of  a  triangle  being  given  ;  to  defcribe  the 
triangle, 

CONSTRUCTION. 
,  Make  AB  equal  to  the  fum  of  the  fides,  which  bi- 
fea  in  P,  making  PO  perpendicular  to  AB,  and  the 
angle  PAO  equal  to  half  the  given  angle  at  the  ver- 
tex ;  from  the  cen- 
ter O  with  the 
radius  OA  de- 
fcribe the  circle 
AHB,  and  in  OP, 
produced,  take  PK 
equal  to  the  given 
perpendicular,  and 
draw  KH  parallel 
to  BA,  cutting  the 
circle  in  H  ;  join  A,  H  and  B,  H,  and  make  the  angles 
BHF  and  AHE  equal  to  HBF  and  HAE  refpeaivcly; 
then  will  EHF  be  the  triangle  required. 

DEMONSTRATION. 
Join  O,  B  and  O,  H,  and  draw  HQ.perpendicular  to 
AB. 

The  angle  EFH  is  =z  BHF  +  HBF  =  2HBF  {by 
confiru£lion)  =  HO  A  {Euc,  20.  3.)  :  and,  in  the  fame 
manner  is  FEH  (=  HOB  ;  hence  it  follows  that  EFH 
+  FEH  (=  HOA  +  HOB)  =  AOB;  and,  by  taking 
each  of  thefe  equal  quantities  from  two  right  angles, 
B  b  3  we 
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we  have  EKY  t=OAB-\- OB  A  (Euc.  32.  i.)  =  2OAB 
=1  the  given  angle  (by  conjiru^ionj.  Moreover  QH  is 
=:  PK  =:  the  given  perpi^ndicular  ;  and  EH  being  *— 
AE,  and  FH  =  BF  (Euc.  6.  i.),  EH  +  HF  -f  EF 
will   therefore  be  zz  AB  zz  the  given  fum   of  the  fides. 

Method  of  Calculation. 
In  the  triangle  AOP  are  given  all  the  angles  and  the 
fide  AP,  whence  OP  and  AO  (HO)  are  known  >  then  in 
the  triangle  OHK  will  be  given  the  fides  OH  and  OK 
(OP  +  PK)  whence  HK  will  be  given;  next,  in  the 
triangle  BQH  will  be  given  QH  and  BQ,  (BP—  HK) 
whence  QBH,  and  its  double  QFH,  will  be  given  ;  laflly, 
in  the  triangle  EFH  are  given  all  ttie  angles  and  the  per- 
pendicular QH,  whence  the  fides  will  alfobe  given. 

.  But  the  anfwcr  may  be  more  eafily  brought  out,  by , 
firft  finding,  HOK,    the  difference  of  the  angles  ABH 
and  BAH,  as  in  the  fifth  Problem. 

PROBLEM   LXI. 

The  fUm  of  the' three  ftdes^  the  difference  of  we  angles 
at  the  bafe^  and  the  length  of  the  line  bifeSling  the  vertical 
angle  of  any  plane  triangle  being  given  y  to  defcribe  the 
triangle, 

CONSTRUCTION. 
Make  AB  equal  to  the  fum  of  the  fides,  which  blfe£l 
in  E  by,  the  perpendicular  DEw,  and  make  the  angle  n\Lr 

to  half  the 
difference 
of  the  angles  at 
the  bafe,  taking 
Er  equal  to  the 
line  bifedling  the 
vertical  angle ; 
through  r  draw 
Qnr  parallel  to 
AB,cuttingDE^; 
in  n  ;  draw  nhy 
to  which  draw  Em  =:  Er,  and  draw  AD  parallel  to  E;w, 
meeting  /zED  in  D  j   and  on  the  center  D,  at  the  diftance 

of 


equal 
given 
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of  DA,  defcribe  the  circle  ACB,  cutting  r«C  in  C; 
join  A,  Cand  B^  C,  and  make  the  angle  BCF  =  CBF, 
alfo  make  ACQ  =  CAG,  and  let  CF  and  CG  meet 
AB  in  F  and  G  ;  then  will  FCG  be  the  triangle  that 
was  to  be  defcribed. 

DEMONSTRATION. 

Upon  AB  let  fall  the  perpendicular  CP  ;  let  CQ,bife6l 
the  vertical  angle  GCF,  and  let  DH  be  drawn  parallel 
to  Er,  meeting  Cr  in  H.  Then,  by  reafon  of  the  paral- 
lel lines,  it  will  be  as  ^r  :  DH  (:  :  E«  :  Dn)  ::Em:DA; 
v/hence^Er  being  —Em  {by  con/iru£f  ion)  DH  and  DA 
are  alfo  equal,  and  the  point  H  falls  in  the  periphery  of 
the  circle  :  therefore  the  angle  kDH  («Er)  at  the  cen- 
ter, {landing  upon  half  the  arch  HC,  will  be  equal  to 
the  angle  HAG,  at  the  periphery,  {landing  upon  that 
"whole  arch,  that  is  equal  to  the  difference  of  the  angles 
ABC,  and  BAG  ;  but  the  angle  GFC  being  double  to 
ABC,  and  FGG  double  to  iix^C  {by  conftruPAon)  the 
difference  of  GFC  and  FGC  will  be  double  to  the 
difference  between  ABC  and  BAG,  and  therefore  equal 
to  inEr  (2^?DH)  the  difference  given.  Moreover,  be- 
caufeGCQ^=  FCQ_,  2PCQ^will  be  the  difference  be- 
tween PCG  and  PCF,  which  mu{l  likewife  be  equal  to 
2«Er,  the  difference  of  their  complements  PGC  and 
PFC  ;  whence  PCQ^zr  ?zEr,  and  confequently  CQ^z:; 
Er.  Furthermore,  fmce  the  angle  AGG  n  GAG,  and 
BCF  =  CBF,  thence  will  CG  =  AG,  and  CF  =  FB ; 
and  therefore  CG  +  GF  +  FG  =1.  AB.     ^E.D, 

Method  of  Calculation, 
In  the  triangle  Enr  are  given  all  the  angles  and  the  {ide 
Er,  whence  En  will  be  given  ;  next,  in  the  triangle 
AE«  will  be  given  (befides  the  right  angle)  both  the  legs . 
E«  and  EA,  whence  the  angle  E«A  is  given ;  then  it 
will  be,  as  the  radius  to  the  fme  of  DH«  or  Ern  (: :  DH 
:  D;z :  :  DA  :  E)n)  fo  is  the  fme  of  T)nk  to  the  fme  of 
DAw,  whence  AD«,  the  fupplement  of  ACB,  is  alfo 
given  from  which  all  the  re{l  of  the  angles  in  the  figure 
are  given  by  addition  and  fubrra6lion  only. 

B  b  4  This 
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This  method  of  folving  the  problem,  it  may  b«  ob- 
ferved,  requires  three  operations  by  the  fines  and  tan- 
gents, but  the  fame  thing  may  be  performed  by  two 
proportions  only  :  for  as  Er  :  AE  :  :  the  fecant  of  rEn 
to  the  tangent  of  E;iA  j  whence  all  the  reft  will  be 
found  as  above, 

PROBLEM    LXII. 

7l»  reduce  a  givin  triangle  into  the  form  of  another^  or  to 
make  a  triangle  which  fhall  he  fimilar  to  one  triangle^  and 
equal  to  another. 

CONSTRUCTION. 
Upon  the  bafe  AB  of  the  triangle  ABC,  to  which  you 
would  make  another  triangle  equal,  defcribe  ADB  fimilar 
JJ  to    the  trian- 

gle required  ; 
draw  CF  pa- 
rallel to  AB, 
meeting  AD 
in  F;  take  A  E 
a  mean  pro- 
portional be- 
tween A  Dand 
R  Q  G      B   AF;  and,  pa- 

rallel to  DB,  draw  EG ;  then  will  AGE  be  the  triangle 
that  was  to  be  conftrudted. 

D  E  i\4  O  N  S  T  R  A  T  I O  N. 
Let  FR  and  DQ^  be  perpendicular  to  AB  ;  then  the 
triang.  ADB  :  triang.  ACB  :  :  DCt :  FR  [Schol  Euc. 
I.  6.)  :  :  AD  :  AF  {Euc.  4.  6.)  :  :  AD"- :  AD  x  AF 
(Euc,  I.  6.)  :  :  AD"-  :  AE^  (by  craftrunion)  :  :  triang. 
ADB  triang.  AEG  {Euc.  19.6.)  Therefore,  the  an- 
tecedents of  the  firft  and  laft  of  thefe  equal  ratios  being 
the  fame,  the  confcquents  ACB  a>nd  AEG  muft  necef- 
fariiy  be  equal.     ^.  E.  D. 

Method  of  Calculation. 
In  the  triangle  ADB  are  given  all  the  angles  and  the 
fide  AB,   whence  AD  will  be  given;  next,  in  the  tri- 
angle AFR  will  be  given  all  the   angles   and  the  fide 

FR 
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FR  (  rzCH)  whence  AF  will  be  given  ;_and  then  AD 
and  AF  being  given,  AE  =:  y'AD  x  AJf  will  alfo  be 
given. 

PROBLEM    LXIIL 

To  find  a  point  in  a  given  triangle  k^Q^  from  whence 
right  lines  drawn  to  the  three  angular  points^  Jhall  divide 
the  whole  triangle  i?ito  parts  (COA),  AOB,  HOC) 
having  the  fame  ratio  one  to  another^  as  three  given  right 
lines^  w,  «,  and  p^  refpeStively.  ^ 

CONSTRUCTION. 

In  CA  and  AB  produced,  if  need  be,  take  CE  and 
AF,  each  equal  to  w  +  w  +  p,  joining  ]£,  B  and  P\  C  ; 
take  Qe  =  w, 
A^  =  «,  and 
draw  eh  and  cf^ 
parallel  to  EB 
and  CF,  meet- 
ing the  fides  of 
the  given  tri- 
angle in  b  a«d 
f\  draw  alfo 
/'Q^and/P  pa- 
rallel to  AC 
and  AB,  and 
at  O,  the  in- 
terfetStion  of  thefe  lines,  will  be  the  point  required. 

DEMONSTRATION. 

Let  ^H  and  BD  be  perpendicular  to  AC.  The  tri- 
angles CBE,  Qbe^  as  alfo  CBD,  QhK  are  fimilar; 
therefore,  m  (C^)  :  m  ■\-  n  -^  p  (CE)  :  '.  Qb  '.  CB  :  : 
^H  :  BD  :  :  the  triangle  AOC  :  triangle  ABC.  In 
the  very  lame  manner  it  may  be  proved,  that  the  part 
AOB  is  to  the  whole  triangle  ABC,  as  n  to  m  -{-  n 
-f  p',  whence  it  follows,  that  the  remaining  part  BOC 
muft  be  to  the  whole  triangle,  as  ^  to  ;»  +  »  -f  />  ; 
therefore  thefe  parts  are  to  one  another  ia  the  given 
ratio  of  w,  »,  and  p,  ^  E,  D, 

Mfthod 
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Method  of  Calculation. 
«  +  «  +  />:  w:  :  AB  :  AQ^, 
m  +  n  -{-  p  :n  ::  AC  :  A/CQQ), 
both  ACi, and  QO  will  be  given  from  thence;  then,  in 
the  triangle  AOQ^,  will  be  given  two  fides,   and  the  in- 
cluded   angle,   from   which    every    thing    eife    will  be 
known. 

PROBLEM    LXIV. 

To  divide  a  given  trapezium  ABCD,  ivhofe  oppojite 
fides  AB,  CD  are  parallel^  according  to  a  given  ratio ^  by 
a  right  line  QN,  -paffing  through  a  given  point  P,  and 
falling  upen  the  two  parallel  fides, 

CONSTRUCTION. 

BifeaADinG, 

DCj  mt^etingBC 
in  H  ;  then  divide 
GH  in  M,  accord, 
ing  to  the  given 
ratio,  and  through 
M  draw  FQN,  aiid 


A 


K    B 


pi 

the  thing  is  done. 

DEMONSTRATION. 

Draw  EMF  and  IHK  parallel  to  AD,  meeting  DC 
and  AB  in  E,  I,  K  and  J*\ 

Becaufe  of  the  parallel  lines,  we  have  GD  :=  ME 
=  HI,  and  AG  =z  FM  =  KH  ;  whence,  as  GD  is 
=r  AG  (by  conflruaion)  ME  will  be  —  FM,  and  HI  =r 
HK;  and  the  triangle  EMN  will  be  ==  FMQ^,  and 
IHC  =r  BHK  [Euc.  4.  I.)  whence  it  appears  tnat  the 
trapezium  AQND  is  alfo  equal  to  the  parallelogram  DF, 
and  the  trapezium  QI3CN  equal  to  the  parallelogram  FI  j 
but  thefe  parallelograms  are  to  one  another  as  their  bafes, 
or  asGM  to  MH  [Euc.  i.  6.);  therefore  GM  :  MH 
:  :  AQND  :  QBCN.     S^  E,  D. 

Method  of  Calculation. 

Whcteas  AB  and  DC  are  parallel,  GH  is  an  arith- 
metical mean  botween  them,  ar.d  therefore  equal  to  half 

their 
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their  fum.  Therefore,  as  the  whole  line  GH  and  the 
ratio  of  its  parts  GM,  MH  are  given,  the  parts 'them- 
felveswill  alfo  be  given. 

PROBLEM    LXV. 

To  cut  off  from  a  given  trapexium  A  BCD,  whofe  op- 
pfite  fides  Ai^,  CD  are  parallel^  a  part  AQND  equal  to 
a  reSlangle  g'lven^  by  a  right  line  pafjmg  through  a  given 
point  P,  and  falling  upon  the  two  parallel  fides.  [See  the 
figure  to  the  laji problem.) 

CONSTRUCTION. 

Bifea  AD  in  G,  and  draw  GH  parallel  to  AB ;  upon 
AD  (by  Euc.  4^,  1.)  defcribe  the  parallelogram  ADEF 
equal  to  the  rettangie  given,  and  through  the  interfec- 
tion  of  GH  and  EF  draw  PQN,  and  the  thing  is  done: 
The  demonftration  whereof  is  manifeft  from  the  preceding 
problem. 

PROBLEM    LXVL 

To  divide  a  given  trapezium  ABCD,  whofe  fides  AB 
and  DC  are  parallel^  into  two  equal  parts,  by  a  right  line 
parallel  to  thofe fides. 

CONSTRUCTION. 

Produce      AD  d 

and  BC    till    they  /\ 

f-ueet  in  H,  and 
make  AG  equal, 
and  perpendicular 
toHDjdrawHG 
and  bife6t  the  fame 
with  the  perpendi- 
cular PQ_=rHf>; 
join  H,  Q^and  in        /. 

HA     take     HE,    /:*.*..  

equal  to  HQ^,  and    H""  C  F  B 

parallel  to  AB  draw  EF,  and  the  thing  is  done. 

DEMONSTRATION. 
Since  HE*   (  =  HQ^  -  HP^   +   PQ2  =  2HP*  = 
HG^  ^  HA-  +  AG-  ^  HAM^HDM  ^^    ^„  ^^.^^^ 

metical 


jSo  The  Construction  of 

nietical  mean  between  HA*  and  HD%  it  is  evident  that 
the  triangle  HEF  will  alfo  be  an  arithmetical  mean 
between  the  triangles  HAB  and  HDC  or  ABFE  =; 
EFCD);  becaufe  thofe  triangles,  being  fimilar,  are  to 
one  another  as  (HE*,  HA%  HD*)  the  fquares  of  their 
homologous  fides.     ^  E.  D. 

Method  of  Calculation, 
Since  all   the  fides  and    angles  of  the  trapezium  are 
fuppofed  given,  the  fide  CD    and  all  the  angles  of  the 
triangle    HDC    will  be  given ;  therefore  HD  and  AH 

/HD^  -f   HA%   will 
will  be  known ;  whence  HE,  =  \/  ^  ' 

alfo  be  given.  But  the  fame  thing  may  be  had  without 
the  angles  J  for,  fince  DC  is  parallel  to  AB,  we  have 
AB— DC  :  AD  : :  DC  :  HD  ;  whence  HE  will  be 
given,  as  before. 

PROBLEM    LXVII. 

To  divide  a  given  trapezium  A  BCD  according  to.  a 
given  ratioy  ly  a  right  line  LH  (utting  the  oppofite fides 
AC,  BD  in  given  angles, 

CONSTRUCTION. 

Produce  the  faid  oppofite  fides  till   they  meet  in   E  ; 

draw   AD,  and  CF  parallel  to   it,  meeting  BE  in  F  j' 

^  ,g>;^^^  divide  BF  in 

^'''""  "  G,    accord- 

^  ing-    to    the 

■  given  ratio  j 

and,  having 

made  EAK 

equal  to  the 

BTc K G~B F SSiven  angle 

is  to  make  with  AC,  take  EH  a  mean  proportional  be- 
tween EG,  and  EK;  then  draw  HL  parallel  to  AK, 
and  the  thing  is  done. 

DEMONSTRATION. 
By  conftru^ion,  EG  :  EH  :  :  EH  :  EK  :  :  EL  : 
EA  (Eu€.  5.  6.)  whence  it  follows  that  EG  X  EA  = 

EH 
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£M  X  EL,  and  confequently  that  the  triangles  EHL 
and  E AG  are  alfo  equal  to  each  other  {Euc,  15.  6.) 
from  which  taking  away  EDC,  common,  the  remain- 
ders CDHL  and  CDGA  will  be  equal  likewife,  and 
confequently  ALHB  =:  AGB,  being  the  differences 
between  thofe  remainders  and  ACDB.  But  the  triangle 
ADF  is  =z  A  CD,  {landing  upon  the  fame  bafe  AD 
and  between  the  fame  parallels ;  therefore,  (by  adding 
AGD,  common)  AGF  is  alfo  =  CDGA  (=  CDHL)  5 
but  AGF  (CDHL)  :  AGB  (ALHB)  :  :  GF  :  GB 
(Eucue.)     ^E.D. 

Method  of  Calculation. 
In  the  triangles  ABE  and  ABK  are  given  all  the 
angles  and  the  fide  AB,  whence  BE,  BK,  and  EC  will 
be  known  ;  then  in  the  triangle  EFC  will  be  given 
all  the  angles  and  the  fide  CE,  whence  EF,  and  from 
thence  FG,  and  EG,  will  be  known  5  laftly,  from  the 
known  values  ofEK,  EG,  and  EF,  the  value  of  FH 
(i=:  /EG^xTK ---EF  will  be  found. 

PROBLEM    LXVIIL 

Two  right  lines  AG  ajid  AH,  meeting  in  a  point  A, 
being  given  by  pofition  ;  it  is  required  to  draw  a  right  line 
n?  to  cut  thofe  lines  in  given  angles^  fo  that  the  triangle 
A»?,  formed  from  thence^  may  be  equal  to  a  given  fquare 
ABGD. 

CONSTRUCTION. 

Let  the  angle  ABE  be  equal  to  the  given  ang^  AP/r 
and  let  BE  ^,  ^ 

meet  AG  in    '^  ^  ^- 

E;drawEF 
perpendicu- 
lar to  AH, 
make  BQ^ 
equal  2EF, 
and  upon 
AQdefcribe 

the  femi-circle  AwQ,  cutting  BC  in  m-,  draw  mn  pa- 
rallel to  AH,  meeting  AG  in  w,  and  «P  parallel  to  EB, 
and  AwP  will  be  the  triangle  required. 

DEMON- 


TTL 

T}^ 

\ 

f^ 

X. 

^ 

\       F  : 

B 

5 

•Q 

P 

ri 
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DEMONSTRATION. 
The  triangles  AEB  and  An?^  being  fimilar,  are  to  and 
another  as  the  fquares  of  their  perpendicular  heights  EF 
and  /nB  («S) :  but  wB*  is  —  BQ^  x  AB  =  lEF  x  AB  } 
therefore  it  wi'l  be,  as  the  triangle  AEB  (EF  xf  AB): 
the  triangle  A;z?  :  :  EF^ :  2EF  x  AB  :  :  EF  :  2AB  :  : 
EF  X  -JAB  :  AB*  {£uc.  1.  6.)  whereforCj  the  antece^ 
dents  being  the  fame,  the  confequents  mult  neceirarilj  be 
equal,  that  is,  A«P  =  ABCD.     ^  E.  D, 
Method  of  Calculation, 
In  the  triangle  ABE  are  given  all  the  angles  and  the 
fide  AB,  whence   EF    will    be    given,  and  confequently 
Sn    [^\^Ah  X  2EF)  J  whence  AP  and  kn  are  alfo 
given. 

LEMMA, 
If  from  any  point  C,  in  one  fide  of  a  plane  angle  KAhy 
^  right  line  CB  he  drawn^  cutting  both  fides  AK,  AL  hi 
equal  angles  (ACB,  ABC)  \  and  from  any  other  point!) 
in' the  fame  fide  AK  another  right  line  be  drawn-,  to  cut  off 
an  area  ADE  equal  to  the  area  ABC;  I  Jay-,  that  DK 
will  be  greater  than  CB. 

DEMONSTRATION. 
Complete   the  parallelogram  DCBG,  and  join  B,  D, 
and  in  BG  (produced  if  need  bej  take  BF  zi  BE,  and 
draw  FD. 

Since  the  triangles   AGC,  AED   are  equal,  by  fuppo- 

fition,  and  have  one 
angle.  A,  common, 
therefore  will  AD  : 
AC  :  :  AB  (AC) : 
AE  [Euc.  15.  6.) 
and  confequently 
AD  +  AE  greater 
than  AC  +  AB 
(  Euc.  25.  5-.) 
whence  it  is  mani- 
feft  that  CD  mud 
be  greater  than  EB, 
Moreover,  becaufe  the  angle  ABC 


A 

or  BG  than  BF 
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(=ACB  =  CDG)  Is  =r  GBC,  it  will  be  greater  than 
GBDt  which  is  but  a  part  of  GBC  ;  and  therefore  ABD 
mud,  evidently,  be  greater  than  GBD  ;  wherefore,  feeing. 
BF  and  BE  are  equal,  and  thatDB  is  common  to  botn 
the  triangles  DBE,  DBF,  it  is  manifeft  that  DE  is 
greater  than  DF  {Euc.  19.  i.)  ;  but  DF  is  greater  than 
I>G  {hy  the  fame)  becaufe  the  angle  DGF  (DCB), 
b6{ng  obtufe,  is  greater  than  GFD,  which  muft  be  acute 
{Euc.  32.  r.)  :  confeq'j^ntly  DE  is  greater  than  DG,  or 
its  equal  CB.     ^.  E.D. 

PROBLEM.    LXIX. 

From  a  given  polygon  ABCDEF,  to  cut  off  a  given 
area  AFEIK  by  thejhortejl  right  line^  KI,  pojjtble, 

CONSTRUCTION. 

Let  the  given  area  to  be  cut  oft*  be  reprefented  by 
the  redangle  LMNO  i  and  let  the  fides  AB  and  DE, 
by  which  the  dividing  line  is  terminated,  be  produced 
till  they  meet  in  G  ;  make  upon  OL  [by  Euc,  45.  i.)  a, 
redangle  OQ^ equal  to  AF£G,and  let  a  fquare  GSTV 


be  conftituted  {by  Euc,  14.  1.)  equal  to  the  whole 
recSlangle  QN  :  bife6t  the  angle  BGD  by  the  right  line 
GH,  and  make  GR  perpendicular  to  GH  j  and  draw 

KI, 


3H 
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KI,  by  the  laft  problem,  parallel  to  RG,  fo  as  to  forrii 
the  triangle  KGI  equal  to  the  fquare  GSTV,  and  the 
thing  is  done. 

DEMONSTRATION. 

Since,  by  conftruaion,  KGI  (- GSTV)  =i  QN, 
let  AFEG  =.  OQ_  be  taken  away,  and  there  will  re- 
main AFEIK  =  JLN.  Moreover,  fince  the  angle  HGI 
is  =  HGK,  and  the  angle  IHG  (HGR)a  right  one, 
the  angles  I  and  K  are  equal  ;"*and  therefore,  by  the 
preceding  lemma,  IK  is  the  (hortefb  right  line  that  can 
poiKbly  be  drawn  to  cut  off  the  fame  area.      ^  E,  D, 

Method  of  Calculation. 

Let  the  area  of  the  figure  AFEG  be  found,  by  di- 
viding it  Into  triangles  AFG,  EFG,  and  let  this  area 
be  added  to  the  given  area  to  be  cut  off;  and  then,  the 
fquare  root  of  the  fum  being  extracted,  you  will  have  GS 
the  fide  of  the  fquare  GT  ;  from  whence  GI  will  be 
determined,  as  in  the  laft  problem. 

Note,  In  the  fame  manner  may  a  given  area  be  cut 
off,  by  a  right  line  making  any  given  angles  with  the 
oppofite  fides. 

PROBLEM     LXX. 

Through  a  given  point  P,  to  draw  a  right  line  PED  to 
cut  two  right  lines  AB,  AC  given  by  pofition^  fo  that  the 
triangle  ADE^  formed  from  thence^  may  be  of  a  given  mag- 
nitude. 

CONSTRUCTION. 

Draw   PFH  parallel  to  AB,  interfeding  AC  in  F ; 
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Tind  upon  AF  let  a  parallelogram  AFHI  be  cbnftituted 
'equal  to  the  givehareaof  the  triangle ;  make  IK  per- 
Jjendicuiar  to  Al,  and  eqiial  to  Fr* ;  ^ird^  from  the  point 
K,  to  AB,  apply  KD  =  PH  ;  then  draw  DPEj  and  the 
thing  is  done. 

DEMONSTRATION. 
Suppofing  M  to  be  the  interfedtioh  of  DF  and  IH, 
k  is  evident,  becaufe  of  the  parallel  lines,  that  all  the 
three  triangle^  PHM',  PFE,  and  AIDI  are  equiangu- 
lar ;  therefore,  all  equiangular  triangles  being  in  pro- 
portion as  the  fquares  of  their  homologous  lides,  and 
the  fum  of  the  fquares  of  PF  (IK)  and  DI  being  equal 
to  the  fquare  of  PH  (KD )^by  conJiru£lion  and  Eitx.  47.  i. 
it  is  evident  that  the  fum  of  the  trian;.]es  rFE  and 
DMI  is  :=:  the  triangle  PHiVl  j  to  which  equal  quan- 
tities in  fig,  I,  let  AFPMI  be  added,  fo  (hall  ADE  be 
iikewife  equal  to  AFHI :  but,  in  fig.  2^  let  PFE  be 
taken  from  PHM,  and  there  will  remain  EFHM  = 
DMI;  to  which  adding  AIME,  we  have  AFHI  = 
AD E^  as  before.     ^E.D, 

Method  of  Calculation. 
By  dividing  the  given  area  by  the  given  height  of 
the  point  P  above  AB,  the  bale  A I  of  the  parallelogram 
AFHI  will  be  known,  and  confequently  PH  (  irKD); 
whence  DI  ( =  ^/KiJ^  — "PF*)  will  likcwife  become 
known. -^This  problem,  it  may  be  obfervtrd,  becomes 
impofTible  when  KD  (eH)  is  kfs  than  KI  (PF);  which 
fcan  only  happen,  in  cafe  i,  when  the  given  area  is  lefs 
than  a  parallelogram  uncier  aF  and  FP. 

PROBLEM    LXXI. 

Te  cut  off  from  a  given  polygon  BClTGHy- ii  part 
KDBHG  equal  to  a  givtn  reiiangie  KL,  by  a  righulifie 
ED  pajfing  through  a  given  point  P. 

CONSTRUCTION. 

.  Let  the  fides  of  the  polygon  CB  an  1  FG,  which  the 
dividing  line  ED  falls  upon,  be  produced  till  tney  meet 
in  As  upon  ML  f'^>' £«c.  45.  i.)  make  the  reaangle 

Cc  MN 
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MN  equal  tb  AGHB,  and,  by  the  laft  problem,  let  ED 
be  fo  drawn  through  the  given  point  P,  that  the  triangle 
A  ED,  formed  from  th'ence>  may  be  equal  to  the  whole 


N  i.  5 

reaangfeKN;  then  will  EDBHG  be  equal  to  KL  : 
for  fince  AED  is  =z  KN,  let  the  equal  quantities 
AGHB  and  MN  be  taken  away,  and  there  will  remain 
EDBHG  =  KL. 

Method  of  Caktilat't on. 
Let  the  area  of  the  figure  AGHB  be  found,  by  di- 
viding it  into  triangles,  and  let  this  area  be  added  to  the 
area  given,  and  the  fum  will  be  equal  to  the  area  AED, 
or  the  rectangle  KN  ;  from  whence  AD  will  be  foulid,  as 
in  the  lalT:  problem. 

PROBLEM    LXXII. 

Having  the  hafe^  the  vertical  angle^  and  the  length  of 
the  line  hifeSf'mg  that  angle  and  terminating  in  the  bafe-i  to^ 
defcribe  the  triangle. 

CONSTRUCTION. 

Upon  the  given  bafe  AB  let  a  fegment  of  a  circle 
ACB  be  defcribed  {by  Problem  4.)  to  contain  ti)e  given 
angle,  and,  having  completed  the  whole  circle,  from 
O,  the  center  thereof,  perpendicular  to  AB,  let  the  ra- 
dius OE  be  drawn  5  draw  EB,  and  make  BG  perpcn- 
6  dicular 
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ABC    be   the  triangle   re- 


dicular  thereto,  and  equal  to  half  the  given  bifeding 
iine;  and  from  G,  as  a 
tenter,  with  the  radius 
GB,  let  a  circle  BHF 
be  defcribed,  interfe£l- 
ing  EG  (when  drawn) 
in  F  and  H  ;  from  E 
to  AB  draw  ED  —  EF, 
and  let  the  fame  be  pro- 
duced to  meet  the  cir- 
cumference in  C  J  join 
A,  C,  and  B,  C  5  fo  Ihall 
quired. 

DEMONSTRATION. 

The  triangles  CBE  and  BDE  are  fimilar,  becaufe 
the  angle  BEC  is  common  to  both,  and  the  angles  BCE 
andDBE  (land  upon  equal  arches  BEatid  AE  ;, therefore 
EC  :  EB  :  :  EB  r  ED,  and  confequently  ED  X  EC  = 
EB^"  :  but  (by  Euc.  36,  3.)  EB^  -  EF  X  EH  =:  EJD 
X  EH  (by  conjirnliionj.  Hence  ED  X  EC  —  i'D  X 
EH,  and  confequently  EC  =1  EH  ;  from  which  talcing 
away  the  equal  quantities  ED  and  r^F,  there  remains 
DC  ±-  FH  zt.  the  given  line  bifeiting  the  vertical  angle 
\hy  conJiruSilon)  :  and  it  is  evident  that  DC  bife£i:s  the 
angle  ACB,  fince  ACD  and  BCD  ftand  upon  equal 
arches  AE  and  EB.     ^.  E,  D, 

Method  of  Calculation. 

If  BE  be  confidered  as  a  radius,  BR  (f  AB)  will  be 
the  co-fine  of  the  angle  EBR,  and  BG  the  tangent  of 
BEG  ;  therefore  BR:  BG  (or  AB  :  DC)  :  :  cb-fm.  EBR 
(ACE)  :  tang.  ]o>EG^  whofe  half-complement  EHB  is 
likewife  given  from  hence:  then,  the  angle  H.^t)  (fup- 
p^ofmg  EB  produced  to  b)  being  the  complement  of  EHB, 
we  (hall  have  tang.  EHB  :  rad.  (  :  :  iin.  EHB  :  co-fm. 
EHB:  :  BE:  EH  :EB::EC):  :iin.  ECB  :  fm.  CBE 
'ziz  fm.  EDB  -z  co-fm.  OED,  half  the  difference  of  the 
angles  (ABC  and  B  AC)  at  the  tafe. 


Gc2 
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PROBLEM    LXXIII. 

Having  given  the  two  oppojite  fides  ab^  cdj  the  two  dia- 
gonals ac^  bd'i  and  alfo  the  angle  aeh  in  which  they  inter je^ 
each  other  j  to  defcrihe  the  trapezium, 

CONSTRUCTION. 

In  the  indefinite  line  BP,  take  BD  equal  to  hd^  and 
make  the  angle  DBF  equal  to  the  given  angle  aeb^  and 
BF  zzLac'i  alfo  from  the  centers   D  and   F,  with  the 

d 


radii  dc  and  ah  let  two  arches  ;wCw  and  rCs  be  de- 
(bribed  interfec^ing  each  other  in  C;  join  D,  C  and  F, 
C,  and  make  BA  equal  and  parallel  to  FC  j  then  draw 
AD,  AC,  and  BC,  and  the  thing  is  done. 

DEMONSTRATION. 

Since  (by  conJiruSiion)  AB  is  equal  and  parallel  to 
CF,  therefore  will  AC  be  equal  and  parallel  to  BF 
(Euc.  33.  I.)  and  confequently  the  angle  AEB  (Euc.  29. 
I.)  =  DBF  =  aeb,     ^  E,  D, 

Method  of  Calculation, 

Join  D,F  ;  then  in  the  triangle  DBF  will  be  given 
two  fides  DB,  BF  and  the  angle  included,  whence  the 
angle  BFD  and  the  fide  DF  will  be  known ;  then  in 
the  triangle  DEC  will  be  given  all  the  three  fides, 
whence  the  angle  DFC  will  be  known,  from  which 
BFC  (BFD  —DFC)  =  BAC  will  alfo  be  known. 
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•  PROBLEM    LXXIV. 

Having  given  the  two  diagonals  and  all  the  angles^  to 
defcribe  the  trapezium. 

CONSTRUCTION. 

AfTume  AB  at  pleafure;  and,  having  produced  the 
fame  both  ways,  make  th^  angles  Q  AC,  RBC  equal, 
refpe^lively,  to  two  oppofjte  angles  a  and  e  of  the  tra- 
pezium ;  moreover,  make  ACF  equal  to  ace^  one  of 
the  remaining  angles;  and  from  F,  the  interre£tion  of 
AF  and  BQ^,  take  FG  n  the  given   diagonal  dc^  and 
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draw  GH  parallel  to  CB,  meeting  FB  in  H.  Then 
from  A  and  B  (by  the  km.  p.  336.)  let  two  lines  AE  and 
BE  be  drawn  to  meet  in  KC,  fo  as  to  be  in  the  given 
ratio  of  ae  to  FH  :  in  AE  take  AN  z=  ae^  and  draw 
NM  parallel  to  FC,  meeting  AC  in  M  ;  laftly,  draw  NP 
making  the  angle  MNP  ~  ced^  and  meeting  FB  in  P  ; 

Ifo  fhall  AMNP  be  the  true  figure  required. 
DEMONSTRATION. 
Let  ED  be  parallel  to  NP,  and  let  DC  and  PM  be 
drawn. 
It  is  evident,  by  conftructlon,  that  the   diagonal  AN, 
and  all  the    angles  of  the  trapezium,  are  equal   to    the 
refpe6tlve     given    ones ;    it  therefore    remains    oqly    to 
prove  that  PM  is  equal  to  the  other   given   diagonal  dc. 
Now  the  angle  RBC  being  •=.  CED    (by  conftrii^io.n)y 
the  circumference  of  a   circle  may  be  4<^fcribed  tnrough 
all   the  four   angular  points  of  the  trapezium  BCED  ; 
and  fo  the  triangles  FBE  and  FCD   (as  both  the  angles 
FBE   and  FCD  ftand   upon   the  fame  chord  ED)  will 
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be  fimilar  ;  and  confequently  BE  :  DC  (:  :  FB  :  FC) 
:  :  FH  :  FG  {dc).  But  [hy  conjiruaion)  AE:*BE:: 
ae\¥\{y  therefore,  by  compounding  tbcfe  two  pro- 
portions, we  have  AE  :  DC  :  :  ae  :  dc\  but  (becaufe  of 
the  fnnilar  figures  AD F.C,  APNM)  we  alfo  have  AE  : 
DC  :  :  AN    {ae)  :    PM  ;   and  coiifequently    PM  -  du 

Method  cf  Calculation. 
All  the  angles  of  the  triangles  ABC,  FAC,  and 
FBC  being  given,  we  fhali  have  fin.  ACB  X  fin.  F  : 
fin;  ABC  X  fin.  ACF  :  :  AB  :  AF  ;  ■^.x^i^  fin.  FHG 
(FBC)  :  fin.  FGH  (FCB)  :  :  FG  {dc)  :  FH;  whence 
AF  ithd  FH  are  known. 

•     Find  AK   =  ^^ILil-^,    and  KO  =  ^^    ^    Y^ 
V'ii  +    ^c  FH     —    ac 

which  laft  is  equal  to  (OE)  the  radius  of  the  circle  de- 
termining the  ppint  E  {fee  the  afiref aid  lemma).  There- 
fore, in  the  triangle  FOE  are  given  two  fides  FO  and 
OE,  befides^  the  angle  F,  Whence  the  angle  FOE  will 
be  given  ;  then  in  the  triangle  AOE  will  be  given  OA, 
OE  and  the  included  angle;  whence  the  angle  OAt 
which  the  diagonal  AH  makes  with  the  fide  AF,  will  be 
Icnown,  and  from  thence  every  thing  elfe  required. 

This  problem,  as  the  circle  dcfcribed  from  O  cuts 
FC  -in  two  points^  admits  of  tv/o  different  folutions. 
(excepts,  only,  when  FC  touches  the  circle).  If  the 
circle  neither  cuts  nor  touches  that  line,  the  problem 
v/ill  be  impofiible  ;  the  limits  of  the  ratio  of  AE  to  BE 
(and  confequently  of  ae  to  dc)  growing  narrower  ruid 
narrower,  as'  Afi  becomes  lefs  and  Icfs,  with  refpccSl:  to 
AC,  or  according  as  the  fum  of  the  oppofite  angles 
(tf  +  ^  =:  QAC  +  RBC)  approaches  nearer  and  nearer 
to  two  right- angles  ;  fo  that,  at  laft  (fuppofing  AC  and 
BC  to  coincide)  AE  and  BE  will  be,  every  ivhere^m 
tbe  ratio  of  equality ;  therefore  V^  can  herehTiVc  only 
one  particular  ratio  to /7f;  and  the  diagonal  ANE  may 
be  drawn  at  pieafure,  the  problem  being,  in  this  ^afe,^ 
indeterminate. 

PRO- 
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Sufipcjing  the  rirrht  lines  w,  «,  />,  to  reprefent  the  lengths 
of  three Jlaves  ere^.ed  perpendicular  to  the  horizony  in  the 
given  points  A,  1j,  C  ;  to  find  a  ^oint  P,  in  the  plane  of 
the  horizon   AB-J,    equally  remote-  from    the  top    of  .each 

CONSTRUCTION. 
Join  A,  B  and   B,  C,  and    make  AE    and  BF  per- 
pendicular to  AB  ;  alfo   make   BG  and    CH   perpendi- 
cular to  BC,  and  let  AE  be   taken  tz  m^  CH  r:  />,  and 
BF  and  BG  each  =  «;  draw  £F  and  GH^  which  b  u?ct 
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by  the  perpendiculars  LN  and  IK,  cutting  AB  and  CB 
in  N  and  Kj  make  KP  and  NP  perpendicuhr  to  BC 
and  BA,  and  the  incerreclion  P  of  thpfe  perpendiculars 
will  be  the  point  required. 

DEMON  STR AT  ION. 
Conceive  the  planes  AEFB  and  BCHG  to  be  turned 

up,  fo  as  to  ftand  perpendicular  to  the  plane  of  the  hto- 
rizon  ABC  and  interfed  it  in  the  right  lines  aB  ard 
BC  J  then,  becaufe  BF  and  ^Q  are  equal  to  c  rh  c  ,^ 
Rnd    perpendicular    to   the  plane  of   the  hor^/ivi  ,  ■    is 
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evident  that  the  points  F  and  G  muft  coincide,  ^d  that 
AE,  BG  ( -F)  and  CH  will  reprefent  the  true  i^ofition 
of  the  ftav.  s  :  fuppofe  KG,  KH,  PG,  PH,  PE,  and 
PF  to  be  now  drawn;  then,  {ince  (by  con/iru^ion )  Gl 
-  HI,  and  die  angle  GIK  =  HIK,  therefore  is  GK 
=r  HK  CEuc,  4.  I.)  :  moreover,  fince  KP  Is  (by.con^ 
Jiru^Uony  perpendicular  to  BC,  it  will  alfo  be  perpendi- 
cular to  the  plane  BCHQ,  and  confequently  the  angles 
PKG  and  PIC H  both  rrL;,ht  angles:  therefore,  feeing 
the  V-^'o  triangles  GKr*,  HKP  have  two  fides  and  an 
included  angle  equal,  the  remaining  fides  PG  and  PH 
rnurt  likeWile'  be  equal  (Euc.  4.  i.).  After  the  very 
fnme  manner  it  is  proved  that  PF  (or  PG)  is  equal  to 
EP.     ^E,D. 

Method  c£  Calculation,. 
Draw  Ir  perpendicular,  and  Hf  parallel  to  BC  i  then^ 
by  reafon  of  the  hmilar  triangles  HqG  and  IrK,  it  wilf 

.  be  as  BC  (H^)  :  BG  —  CH  {Gq) : :  ^^  "^  ^"  (Ir). 


.^^^BG^CH    x^gG-hCH    ^  ^hichfubtraaec^ 

from  Br  (:=■  I  BC)  gives  BK  :  and  iri  the  fame  man- 
ner will  BN  be  found  ;  then  in  the  trapezium  KBNP 
■will  be  given  all  the  angles  and  the  two  fides  BK  and_ 
BN  ;  from  whence  the  remaining  fides,  &c.  may  be 
cafily  determined. 

PROBLEM   LXXVI. 

The  bofe^  tJxe  perpendicular^  ond  the  difference  of  the  Jtdei 
hing  giveny  to  determine  the  triangle, 

CONSTRUCTION. 

Bife£l  the  bafe  AB  in  C,  and  in  it  take  CD  a  third 
proportionai  to  2AB  and  the  given  difterence  of  the 
fides  MN  ;  ere6t  DE  equ.d-,  10  the  given  perpendicu- 
lar, and  draw  EK  parallel  to  AB,  and  take  therein  EF 
— 'mN;  draw  EAG,  to  which,  from  F,  apply  FG  — 
AB;  draw  AH  parallel  to  FG  meeting  EK  in  H; 
djen  draw  BH,  and  the  thing  is  done. 
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DE]\10NSTRATI0N. 

By  reafon  of  the  parallel  lines,  FG  ( AB)  :  FE  (MN) 
:  :  AH  :  EH  (DP)  ;  therefore  AB  X  DP  =  AH  X  MN, 
pr  2AB  X  DP  =  2AH 

X  MNj'to   which  hft   ^^-^  ^       ^— 

equal   quantities    adding 

2AB  X  CD  =  MNV^;' 

conjiru^ion)      we     have 

2AB  X  CP  =  2AH  X 

MN    X     MN^  ;     but 

2AB  X   CP  is  =  BH- 

—   AH*     (by    a    known 

property     of    triangles)  ; 

therefore    BH^  ■—  AH^ 

=z  2AHxMN -l-MN-- 

or  HH*  z;  AH*+  2AHxMN  +  MN*=:  aH  4-  MN|* 

CEuc.  4.  a.)  confequeptly  B.H=AH+*MN.   gL  E.  J>. 

Method  of  Calculation, 
In  the  right-angled  triangle   ADE  we  have  DE  and 

=  I  AB  — .  tl!i-L  j    whence  the  angle  DAE 

(FEG)  will  be  found  ;  then  i^  the  triangle  EFG  will 
be  given  two  fides  and  one  angle,  from  which  the  angle 
GFK  ( =  BAH)  will  alfo  be  known. 

PROBLEM    LXXVIL 

The  hafe^  the  perpendicular^  and  the  fum  of  the  two  fides 
h/ing  giveny  to  defcribe  the  triangle, 

CONSTRUCTION. 

Bife6l  the  bafe  AB  in  C,  and  in  it  produced  take  CD 
a,  third  proportipnal  to  2AB  and  the  fum  of  the  fides, 
MN  j  ere(^  DE  equal  to  the  given  perpendicular,  and 
dravv  HE  parallel  to  AB,  and  take  therein  EF  =  MN  ; 
draw  EAG,  to  which  from  E,  apply  FQ  =:  A B,  draw 
AH  parallel  to  FG,  meeting  EF  in  H,  then  draw  BH, 
and  the  thing  is  done. 


^EMON. 


3^4  The i  Construction  of 

DEM  ON^ST  RATION. 

Bccaufeof  the^  parilet  lines,. ,FG  (AB)  :  FE  (MN) 

ivAHiXHCPJfj^^i^^ereLrQ  :jMN  ,x   AH  - 

2  AS   X  tip;    which"  equal  qinvntities  being  fubtia6led 

fromMN'  zz  2AB:  X  CD   (by\'cmjiru5lipn)    thqre  will 

M 


femain  MN^^2MN  x  AH  =  2AB  x  CP  ~  BH*  — 
AH*;  Vv'hence,  by  adding  AH*  to  each,  we  have 
MN^  —  2M:n  X  AH*  +  AHr  -  BH%  that  is 
'WH         ^'"  =  "PH*  •,  therefore   MN  —  AH  =:  BH, 

Method  of  Calculation. 
In  th'^  trj;ingle  'AED  ^re  givep,  (befides  the  right- 
angle)  both  the  legs,  whence  the  angle  DAE  ( =z  FEG  ) 
will  be  given  ;  then  in  ttie  triangle  FEG  one  angle  and 
two  fides  will'  be  known,  from  which  the  angle  EFG 
(  =:  BAH)  will  be  deterfnuie^. 

PRO  BLEM'LXXVIII. 
The  difference^  the  fycofiie^^the  perpendicular^  and  the 
'vertical  angle  b^hg  givenyto  determine  the  triangle, 

CONS  tru;c:tion. 

'  '  Upon  the  indefinite  line  FrQ;erfetS  the  given  perpcn^ 
'dicubr  DC,,  making  the  angle  DCE  =  half  the  given 
angle;,  let  EF,  exprefling  the  giv^n  difference  of  the 
iides,  be  bife^ed  by  the  perpendicular  GI,  meeting 
EC  in  I  ;  alfo  let  EC  be  biiected  in  H,  and  make^EK 
perpendical^r  to  CE,  and  equal  to  EI;  and  having 
>  drawn 
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drawn  HK,  take  HL,  in  HE  produced,  equal  thereto  ; 
from  L  to  FQ^  apply  LB  =  EK,  and  join  C,  B  ;  alfo 


draw  EM,  making  the  angle  CEM  equal  to  DEC,  and 
cutting  CB  in  M ;  then  from  C  to  QEF  apply  CA  ~» 
CM,  fo  ihall  ACB   be  the  triangle  required. 

DEMONSTRATION. 
Upon  EM  let  fall  the  perpendicular  CN,  and 
join  L,  M  and  F,  T.  NVw  LB^  =  EK^  (by  con^ 
ftruaion)  ~  His.  rin:  x  HK  —  HE  {Euc.  5.  2.)  = 
HL  +  LH  X  HL—  ijb.  ['by  conJhuSiion)  :=:CL  X  EL; 
whence  CL  :  LB  :  :  LB  :  EL  ;  therefore  the  triangles 
CLB  and  ELB  muft  be  equiangular  [Em.  6.  6.)  and 
confequently  LBM  =  LEB  ==  C£D  -  CEM  {by  con- 
JIruciion),  Therefore,  fince  the  external  angle  C£M 
of  the  trapezium  LEMB,  is  equal  to  the  oppofite  internal 
angle  B,  the  circumference  of  a  circle  will  pafs  through 
all  the  four  angular  pcints  ;  and  confequently  ih^  an- 
gle LMB  wJU  be  z=  LEB,  both  (landing  upon  the 
fame  chord  LB  ;  but  it  is  proved  that  LBM  is  z::  LEB, 
therefore  LMB  =::  LBM  =  FEI  ;  and  fo  the  triangles 
BLM  andEIF,'beingifofcelcs,andhavu,;r  LMB  -  EFI^ 
and  alfo  LB  ~  EI  [by  ccufln.flion)^  they  will  be  equal 
in  dl  refpe61:s,  and  confequer^tly  EM  rz  FF  ;  vvbence 
PC  ~  AC  (=:  BC  —  CM  ==  BM)  =:  Er ,  the  given 

difference 


39^  The  Construction  of 

tlifFeronce  (by  conftruSlion).  Moreover,  CEN  being  =r 
CED  (hy  conJiru5l'ion),  CN  will  be  =:  CD  ;  aud  fo 
CM  being  =  CA,  ACD  will  be  =  MCN,  to  which 
adding  DCM,  common,  we  have  ACB  =z  DCN  == 
2DCE.     ^E.D. 

Method  of  Calculation, 
Seeing  EG  and  EH  are  the  fine  and  tangent  of  EIG 
and  EKH,  to  the  equal  radii  El  and  EK,  it"vvill  therefore 
be  EG  :  EH  (or  EF  :  EC)  :  :  fin.  EIG  (tCD)  : 
tang.  EKH.  But,  EC  :  CD  :  :  the  radius  :  co-fin. 
ECD  ;  whence,  by  compounding  thefe  propor- 
tions,    EF  :  CD  :  :  rad.    x    fin.  ECD  :  co-fin.  ECD 

X  tang.  EKH  :  :  rad.   x  fin.  ECD  ^      tangent  ECD)  : 
^  co-lin.  ilCD       '  ^  ^ 

tang.  EKH;  from  which  EKL,  half  the  complement 
of  EKH  will  be  alfo  given  :  then  It  v/ill  be,  as  the  radiu<% 
:  tang,  EKL  (:  :  KE  :  EL:  :  LB  :  EL)  :  :  fin.  LEB 
fCED)  :  fin.  LBE  (BCE)  ;  which  proportio,ns,  ex- 
prefled  in  words,  give  the  following  Theorem  ; 

//f  the  difference  of  the  fides  is  to  the  perpendicular^  fo  is 
the  tangent  of  half  the  vertical  angle  to  the  tangent  of  an  an- 
gle ;  and  as  the  radius  is  to  the  tangent  of  half  the  co?nple- 
ment  of  this  angle^fo  is  the  co-fim  of  half  the  vertical  angle 
to  the  fine  of  half  the  difference  of  the  angles  at  the  bafe, 

PROBLEM    LXXIX. 
The  perpendicular^  the  difference  of  the  fules^  and  the  df- 
ference  of  the  angles  at  the  bafe  being  given^  to  determine  the 
triangle, 

STRUCTION. 

Let  a  triangle  ABC 
be  conftruiled  by  the 
lafl  problem^  whofe  per- 
pendicular and  diffe- 
rence of  the  fides  (hall 
be^the  fame  with  ihofe 
given,  and  whereof  the 
vertical  angle  ACB  is 
alfo  equal  to  the  given 
diftercnre  of    angles  : 
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then  upon  C,  as  a  center,  with  the  radius  CB  let  an  arch 
bedefcribed,  interfedting  AB,  produced,  in  D  ;  join  C, 
D,  and  ACD  will  be  the  triangle  required.  For  CD  being 
=  CB,  the  angle  CDB  will  alfobenCBD  =  A  +  BCA 
CEmc.  32.  I.).  The  method  of  calculation  is  alfo  the 
fame  as  in  the  preceding  problem. 

PROBLEM    LXXX. 

The  perpendicular^    the  [urn  of  the  two  fides^  and  t})9 
vertical  angle  being  given ;    to  defcribe  the  triangle* 

CONSTRUCTION. 
Upon  AB,  the  given  fum  of  the  two  fides,  eredl  AC 
equal  to  the  given  perpendicular  ;   and  make   the  angle 
ACH  equal    to  the  complement  of  half  the   given  an- 
gle :  upon  AB  (by  Prob.']2.)    let  a  triangle    ABF   be 


conftituted,  whofe  vertical  angle  AFB  fhall  be  equal  to 
the  given  one,  and  whereof  the  bife6ting  line  FE  (ter- 
minating in  the  bafe)  (hall  be  =  DC  ;  then  draw 'CG 
and  CH  parallel  to  FB  and  FA,  fo  Ihall  GCH  be  the 
triangle  required. 

DEMONSTRATION. 

It  is  evident  that  the  angle  HCG  is  =:  x\FB  =  the 
given' one.  Moreover,  if  EM  and  EN  be  taken  as 
perpendiculars  to  AF  and  ^F^  they  will  be  equal  to  each 
other,  and  alfo  equal  to  the  given  one  AC,  becaufe 
all  the  angles  EFN,  EFM,  and  ADC  are  equal,  by 
conftrudtion,  and  EF  is  likewife  =  CD  ;  whence  as 
the  angles  AHC,  AGC  are  refpedively  equal  to  EAM, 

EBN, 
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EBN,  it  Is  evident  that  HC  ±:  EA,  and  GC  =  EB, 
and  confequently,  that  HC  +  GC  (  =:  EA  -f  EB)  = 
AB.     ^  E.  D, 

Method  of  Calculation. 

By  the  problem  above  referred  to,  AB  :  CD  (EF) 
:  :  co-fin.  ADC  (AFE)  :  tang,  of  an  angle  ;  which  let 
be  denoted  by  Q . 

Now  CD  :  CA  :  :  rad.  :  fin.  ADC  ;  which  propor- 
tion being  compounded  with  the  former,  we  have 
AB  :  CA  :  :  co-fin.  ADC  x  rad. :  tang.  CLxlin.  ADC 

co-fin.  ADC   X  rad.    /       ^         *.     Ar»^^      .         f-\ 
( CO- tangent  AD^.^)  :  tang.  Q,. 


fm.  ADC 
Then,  by  the  fame  problem,  it  wil 


be  as  tang,  f  Q^:  rad. 


fin.  ADC  :  co-fin.  of  the  difference  of  the  angles 
(G  and  H)  at  the  bafe.  The  r.bove  proportions,  given 
in  words  at  length,  exhibli:  the  fo';lowing  Theorem. 

As  ths  fum  of  the  fides  is  to  the  perpendicular^  fo  nth  e 
co-tangent  of  half  the  vertical  angle  to  the  tangent  of  an 
single  ;  ana^  as  the  tangent  of  half  this  angle  is  to  the  ra- 
dius^ fo  is  the  fine  of  half  the  vertical  angle  to  the  co-fine  of 
half  the  difference  of  the  angles  at  the  hafe, 

P  R  O  B  L  E  M    LXXXL 

To  confiitute  a  trapeziwn  of  a  given  magnitude  undet 
four  given  lines, 

CONSTRUCTION. 

Make    a   right 


angle  ^  with  two 
of  the  given  lineJ 
Ab^bc  ;  and  with 
the  other  two 
complete  the  tra- 
pezium AZ'fD  ; 
upon  AD  let  fall 
the  perpendicular 
cE,  in  which  pro- 
duced (if  necef- 
fary)  take  EF,  io 
that  the  red^angle 
under 


I 
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under  it,  and  AD,  may  be  double  the  given  area  :  more- 
over, take  a  fourth  proportional  to  AD,  A^,  and  ~^'<?; 
with  which,  from  the  center  F,  let  an  arch  be  delchbed, 
meeting  another  arch,  defcribed  from  D  with  the  radius 
Dr,  in  C  ;  join  D,  C  ;  and  frotn  A  and  C  draw  th;^  other 
two  given  lines  AB,  CB,  fo  as  to  nVcet^  and  they  will 
thereby  form  the  trape2,ium  ABGD,  asreqaired. 

DEMONSTRATION. 

Draw  Af,  AC,  and  FC  ;  upon  AD  and  AB  let  fall 
the  perpendiculars  Ci-',  CQ^;  and  make  h'G  perpendi- 
cular to  PCG. 

Becaufe  AD^  +  DC-4.  ^^D  x  DP  (  =  AC%  (5//r. 
12.  2.)  =:  AB^  +  BC*  +  2-vB  X  B(i,  and  AD^ 
+  D^^  +  2 AD  X  D£  (=r  Ac-^)  -z:  Ay-  +  hr  {Euc, 
47.  I.)  it  foUoA's,  by  taking  ihd^  iail  equal  quan- 
tities from  the  former,  that  2 AD  x  DP  —  2 AD  x 
DE  f2AD  +  EP)  =:  2AB  X  BQ,  and  confequently 
that  BQ^:  EP  (FG)  :  :  AD  :  AB  :^:  BC  :  ?Z  (by 
tonJimSiion)  whence  the  triangles  ECQ,,  FCG'  are 
fimilar,  and  fo  CQ^ :  CG  :  :  BC  :  FC  :  :  AD  :  AB  (by 
conJiruBion)  and  therefore  CQ^X  AB  =:  CG  X  AD; 
hence,  by  adding  CP  X  .vD  to  eacn,  we  have  CP  X  AD 
4-CQ^X  AB  (-rwice  the  area  ABCD)  -.  CP  x  AD 
4-CG  X  AD  =  EF  x  AD  =  twace  the  given  area  (by 
conjlruciion).     i^.  E,  D.  '■ 

Method  of  Calculation. 

From.  DL   f= \-.         ^  J  and  EF 

i  =:  — — rr- )  the   value  of  DF,  and  like  wife   that  of  the 

angle  ADF,  will  be  found;  then,  all  th^  ndes  of  the 
triangle  DCF  being  icno'.vn,  thean^'e  I'^DC  will  likewife 
be  known;  which,  added  to  ADF,  ^.^^?,  (ADC)  one  of 
the  angles  of  the  trapczpjm. 

It  may  fo  happen  cnac  a  trapezium,  having  one 
right  an^le,  cannot  be  conftituted  und  r  the  four 
given  lines  ;  in  which  cale  it  will  be  necefTary 
(uiltead  of  forming  the  trapezium  AhcD)  to  lay 
down  AD.  firfi:,   and   in   it   (produced   if  needful)     to 

take 


4od  The  Construction,  kc, 

take  DE  equal  to  aB^  -f  1?C  -  ^  AD^^  >^DCi-  ^^^^ 

2AD  * 

IS,  equal  to  the  altitude  of  a  redtangle,  formed  on  the 
bafe  2AD,  whereof  the^contained  area  is  equal  to  the 
(Jifference  of  AFi'"  +  BCl^  and  AD?  +  DC]*  (  A-hich 
line  DE  is  to  be  fet  off  on  the  other  fide  of  D,  >a  hen  the 
latter  of  thtfe  two  quantities  is  the  greater)  :  this  being' 
done,  the  reft  of  the  folution  will  retnain  the  fame;  as  is 
manifeft  from  the  firft  and  fecond  fteps  ot  the  demonftra- 
tion ;  the  procefs  from  thence  to  the  end  being  nowife 
different. 

It  may  be  further  obf^rved,  that  the  problem  itfelf  be- 
comes impoflible,  when  the  two  circles,  deferibed  from 
the  centers  D  and  Fj  neither  cut  nor  touch  ;  the  greateft 
limit  of  the  area,  and  confequently  of  EF,  being  when  they 
touch  each  other  ;  in  which  cafe,  the  fum  of  the  radii 
DC,  FC  becoming  =:  DF,  the  point  C  will  Fall  in  the 
line  DFy  and  the  angle  DCF  will  become  equal  to  two 
right  angles  ;  but  the  fum  of  the  oppofite  external  angles 
CDP  andCBQ^is  always  equal  to  DCF  ;  becaufeCDP 
(fuppofing  C«  parallel  to  AP)  is  =  DC«,  and  CBQ^ 
(  =:  CFG)  =z  FC«  .*  hence  it  is  evident  that  the  limit, 
or  the  greateft  area  will  be  when  the  fum  of  the  oppofite 
angles  is  equal  to  two  right  angles,  or  when  the  trapeziuni 
may  be  infcribed  in  a  circle* 


FINIS. 


Printed  hjrLuke  Hanfard,  Great  TumAilej  Lincoln'c-Inn  Pitl^U  ■ 


rrMTWrjr'  -^'J^'^'^^p^^^  ^'5- 


V 


V 


-  rV, 


^4. 


^^ 


'f^-r 


-  ^:i. 


IZ'/v 


) 


=    so. 


55- 


